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Preface

Vector fields on manifolds play major roles in mathematics and other sciences.
In particular, the Poincaré—Hopf index theorem and its geometric counter-
part, the Gauss—Bonnet theorem, give rise to the theory of Chern classes, key
invariants of manifolds in geometry and topology.

One has often to face problems where the underlying space is no more a
manifold but a singular variety. Thus it is natural to ask what is the “good”
notion of index of a vector field, and of Chern classes, if the space acquires sin-
gularities. The question was explored by several authors with various answers,
starting with the pioneering work of M.-H. Schwartz and R. MacPherson.

We present these notions in the framework of the obstruction theory and
the Chern—WEeil theory. The interplay between these two methods is one of
the main features of the monograph.

Marseille Jean-Paul Brasselet
Cuernavaca José Seade
Tokyo Tatsuo Suwa

September 2009
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Introduction

The study of vector fields and flows near an isolated singularity, or stationary
point, has played for decades, and even centuries, a major role in several areas
of mathematics and in other sciences, notably in physics, biology, economics,
etc. The most basic invariant of a vector field at an isolated singularity is its
local Poincaré—Hopf index, which has been studied from very many different
viewpoints and there is a vast literature about it. At the same time, it is be-
coming more and more usual to face problems and situations in Mathematics
(and in other sciences) where the underlying space is not a manifold but a
singular variety. It is thus natural to ask what should be the “good” notion
of index of a vector field on a singular variety, depending on which properties
of the local index we have in mind.

For instance one has the theorem of Poincaré-Hopf saying that the sum
of the local indices of a vector field with isolated singularities on a closed
oriented manifold, is independent of the choice of the vector field and equals
the Euler—Poincaré characteristic of the manifold in question. Defining an
index for vector fields on singular varieties that has this property leads to the
Schwartz index, that we explain below.

Similarly, an important property of the local Poincaré—Hopf index is that
it is stable under perturbations, or in other words, that if we approximate the
given vector field by another vector field which has only Morse singularities,
then the local index of the initial vector field is the number of singularities
of its morsification counted with signs. Defining an index for vector fields on
singular varieties that has this property leads to a different index, the GSV
index.

There are other important properties of the local Poincaré—Hopf index
that give rise to various other indices when we look at singular varieties.
That makes the study of indices of vector fields over singular varieties an
interesting field of current research, which combines an amazing variety of
ideas and techniques coming from algebraic topology, differential geometry,
algebraic geometry, dynamical systems, mathematical physics, etc.

The goal of this monograph is to give an account of the various indices
of vector fields on singular varieties that are in the literature, the relations
among them, and the way how they relate with various generalizations of

xiii
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Chern classes to singular varieties. Indices of vector fields and Chern classes
of vector bundles are nowadays present in many branches of mathematics,
and these two concepts are linked together in an essential way.

This monograph goes together with [28] to give a global view of the theory
of indices and Chern classes for singular spaces. In [28] the focus is on the
theory of characteristic classes for singular varieties. Here the emphasis is on
indices and their relation with Chern classes. We do this following two of the
classical viewpoints for studying Chern classes, both introduced by Chern
himself. These are the topological viewpoint, thinking of Chern classes as
being the primary obstruction to constructing sections of appropriate fiber
bundles, and the differential-geometric viewpoint, via Chern—Weil theory,
where the corresponding classes are localized at the “singularities” of certain
connections via the theory of residues, which is largely indebted to R. Bott.

The interplay between these two viewpoints for studying indices and char-
acteristic classes, obstruction theory and Chern—Weil theory, is a key feature
of this monograph.

This work does not pretend to be comprehensive, and yet it offers a global
viewpoint of the theory of indices of vector fields and Chern classes of singular
varieties that can be of interest for people working in singularities, algebraic
and differential geometry, algebraic topology, and even in string theory and
mathematical physics. In each individual chapter we indicate additional ref-
erences to the literature, for further reading.

The study of indices of vector fields and Chern classes for singular vari-
eties started in the early 1960s with M.-H. Schwartz, and then continued by
R. MacPherson and many others. This is today an active field of research,
in which the foundations of the theory are being laid out by several authors,
and so are their relations with other branches of geometry, topology, and
singularity theory.

We start Chap.1 with the basic, well-known, theory of indices of vector
fields and Chern classes that we need in the sequel, and we describe for
manifolds the two viewpoints that we use in the rest of the work to study
these invariants, namely localization via obstruction theory and localization
via Chern—Weil theory.

In Chap.2 begins the discussion of indices of vector fields on singular
varieties. We start with the index introduced by M.-H. Schwartz (in [139,141])
in her study of Chern classes for singular varieties. For her purpose there was
no point in considering vector fields in general, but only a special class of
vector fields (and frames) that she called “radial,” which are obtained by the
important process of radial extension that she introduced. The generalization
of this index to other vector fields was first done by H. King and D. Trotman
in [96], and later independently in [6,49,149]. We call this the Schwartz index;
in the literature it is also called “radial index” because it measures how far
the vector field is from being radial. The corresponding discussion for frames
is done in Chap. 10.
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As mentioned above, one of the basic properties of the local index of
Poincaré—Hopf is that it is stable under perturbations. If we now consider an
analytic variety V' defined, say, by a holomorphic function f : (C™,0) — (C,0)
with an isolated critical point at 0, and if v is a vector field on V', nonsingular
away from 0, then one would like “the index” of v at 0 to be stable under
small perturbations of both, the function f and the vector field v. This leads
naturally to another concept of index, now called the GSV indez, introduced
in [71,144,149], and this is the topic we envisage in Chap. 3.

This monograph mostly concerns vector fields on complex analytic vari-
eties; nevertheless, it is of course interesting to consider also the real analytic
case. This is what we do in Chap. 4, where we present the work of M. Aguilar,
J. Seade and A. Verjovsky in [6]. That chapter begins with a definition of
the Schwartz index in this setting, done independently in [6,49, 96]. Then
we discuss the GSV index, which is now an integer if the singular variety V'
is odd-dimensional, and an integer modulo 2 if the dimension of V is even.
The information one gets is related to previous work by M. Kervaire, C.T.C.
Wall and others, and provides an extension of the concept of Milnor number
for real analytic map-germs with isolated singularities which may not be al-
gebraically isolated. The viewpoint considered in this chapter is topological;
indices of vector fields on real analytic varieties are also considered in Chap. 7
from an algebraic viewpoint, following the work of X. Gémez-Mont et al.

Chapter 5 concerns the virtual index, introduced in [111] by D. Lehmann,
M. Soares and T. Suwa for holomorphic vector fields on complex analytic
varieties; the extension to continuous vector fields was done in [31,149]. This
index is defined via Chern—Weil theory. The idea comes from the fact that
a vector field with an isolated singularity provides a localization of the top
dimensional Chern class at the singular point of the vector field, and the
number one gets is the corresponding local index of Poincaré-Hopf. Similarly,
if (V,0) is an isolated complete intersection singularity germ in C***, an ICIS
for short, defined by functions f = (f1,..., fx), then a tangent vector field
on V, with an isolated singularity, together with the gradient vector fields
of the f;, defines a localization at 0 of the nth Chern class of the ambient
space, and the number one gets is the virtual index of the vector field. In
this context the virtual index coincides with the GSV index, however the
definition of the virtual index actually extends to the general setting of vector
fields with compact singular set defined on complex analytic varieties which
are “strong” local complete intersections.

The previous indices are all defined for continuous vector fields on singu-
lar varieties. However, in many situations the vector fields in question are
actually analytic, and this is the setting we envisage in Chaps. 6 and 7.

If the vector field is holomorphic, the localization theory via Chern—Weil
becomes richer because of the Bott vanishing theorem, producing further
interesting residues; this is the topic we study in Chap.6. A holomorphic
vector field defines by integration a one-dimensional holomorphic foliation,
and the theory of residues can be developed for general singular holomor-
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phic foliations on certain singular varieties. We consider here one dimensional
singular holomorphic foliations, and we refer to [156] for a systematical treat-
ment of the general case. We have three types of residues that arise from a
Bott type vanishing theorem: (i) generalizations of Baum-Bott residues to
singular varieties, first introduced in [13,14]; (ii) the Camacho—Sad index,
introduced in [42] and used to prove the separatrix theorem. Nowadays there
are many generalizations of this index; (iii) variations, introduced in [93] and
generalized in [113] (see also [39,40]). For a local separatrix of a holomorphic
vector field, the variation equals the sum of the GSV and the Camacho—Sad
indices (see Chap. 6 or Proposition 5 in [40]).

Another remarkable property of the index of Poincaré—Hopf is that, in the
case of a germ of holomorphic vector field v = Y1 | hiaizi on C" with an
isolated singularity at 0, the local index equals the integer:

dim((j On/(h1,~-~7hn)7

where (h1,...,hy) is the ideal generated by the components of v in the ring
O,, of germs of holomorphic functions at 0 in C". This and other facts mo-
tivated the search for algebraic formulas for the index of vector fields on
singular varieties. The homological index of X. Gémez-Mont [68] is a answer
to that search. It considers an isolated singularity germ (V,0) of arbitrary
dimension, and a holomorphic vector field on V| singular only at 0. One has
the Kihler differentials on V', and a Koszul complex ({27, ,v):

0— 2y — 2yt — - — Oy — 0,

where the arrows are given by contracting forms by the vector field v. The
homological index of v is defined to be the Euler characteristic of this com-
plex. If the ambient space V is smooth at 0, the complex is exact in all
dimensions, except in degree 0 where the corresponding homology group has
dimension equal to the local Poincaré—Hopf index of v at 0. If (V,0) is an
ICIS, the recent article [17] of H.-C. Graf von Bothmer, W. Ebeling and X.
Gomez-Mont shows that this index coincides with the GSV index, a fact
previously known only for vector fields on hypersurface germs. We remark
however that the homological index is defined for vector fields on arbitrary
isolated normal singularity germs, while the GSV index is only defined on
complete intersection germs. Hence the homological index does provide a
new invariant for singular varieties which is not yet understood in general. It
would be interesting to know what this index measures globally, i.e., given a
compact variety W with isolated singularities and a holomorphic vector field
on it with isolated singularities, its total homological index an invariant of
W. What type of invariant is it? If W is a local complete intersection, this
is just the usual Euler—Poincaré characteristic of a smoothing of W, and as
explained in the text, this equals the 0-degree Fulton—-Johnson class of W.



Introduction xvii

In Chap. 7 we briefly describe the homological index, as well as work in this
spirit done for real analytic vector fields by X. Gomez-Mont, P. Mardesi¢ and
L. Giraldo, generalizing to vector fields on real analytic hypersurface germs
the signature formula of Eisenbud—Levin and Khimshiashvili for the local
index of real analytic vector fields in R™.

Chapter 8 concerns the local FEuler obstruction, introduced by

R. MacPherson in [117] for constructing Chern classes of complex varieties.
In [33], J.-P. Brasselet and M.-H. Schwartz defined this invariant via vec-
tor fields, interpretation that was essential to prove (also in [33]) that the
Schwartz classes of singular varieties coincide with MacPherson’s classes via
Alexander duality. This viewpoint brings the local Euler obstruction into the
framework of “indices of vector fields on singular varieties” and yields to an-
other index, that we may call the local Fuler obstruction of Whitney stratified
vector fields with isolated singularities; the classical local Euler obstruction
corresponding to the case of the radial vector field. The Brasselet—Schwartz
“Proportionality Theorem” of [33] shows that this index plays an important
role when considering liftings of stratified vector fields to sections of the Nash
bundle. If the vector field in question comes from the gradient of a function
on the singular variety, this local Euler obstruction is the “defect” studied
n [32]. By [150], this invariant measures the number of critical points of a
local perturbation of the given function which are contained in the regular
part of the singular variety, and it is related to several generalizations of the
Milnor number to the case of functions on singular varieties.

When considering smooth (real) manifolds, the tangent and cotangent
bundles are canonically isomorphic and it does not make much difference to
consider either vector fields or 1-forms in order to define their indices and
their relations with Chern classes. If the ambient space is a complex manifold,
this is no longer the case, but there are still ways for comparing indices of
vector fields and 1-forms, and to use these to study Chern classes of manifolds.
To some extent this is also true for singular varieties, but there are however
important differences and each of the two settings has its own advantages.

R. MacPherson defined the notion of local Euler obstruction in terms of
indices of 1-forms on singular varieties. Such indices also appear in the work of
C. Sabbah [134,135], particularly in relation with the local Euler obstruction.
The systematic study of indices of 1-forms on singular varieties started in a
series of articles by W. Ebeling and S. Gusein-Zade This has been, to some
extent, a study parallel to the one for vector fields, outlined above. This is
the subject of Chap. 9, briefly discussed in this monograph for completeness.

The last part of this work, Chaps. 10-13, concerns several generalizations
of Chern classes to the case of singular varieties from the viewpoint of lo-
calization theory, by means of indices of vector fields. We refer to [28] for a
detailed account on characteristic classes for singular varieties from a global
point of view.

In his 1946 original paper [44], S. S. Chern gave several equivalent def-
initions of his classes, with diverse points of view. In the case of singular
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varieties, there are several definitions of characteristic classes, given by various
authors. They correspond to various extensions one has of the concept of
“tangent bundle” as we go from manifolds to singular varieties. Each of these
viewpoints leads to a generalization of Chern classes to the case of singular
varieties, as described in [28]. In this monograph we focus on the relations
of Chern classes with various indices of vector fields and frames, considering
the following four generalizations of the tangent bundle:

(i) the union of the spaces tangent to each stratum of a Whitney stratification
of the singular variety;

(ii) the Nash bundle over the Nash blow up of the singular variety;

(iii) the virtual bundle TM|y — N|y if the variety V is defined by a holo-
morphic section of some bundle N over a complex manifold M;

(iv) the tangent sheaf over the singular variety V.

The first generalization is due to M.-H. Schwartz in [139,141], considering
a singular complex analytic variety V embedded in a smooth one M which is
equipped with a Whitney stratification adapted to V; she considers a class of
stratified frames to define characteristic classes of V' which do not depend on
M nor on the various choices. These classes live in the cohomology of M with
support in V', i.e., H*(M, M \ V). Alexander duality takes this cohomology
into the homology of V', and if V' is nonsingular the classes one gets in H, (V)
are the homology Chern classes of the manifold, i.e., the Poincaré duals
of the usual Chern classes. The 0-dimensional part is the Euler—Poincaré
characteristic, which can be localized at the singular set of a vector field and
the local contribution is the Schwartz index. The generalization of this index
for frames and its relation with Chern classes are given in Chap. 10.

The second extension of the concept of tangent bundle, given by the Nash
bundle T — V over the Nash transform V, was used by R. MacPherson [117]
to define Chern classes for singular varieties. First one gets the Mather classes
of V, also introduced in [117], which are by definition the image of the Chern
classes of T' carried into its homology via the Alexander morphism (which is
not an isomorphism in general) and then mapped to the homology of V' by
the morphism v : H,(V) — H,(V). MacPherson’s Chern classes for singular
varieties [117] live in the homology of V' and can be thought of as being the
Mather classes of V' weighted by the local Euler obstruction in a sense that
is made precise in 10.6. MacPherson’s classes satisfy important axioms and
functoriality properties conjectured by P. Deligne and A. Grothendieck in the
early 1970s.

Later, J.-P. Brasselet and M. H. Schwartz proved in [33] that the Alexander
isomorphism H*(M,M \ V) = H,(V) carries the Schwartz classes into
MacPherson’s classes, so they are now called the Schwartz—MacPherson
classes of V.

The third way of extending the concept of tangent bundle to singular vari-
eties that we mentioned above was introduced by W. Fulton and K. Johnson
n [60]. Notice that if a variety V' C M is defined by a regular section s of a
holomorphic bundle E over M, then the bundle N = E|y is, on the regular
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part Vieg, isomorphic to the normal bundle. One has an isomorphism (as C'*
vector bundles)
TM™

Viewg — TVieg® N

Vieg +

and therefore the virtual bundle 7 = [T M|y — N|y], regarded as an element
in the K-theory group KU(V), is called the virtual tangent bundle of V.
The homology Chern classes of the virtual tangent bundle 7 are the Fulton—
Johnson classes of V. In this book we envisage only the case, where V is a
local complete intersection in the complex manifold M. When localized at
the singular set of a vector field, the local contribution to the 0-dimensional
part of the Fulton—Johnson class is the virtual index. When V has only
isolated singularities, this corresponds to the Euler—Poincaré characteristic
of a smoothing of V. The generalization of the virtual index for frames and
its relation with Chern classes are given in Chap. 11.

In general, these classes are different from the Schwartz—MacPherson
classes. If V' has only isolated singularities, then (by [149,155]) the Schwartz—
MacPherson and Fulton—Johnson classes coincide in all dimensions other than
0, and in dimension 0 this difference is given by the local Milnor numbers of V'
at its singular points. Hence it is natural to call Milnor classes the difference
between Fulton—Johnson and Schwartz—MacPherson classes. These classes
were studied by P. Aluffi [8], who called them p-classes; there have been sig-
nificant contributions to the subject afterwards, either by Aluffi himself and
by various other authors, such as S. Yokura, A. Parusiniski and P. Pragacz,
D. Lehmann, T. Ohmoto, J. Schiirmann, and the authors of this monograph.
This is studied in Chap. 12.

Of course one may also compare Chern—Mather with Fulton—Johnson
classes. This was done in [125] for (strong) local complete intersections with
isolated singularities, using results of [149,155]. As in the previous case, these
classes coincide in all dimensions greater than 0; in dimension 0 their differ-
ence is given by the polar multiplicities of T. Gaffney. The corresponding
study for varieties with nonisolated singularities has not been done yet.

Finally, the fourth way for extending the concept of tangent bundle to sin-
gular varieties by considering the tangent sheaf ©y,, which is by definition the
dual of 2y, the sheaf of Kéahler differentials on V, fits within the framework
considered in [158] of Chern classes for coherent sheaves. We briefly describe
some of their properties in Chap. 13. In particular, if V' is a local complete
intersection in M, then one has a canonical locally free resolution of 2y and
the corresponding Chern classes essentially coincide with the Fulton—Johnson
classes, though the corresponding classes for @y differ from these.

In the sequel we explain how the various indices of vector fields that we
discuss in Chaps. 2-8 are related among themselves and how they relate to
some generalization of the Chern classes of manifolds to the case of singular
varieties. There is however something missing in this picture: so far we do
not know of a direct relation between the homological index and some type
of Chern classes for singular varieties, neither we know of a direct relation
between the Chern classes of the tangent sheaf (or its dual) and some index
of vector fields (or 1-forms).



XX Introduction

While writing this monograph we have tried to convey the reader a unified
view of the various generalizations for singular varieties one has of the im-
portant concepts of the local index of Poincaré-Hopf and Chern classes of
manifolds. These are topics of current research which keep developing and
the literature is vast, so we focused on the most classical approaches for this
subject. There are of course important topics that were just glanced here,
or maybe even not discussed at all, specially concerning new trends in alge-
braic geometry and topology, such as string theory and motivic integration.
Yet, we think the content of this monograph contributes to lay down the
foundations of a theory for singular varieties which is just beginning to be
developed and understood. This ought to play in the future such an impor-
tant role for understanding the geometry and topology of singular varieties
as they do for manifolds. And this should also have important applications to
other branches of knowledge, where it is important to consider vector fields
and flows on orbifolds and singular varieties.



Chapter 1
The Case of Manifolds

Abstract In this chapter we review briefly some of the fundamental results
of the classical theory of indices of vector fields and characteristic classes
of smooth manifolds. These were first defined in terms of obstructions to
the construction of vector fields and frames. In the case of a vector field
the Poincaré-Hopf Theorem says that FEuler—Poincaré characteristic is the
obstruction to constructing a nonzero vector field tangent to a compact
manifold. Extension of this result to frames yields to the definition of Chern
classes from the viewpoint of obstruction theory.

There is another important point of view for defining characteristic classes
on the differential geometry side, this is the Chern—Weil theory. Sections 3
and 4 provide an introduction to that theory and the corresponding definition
of Chern classes.

Finally, Sect. 5 sets up one of the key features of this monograph: the inter-
play between localization via obstruction theory, which yields to the classical
relative characteristic classes, and localization via Chern—Weil theory, which
yields to the theory of residues. This is one way of thinking of the Poincaré—
Hopf Theorem and its generalizations.

Throughout the book, M will denote either a complex manifold of
(complex) dimension m, or a C* manifold of (real) dimension m’.

1.1 Poincaré—Hopf Index Theorem
1.1.1 Poincaré—Hopf Index at Isolated Points

Let v = ZZ’L fi0/0x; be a vector field on an open set U € R™ with coor-
dinates {(x1,...,2m/)}. The vector field is said to be continuous, smooth,
analytic, etc., according as its components {fi,..., frr} are continuous,
smooth, analytic, etc., respectively (here “smooth” means C'*°, however in
most cases C! is sufficient). A singularity a of v is a point where all of its
components vanish, i.e., f;(a) = 0 for all ¢ = 1,...,m’. The singularity is
isolated if at every point x near a there is at least one component of v which
is not zero.

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_1, 1
© Springer-Verlag Berlin Heidelberg 2009
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The Poincaré-Hopf index of a vector field at an isolated singularity is its
most basic invariant, and it has many interesting properties. To define it, let
v be a continuous vector field on U with an isolated singularity at a, and let
Se be a small sphere in U around a. Then the (local) Poincaré—Hopf index of
v at a, denoted by Indpp (v, a) (if there is no fear of confusion, we will denote

v

it simply by Ind(v,a)), is the degree of the Gauss map = from S; into the

[]]
unit sphere in R™' .

If v and v’ are two such vector fields, then their local indices at a coincide
if and only if their Gauss maps are homotopic (special case of Hopf Theorem
[120]). That is equivalent to saying that their restrictions to the sphere S,
are homotopic.

Let us consider now an m/-dimensional smooth manifold M, then a vec-
tor field on M is a section of its tangent bundle T'M. Giving a local chart
(1,...,2m) on M, a vector field on M is locally expressed as above and the
definition of the local index at an isolated singularity extends in the obvious
way. The index does not depend on the local chart.

Definition 1.1.1. The total index of v, denoted
Inde (’U, M),

is the sum of all its local indices at the singular points.

A fundamental property of the total index is the following classical
theorem:

Theorem 1.1.1. (Poincaré—Hopf) Let M be a closed, oriented manifold
and v a continuous vector field on M with finitely many isolated singularities.
Then one has

Indpu(v, M) = x(M),

independently of v, where x(M) denotes the Euler—Poincaré characteristic
of M.

If M is now an oriented manifold with boundary, one has a similar theorem:

Theorem 1.1.2. Let M be a compact, oriented m'-manifold with boundary
OM, and let v be a nonsingular vector field on a neighborhood U of OM.
Then:

(1) v can be extended to the interior of M with finitely many isolated singu-
larities.

(2) The total index of v in M is independent of the way we extend it to the
interior of M. In other words, the total index of v is fully determined by
its behavior near the boundary.

(3) Ifv is everywhere transverse to the boundary and pointing outwards from
M, then one has Indpyu (v, M) = x(M). If v is everywhere transverse to
OM and pointing inwards M, then Indpy (v, M) = x(M) — x(OM).
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Remark 1.1.1. Tt is worth saying that although Indpy (v, M) is determined by
its behavior near the boundary, it does depend on the topology of the interior
of M. In fact a formula of Morse and Pugh (c.f. [124, 133, 145]) provides
an explicit way to compute the index out of boundary data, generalizing a
classical formula of Poincaré for vector fields on the plane.

We remark also that one of the basic properties of the index is its stability
under perturbations. In other words, if v has an isolated singularity at a point
a in a manifold M of index Ind(v, a) and we make a small perturbation of v
to get a new vector field ¥ with isolated singularities, then Ind(v, a) will be
the sum of the local indices of ¥ at its singular points near a. In fact it is well-
known that every vector field can be morsified, i.e., approximated by vector
fields whose singularities are nondegenerate. Each such singularity has local
index £1 and the number of such points, counted with signs, equals the index
of v at a. In short, the local index of v at a is the number of singularities,
counted with sign, into which a splits under a morsification of v. We will see
later that this basic property has its analogues in the case of vector fields on
singular varieties.

This stability of the index is also preserved for vector fields with noniso-
lated singularities. To make this precise we need to introduce a few concepts,
which will also be used later.

The following property of the local index is well-known and we leave the
proof as an exercise:

Proposition 1.1.1. Let v be a vector field around 0 € R™ with an isolated
singularity at 0 of index Ind(v,0), and let w be a vector field around 0 € R™
with an isolated singularity ot 0 of index Ind(w,0). Then the direct product
vDw is a vector field in R™ 47" with an isolated singularity of index Ind(v, 0)-

Ind(w, 0).

A consequence of this result is the well-known fact that if M, N are closed,
oriented manifolds, then x(M x N) = x(M) - x(N). Another consequence of
1.1.1 that will be used later is that if we have a vector field v in R™ with an
isolated singularity at 0 of index Ind(v,0), and if we extend it to R™ x R™
by taking the vector field w = Z:il y;0/dy; in R™ | then the index does not
change, where (y1,...,yn ) are the coordinates on R™ . If we took the vector
field — 37, 4:0/0ys + X0, 1 %:0/Dy; in R™ | then the index in R™ x R™
would be +Ind(v,0), depending on the parity of the number r of negative
signs.

1.1.2 Poincaré—Hopf Index at Nonisolated Points

In the following, singularities of the vector field v are not necessarily isolated
points. We still define a Poincaré-Hopf index in that case.



4 1 The Case of Manifolds

Let M be a manifold with boundary M. Let us consider a triangu-
lation (K) of M compatible with the boundary and (K') a barycentric
subdivision of (K). Using (K') one constructs the associated cellular dual
decomposition (D) of M: given a simplex o in (K) of dimension s, its dual
d(o) is the union of all simplices 7 in (K’) whose closure meets o exactly at
its barycenter &, that is 7N o = 6. If ¢ is in the interior of M, that is a cell,
if o is in the boundary of M, that is a “half-cell.” It is an exercise to see that
the dimension of d(o) is m’ — s. Taking the union of all these dual cells (or
half-cells) we get the dual decomposition (D) of (K); by construction its cells
and half-cells are all transverse to (K) (we refer to [25] for details including
orientation notions).

Let S be a compact connected (K )-subcomplex of the interior of M.

Definition 1.1.2. A cellular tube T around S in M is the union of cells (D)
which are dual of simplices in S.

This notion generalizes the concept of tubular neighborhood of a subman-
ifold S. If S is a submanifold without boundary, then 7 is a bundle on 5,
whose fibers are discs. In general, that is not the case.

Remark 1.1.2. A cellular tube 7 around S has the following properties :

(1) 7 is a compact neighborhood of S, containing S in its interior and 97 is
a retract of 7\ S.

(2) T is a regular neighborhood of S, thus 7 retracts to S.

(3) We can assume the cellular tubes in M have smooth boundary [83].

Let us denote by U a neighborhood of S in M. If the triangulation is
sufficiently “fine,” then we can assume 7 C U.

According to Theorem 1.1.2, a nonsingular continuous vector field v on a
neighborhood of 97 can be extended to the interior of 7" with finitely many
isolated singularities. The total index of v on 7 is defined as the sum of the
indices of the extension of v at these points.

Definition 1.1.3. Let v be a continuous vector field on a neighborhood U
of S in M, nonsingular on U \ S, then the Poincaré-Hopf index of v at S,
denoted Indpp(v,S) (or simply by Ind(v,S), if there is no ambiguity), is
defined as Indpy (v, 7).

This number Indpy (v, S) depends only on the behavior of v near S and
not on the choice of the neighborhood U, or of the tube 7. Moreover, for
this index it does not matter what actually happens on S, we only care what
happens around S, but away from S. In particular, if v is “radial” from S,
i.e., if it is transverse to the boundary of a cellular tube around S pointing
outward, then Indpg (v, S) = x(95).

Now let M be a compact oriented C*° manifold possibly with boundary
OM and v a continuous vector field on M, nonsingular on the boundary. From
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the above considerations, we may assume that the set S(v) of singular points
of v has only a finite number of components {S}.
If M has no boundary, the Poincaré-Hopf Theorem implies that

> Indpu(v, Sx) = x(M). (1.1.3)
A

If M has a boundary, the sum ), Indpg (v, Sx) depends only on the
behavior of v near M. For example, if v is pointing outwards everywhere
on M, then we have the same formula (1.1.3). If v is pointing inwards
everywhere on 9M, the right hand side becomes x(M)—x(9M). In particular,
if the (real) dimension of M is even (as it will usually be the case in this book)
and if v is everywhere transverse to M, then we have again the same formula
(1.1.3).

Here we introduce the concept of the difference which will be used in
the rest of the book. For this we let v and v’ be continuous vector fields
on a neighborhood U of S in M, nonsingular on U \ S. Let 7 and 7"’ be
cellular tubes around S in U such that interior of 7 contains the closure of 7’
and denote X = 7 \ 7’. Let us consider w a vector field on X with isolated
singularities which restricts to v on 7 and to v’ on 97"; such a vector field
w always exists by Theorem 1.1.2. We may denote by d(v,v") = Indpg(w, X)
the difference between v and v’. Then one has:

Indpy (v, S) = Indpu (v, S) + d(v,v"). (1.1.4)
One can easily prove the following result that will be used later.

Proposition 1.1.2. Let M; and My be compact oriented m'-manifolds,
m' > 1, with the same boundary N = OMy = OMs, and let v be a non-
singular vector field defined on a neighborhood of N. Then one has:

Indpy (v, My) — Indpy (v, M2) = x(M1) — x(Ma).

1.2 Poincaré and Alexander Dualities

We briefly review the classical case, which will be generalized to the case of
singular varieties in Sect. 10.4 below. In either case, we follow the descriptions
given in [25].

Let M be an oriented manifold of real dimension m’. We take a triangu-
lation (K) of M and the cellular decomposition (D) dual to (K), as before.

The groups of chains relative to (K) and (D) are denoted by CiK)(M ) and

C,ED)(M ), respectively. Also, the groups of cochains relative to (K) and (D)
are denoted by C(*K)(M ) and C(*D)(M ), respectively. The intersection of an
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i-simplex o and its dual (m' — ©)-cell d(o) is transverse and consists of one
point, the barycenter & of o.
First, if M is compact, we define a homomorphism

POl (M) — COM) by P(o)=) (edo)o  (121)

o

for an (m/ — i)-cochain ¢, where the sum is taken over all i-simplices o of
M (we follow the orientation conventions in [25]). This induces the Poincaré
isomorphism

Py H™ 71 (M) =5 H;(M).

Next, let S be a (K)-subcomplex of M whose geometric realization is also
denoted by S. Let C'p, (M, M\ S) denote the subgroup of Cf D) M) consisting
of cochains which are zero on the cells not intersecting Wltil

Suppose S is compact (M may not be compact). Then we may define a
homomorphism

A ClhTHM M\ §) — CF)(8)

taking, in the sum in (1.2.1), only é-simplices of S. This induces the Alexander
isomorphism

Anrs s H™ 7HM, M\ S) =5 Hy(S).
From the construction, we have the following

Proposition 1.2.1. If M is compact, we have the commutative diagram

H™={(M, M\ S) AN H™ (M)

ZJ(AM,S ZlPM

Hy(S) — s H(M).

1.3 Chern Classes via Obstruction Theory

1.3.1 Chern Classes of Almost Complex Manifolds

Let us recall the definition of the Chern classes via obstruction theory [28,
89,123, 153]. This can be done in full generality, however for simplicity we
consider first the case of Chern classes of almost-complex manifolds, and later
in this section we indicate how this generalizes to complex vector bundles in
general.

Now we assume we are given an almost complex m’ = 2m-manifold M,
so its tangent bundle T'M is endowed with the structure of a complex vector
bundle of rank m.
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Definition 1.3.1. An r-field on a subset A of M is a set v(™) = {vy,...,v,}
of r continuous vector fields defined on A. A singular point of v(") is a point
where the vectors (v;) fail to be linearly independent. A nonsingular r-field
is also called an r-frame.

Let W, ., be the Stiefel manifold of complex r-frames in C™. Notice that
we will use r-frames which are not necessarily orthonormal, but this does
not change the results, because every frame is homotopic to an orthonormal
one. We know (see [153]) that W, ,, is (2m — 2r)-connected and its first
nonzero homotopy group is mam—2r+1(Wym) = Z. The bundle of r-frames on
M, denoted by W,.(TM), is the bundle associated with the tangent bundle
and whose fiber over € M is the set of r-frames in T, M (diffeomorphic to
Wy.m). In the following, we fix the notation ¢ =m — r + 1.

The Chern class ¢?(M) € H?1(M) is the first possibly nonzero obstruction
to constructing a section of W,.(T'M). Let us recall the standard obstruction
theory process to construct this class. Let o be a k-cell of the given cellular
decomposition (D), contained in an open subset U C M on which the bundle
W, (T M) is trivialized. If the section v(") of W,.(T M) is already defined over
the boundary of o, it defines a map:

v T
do ~SF1 21 W (TM)ly ~U x Wy m LEN Wi m,

thus an element of 7w_1 (Wiy.m).

If k < 2m — 2r + 1, this homotopy group is zero, so the section v(") can be
extended to ¢ without singularity. It means that we can always construct a
section v(") of W,.(TM) over the (2q — 1)-skeleton of (D).

If k =2(m —r+1) = 2¢, we meet an obstruction. The r-frame on the
boundary of each cell o defines an element, denoted by Ind(v("), o), in the
homotopy group mog—1(Wy..m) ~ Z.

Definition 1.3.2. The integer Ind(v("), o) is the (Poincaré-Hopf) index of
the r-frame (") on the cell .

Notice that for this index, to be well defined, we need that the cell o
has the correct dimension. This will be essential for our considerations in
Chap. 10.

The generators of maq—1 (W, ) being consistent (see [153]), this defines a
cochain

v E C2q(M;7T2q71(WT,m))a

by setting v(o) = Ind(v("), o), for each 2g-cell o, and then by extending it
linearly. This cochain is actually a cocycle and the cohomology class that it
represents is the g-th Chern class ¢4(M) of M in H?4(M).

The class one gets in this way is independent of the various choices involved
in its definition. Note that ¢ (M) coincides with the Euler class of the un-
derlying real tangent bundle Tr M, so these classes are natural generalization
of the Euler class.
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There is another useful definition of the index Ind(v("),): let us write
the frame v(") as (v("~Y,v,), where the last vector is individualized, and
suppose that v(") is already defined on do. There is no obstruction to ex-
tending the (r — 1)-frame v("~1) from do to o because the dimension of the
obstruction for such an extension is 2(m — (r — 1) + 1) = dimo + 2. The
(r — 1)-frame v("~Y, defined on o, generates a complex subbundle G~ of
rank (r — 1) of TM|, and one can write

M|, =G ®Qr,

where Q7 is an orthogonal complement of (complex) rank ¢ =m — (r — 1).

The obstruction to extending the last vector v, inside a 2¢-simplex o as
a nonvanishing section of Q7 is given by an element of mp,—1(C?\ {0}) ~ Z
corresponding to the composition of the map v, : do ~ §2¢~1 — Q4| with
the projection on the fiber C7\ {0}. Let us denote by Indgq(v,, o) the integer
so obtained. The obstruction to extending the r-frame v(") |so inside o as an
r-frame tangent to M is the same as the obstruction to extending the last
vector v, inside o as a non zero section of Q9. In fact there is a natural
isomorphism mog—1(Wym) = mq—1(C?\ {0}) (for compatible orientations)
and by this isomorphism we have the equality of integers

Ind(v™, o) = Indga (v,, o).

A different choice of v("=1) gives another choices of v, and of Q?, however all
such bundles Q7 are homotopic and the index we obtain is the same.

Remark 1.3.1. The Chern classes of complex vector bundles in general are
defined in essentially the same way as above. If E is a complex vector bundle
of rank k > 0 over a locally finite simplicial complex B of dimension n > k,
then one has Chern classes ¢'(E) € H*(B;Z),i = 1,...,k. The class ¢'(E)
is by definition the primary obstruction to constructing (k — 7 + 1) linearly
independent sections of F.

The class ¢’(E) is defined to be 1 and one has the total Chern class of E
defined by:

H(E)=1+cE)+ -+ " E)

This can be regarded as an element in the cohomology ring H*(B) and it is
invertible in this ring.

1.3.2 Relative Chern Classes

Suppose now that (L) is a sub-complex of (D) whose geometric realization
|L| is also denoted by L. Assume that we are already given an r-frame v(™)
on the 2¢-skeleton of L, denoted by L(29). The same arguments as before say
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that we can always extend v(") without singularity to L9 U D4=1 If we
wish to extend this frame to the 2¢g-skeleton of (D) we meet an obstruction
for each corresponding cell which is not in (L). This gives rise to a cochain
which vanishes on L and is a cocycle in H?¢(M, L).

Definition 1.3.3. The relative Chern class
(M, L;v\™") € H¥(M, L),

is the class represented by the previous cocycle.

The image of ¢?(M, L;v(")) by the natural map in H29(M) is the usual Chern
class but as a relative class it does depend on the choice of the frame v(")
on L. Let us discuss how the relative Chern class varies as we change the
r-frame.

If we have two frames UY) and vy) on L(?9 the difference between the
corresponding classes is given by the difference cocycle of the frames on L;
in the product L x I, suppose vgr) is defined at the level L x {0} and vér) is

defined at the level L x {1}, then the difference cocycle d(vgr),vér)) is well
defined in
H*Y(L x I,L x {0} UL x {1}) ~ H**"Y(L),

as the obstruction to the extension of the given sections on the boundary of
L x I ([153] Sect.33.3). As shown in [153], we have the following formula:

(M, L; v;)) = (M, LWY)) + 5d(v§r)7vér))7

where § : H*47Y(L) — H?I(M, L) is the connecting homomorphism. Also,
(r) () (r)

for three frames v; 7, vy /, and v5 ’ as above, we have
d(v{” 05"y = d(w”,0$7) + d(w$”,0{") (1.3.1)

For r = 1 the frames consist of a single vector field and the difference above
corresponds, via Poincaré duality, to the one previously defined for vector
fields (cf. 1.1.4).

In the sequel, we will show that the relative Chern class allows us to define
Chern class in homology.

Let S be a compact (K)-subcomplex of M, and U a neighborhood of S.
Let 7 be a cellular tube in U around S. Take an r-field v(") defined on D9
possibly with singularities. We suppose that the only singularities inside U
are located in S. This implies that v(") has no singularities on (97)?% so
there is a well defined relative Chern class (see 1.3.3)

A(T,0T;0") e H*((T,9T).
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Definition 1.3.4. The Poincaré-Hopf class of v(") at S, which is denoted by
PH(v("), S), is the image of c?(7, 87T ; v(")) by the isomorphism H?4(T,0T) ~
H?Y(T, T\ S) followed by the Alexander duality (see [25])

AM : qu(T, T \ S) ;) HQT_Q(S). (132)

For r = 1 the frame consists of a single vector field v and the class
PH(v,S) € Hy(S) is identified with the Poincaré-Hopf index of v at S,
Indpy (v, S), previously defined (Definition 1.1.3).

Note that if dim S < 2r — 2, then PH(v("), S) = 0.

The relation between the Poincaré—Hopf class of v(™) and the index we
defined above is the following:

(™, 8) Zlnd ") d(o

where the sum runs over the 2(r — 1)-simplices o of the triangulation of S
and d(o) is the dual cell of o (of dimension 2q).

Let us consider now the case of manifolds with boundary. Let M be a
compact almost complex 2m-manifold, with nonempty boundary OM. Let
(K) be a triangulation of M compatible with M. The union of all “half-cells”
dual to simplices in M, denoted by U is a regular neighborhood of M. Its
boundary is denoted by OU, which is a union of (D)-cells and is homeomorphic
to OM. The pair (M \ (Int &), OU) is homeomorphic to (M, dM) and one can
apply the previous construction.

Let v(") be an r-field on the (2¢)-skeleton of (D), with singularities located
on a compact subcomplex S in M \ (Int ). On the (2¢)-skeleton of U, we
have a well defined r-frame v("). Let {Sy} be the connected components of
S. Then, by setting c,_1(M;v(")) = c4(M,dM;v")) ~ [M,0M], we have

> (i3)PH@™, Sy) = ¢, 1 (M;0'))  in Hap_o(M), (1.3.3)
A

where 7y : S <— M is the inclusion.

In particular, the sum of the Poincaré-Hopf classes is determined by the
behavior of v(") near &M and does not depend on the extension to the interior
of M. Note that we may assume that v(") is nonsingular on D=1,

If r = 1 and v = {0}, the relative Chern class is also called the Buler
class of M relative to v and its evaluation on the orientation cycle of (M, 9M)
gives the index of v on M. Thus, if v is everywhere transverse to the boundary,
the formula (1.3.3) reduces to (1.1.3).

Remark 1.3.2. In the sequel we often speak of localizing Chern classes, which
can be done by two different methods: either obstruction theory or Chern-
WEeil theory. The obstruction theoretical viewpoint comes from the above
concept of relative Chern classes: if S is a compact sub-complex of M, U a
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tubular neighborhood of S, and we are given an r-frame on the intersection
with U \ S with the appropriate skeleton (for some triangulation or cellular
decomposition of M), then the cycle that represents the corresponding Chern
class ¢ vanishes on OU. Hence we have a contribution for ¢? that is localized
in S, and another contribution in the complement of U. In the following
sections the geometric counterpart for making these localizations will be to
consider connections that are flat in the linear subspaces determined by the
frame. If r = 1 and S is a point, the “localization” one gets is simply the
contribution to x (M) given by the local Poincaré-Hopf index of a vector field
at the isolated singularity.

1.4 Chern—Weil Theory of Characteristic Classes

In this section, we briefly review how to define characteristic classes of com-
plex vector bundles using connections. This approach allows us to obtain
precise results. If we combine this with the Cech-de Rham cohomology, this
method is particularly effective when we deal with the “localization problem.”

Let M be a C° manifold of dimension m’. For an open set U in M, we
denote by AP(U) the complex vector space of complex valued C*° p-forms
on U. Also, for a C* complex vector bundle E of rank k& on M, we let
AP (U, E) be the vector space of “E-valued p-forms” on U, i.e., C* sections
of the bundle A”(Ti¥M)* @ E on U, where (T;M)* denotes the dual of the
complexification of the real tangent bundle Tk M of M. Thus A°(U) is the
ring of C*° functions and A°(U, E) is the A°(U)-module of C> sections of
EonU.

Definition 1.4.1. A connection for E is a C-linear map
V:A"M,E) — AY (M, E)
satisfying the “Leibniz rule”:

V(fs)=df @ s+ fV(s) for fec A°(M) and s € A°(M,E).

FEzxample 1.4.1. The exterior derivative
d: A (M) — AY(M)
is a connection for the trivial line bundle M x C.

From the definition we have the following:

Lemma 1.4.1. A connection V is a local operator, i.e., if a section s is
identically 0 on an open set U, so is V(s).
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Thus the restriction of V to an open set U makes sense and it is a con-
nection for E|y.

Definition 1.4.2. Let V be a connection for F on U. For a nonvanishing
section s of E on U, we say that V is s-trivial, if V(s) = 0. More generally,
for an r-frame s = (s1,...,,), V is s-trivial, if V(s;) =0, i =1,...,7.

Thus in Example 1.4.1, V is trivial with respect to an arbitrary (nonzero)
constant section. From the definition we also have the following lemma.

Lemma 1.4.2. Let Vq,...,V, be connections for E and f1,..., fe C*> func-
tions on M with Zle fi=1. Then Zle fiVi is a connection for E.

One of the consequences of the above lemmas is that every vector bundle
admits a connection. This can be shown by taking an open covering U of M
so that FE is trivial on each open set in U, choosing a connection on each open
set trivial with respect to some frame of E, and then patching them together
by a partition of unity subordinate to U.

If V is a connection for F, it induces a C-linear map

V:AYM,E) — A*(M,E)
satisfying
Viw®s)=dv®@s—wAV(s) for we AY(M) and s € A°(M, E).
The composition
K=VoV:A"M,E) — A*(M,E)
is called the curvature of V. It is not difficult to see that
K(fs)=fK(s) for fe A°(M)and se€ A°(M,E).

The fact that a connection is a local operator allows us to obtain local rep-
resentations of it and its curvature by matrices whose entries are differential
forms. Thus suppose that V is a connection for a vector bundle F of rank &
and that E is trivial on U. If e = (eq,...,ex) is a frame of E on U, we may
write, for i =1,...,k

) )

k
V(el) = Zeﬂ ®6j, jS € AI(U)

j=1

We call 6 = (6,;), the matrix whose (i, j) entry is 6;;, the connection matrix
of V with respect to e. For an arbitrary section s on U, we may write s =
Zle fie; where the f; are C*° functions on U and we compute
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k k
V(s) = Z(dfz + Zeijfj) ® e;.

i=1 j=1

Note that the connection V is e-trivial if and only if # = 0. Thus in this case
we have V(s) = Zle df; ® e;. Also, from the definition we get

k

k
K(Q) :Zﬁji®€j, Kij :deij +Z€ig/\95j.
Jj=1 =1

We call kK = (k;;) the curvature matrix of V with respect to e. If ' =

el ..., e}) is another frame of E on U’, we have e, = > "_, aj;e; for some
| 1) is another f f E on U’, we have ¢/ Y ajie; f

C* functions aj; on U N U’. The matrix A = (a;;) is nonsingular at each
point of U N U’. If we denote by 6’ and ' the connection and curvature

matrices of V with respect to €,

0 =A"1 dA+A9A and K =A"'kA in UNU. (1.4.1)
Let m = [m'/2] and, for each ¢ = 1,...,m, let o; denote the ith elemen-
tary symmetric function in m variables Xi,..., X, t.e., 04(X1,...,X) is

a polynomial of degree i defined by

m

[[a+x)=1+01(X1,..., X))+ 4 o (X1, o, Xom).
=1

Since differential forms of even degrees commute with one another with re-
spect to the exterior product, we may treat x as an ordinary matrix whose
entries are numbers. We define a 2i-form o;(x) on U by

det(I+k)=1401(k)+ -+ om(k),

where I denotes the identity matrix of rank k. Note that o;(k) = 0 for
i=k+1,...,m, and in particular, oq (k) is the trace tr(x) and o (k) is the
determinant det(x). Although o;(x) depends on the connection V, by (1.4.1),
it does not depend on the choice of the frame of F and it defines a global
2i-form on M, which we denote by ¢;(V). It is shown that the form is closed
([75, Ch.3, 3 Lemma], [123, Appendix C, Fundamental Lemma]). We set

. V=1’
(V)= <—> (V)
2m
and call it the i-th Chern form.
If we have two connections V and V' for E, there is a (2i—1)-form ¢*(V, V')
satisfying
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AV, V) =—-c(V,V) and dc(V,V')=c(V)—-c (V). (1.42)

In fact the form ¢!(V, V') is constructed as follows. We consider the vector
bundle £ x R — M x R and define the connection V for it by

V=>01-t)V+tV,

where ¢t denotes a coordinate on R. Denoting by [0,1] the unit interval and
by 7 : M x [0,1] — M the projection, we have the integration along the fiber

e AZ(M x [0,1]) — AZ~L(M).

Then we set _ s
H(V, V") = m (V). (1.4.3)

A similar construction works for an arbitrary collection of finite number of
connections and the resulting differential form is called the Bott difference
form ([19, p. 65]).

From the above, we see that the class [¢!(V)] of the closed 2i-form ¢*(V)
in the de Rham cohomology H? (M, C) depends only on E and not on the
choice of the connection V. We denote this class by ¢!(E) and call it the i-th
Chern class ¢!(E) of E via the Chern—Weil theory. We call

c(B)=1+c"E)+ -+ "E)

the total Chern class of E, which is considered as an element in the cohomol-
ogy ring H*(M,C). Note that the class ¢(E) is invertible in H*(M,C).

Remark 1.4.1. 1. It is known (see, e.g., [123]) that the class ¢'(E) defined as
above is the image of the class ¢*(E) in H% (M, Z) defined via the obstruction
theory by the canonical homomorphism

H*(M,Z) — H*(M,C).

This fact can also be proved directly using an expression of the mapping
degree in terms of connections (see, e.g., [161]).

2. Let H be a hyperplane in the projective space CP™. For the hyperplane
bundle Lg, the line bundle determined by H, we have

C(LH) =1+ hp,
where hy,, denotes the canonical generator of H2(CP™, C) (the Poincaré dual

of the homology class [CP™']). See Sect. 1.6.4 for the proof of a more precise
statement.
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More generally, if we have a symmetric polynomial ¢, we may write ¢ =
P(o1,09,...) for some polynomial P. We define, for a connection V for FE,
the characteristic form (V) for ¢ by p(V) = P(c'(V),c*(V),...), which
is a closed form and defines the characteristic class ¢(E) of E for ¢ in the
de Rham cohomology. We may also define the difference form ¢(V,V’) by a
construction similar to the one for the Chern polynomials.

1.5 Cech-de Rham Cohomology

In the subsequent sections, we discuss “localizations of characteristic classes”
and for this purpose, the Chern-Weil theory adapted to the Cech-de Rham
cohomology is particularly relevant. The Cech-de Rham cohomology is de-
fined for an arbitrary covering of a manifold M, however for simplicity here
we only consider coverings of M consisting of two open sets. For details, we
refer to [20] and [156].

Let M be a C° manifold of dimension m’ and U = {Uy,U;} an open
covering of M. We set Uy; = Uy N U;. Define the vector space AP(U) as

AP(U) = AP(Up) @ AP(Uy) @ AP~ H(Upy).

Thus an element £ in AP(U) is given by a triple & = (&, &1,&01) with & a
p-form on Uy, & a p-form on U and &p; a (p — 1)-form on Up;.
We define the operator D : AP(U) — APT1(U) by

D¢ = (d&o, d&1, & — o — déor).

Then it is not difficult to see that D o D = 0. This allows us to define a
cohomological complex, the Cech-de Rham complex :

p-1 D@
—

C— AP U) APU) = APTTU) — -

Set ZP(U) = KerDP, BP(U) = ImDP~* and
HpU) = Z°U)/B*U),
which is called the p-th Cech-de Rham cohomology of I{. We denote the
image of £ by the canonical surjection Z?(U) — HY,(U) by [¢].
Theorem 1.5.1. The map AP(M) — AP(U) given by w — (w,w,0) induces

an isomorphism

a: Hi, (M) — H)(U).
Proof. Tt is not difficult to show that « is well-defined. To prove that « is
surjective, let & = (&g, &1, &o1) be such that DE = 0. Let {pg, p1} be a partition
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of unity subordinated to the covering . Define w = po&o + p1&1 — dpo A Eor-
Then it is easy to see that dw = 0 and [(w,w,0)] = [¢]. The injectivity of «
is not difficult to show.

We define the “cup product”
AP(U) x ATU) — APTI(UY)

by assigning to £ in AP(U) and n in A4(U) the element & — 1 in APTI(Y)
given by

Evni=&An, i=0,1, (§~n)or = (=1)P& Anor + &or Ami. (1.5.2)

Then we have D(§ — n) = D¢ — n+ (—1)P¢ — Dn. Thus it induces the
cup product
Hp,U) x Hfy(U) — HE™ W)

compatible, via the isomorphism of 1.5.1, with the cup product in the
de Rham cohomology.

1.5.1 Integration on the Cech-de Rham Cohomology

Now we recall the integration on the Cech-de Rham cohomology (cf. [109]).
Suppose that the m’-dimensional manifold M is oriented and compact and
let U4 = {Up, U1} be a covering of M. Let Ro, Ry C M be two compact
manifolds of dimension m’ with C* boundary with the following properties:
(1) R]' - Uj fOIj: 0,1,
(2) IntRg NIntRy; = P and
(3) RoUR; = M.

Let Ryp1 = Ry N Ry and give Ry; the orientation as the boundary of Ry;
Rp1 = ORy, equivalently give Rg; the orientation opposite to that of the
boundary of Ry; Ryp1 = —0R;. We define the integration

/M:Am/(U)*)C by /ME_/I%O£O+/I%1§1+ Rm§01-

Then by the Stokes theorem, we see that if D¢ = 0 then fo is
independent of {Rg, R1} and that if £ = Dn for some n € AP~1(U) then
J3s € = 0. Thus we may define the integration

/ L HY (U) — C,
M
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which is compatible with the integration on the de Rham cohomology via the
isomorphism of 1.5.1.

1.5.2 Relative Cech-de Rham Cohomology —
Alexander Duality

Next we define the relative Cech-de Rham cohomology and describe the
Alexander duality. Let M be an m’-dimensional oriented manifold (not nec-
essarily compact) and S a compact subset of M. Let Uy = M \ S and let Uy
be an open neighborhood of S. We consider the covering U = {Up, U1} of M.
We set

AP(U,Up) = { € = (&0, &1,801) € AP(U) [ & =0}
Then we see that if £ is in A?(U, Uy), D€ is in AP (U, Up). This gives rise
to another complex, called the relative Cech-de Rham complex, and we may
define the p-th relative Cech-de Rham cohomology of the pair (U, Uy) as

HY (U, Upy) = KerDP /TmDP~ ",
By the five lemma, we see that there is a natural isomorphism
HY(U,Uy) ~ HP(M, M \ S;C).

Let Ry be a compact manifold of dimension m’ with C*° boundary such
that S C IntR; C Ry C Uy. Let Rg = M \ IntR;. Note that Ry C Uy. The
integral operator [,, (which is not defined in general for A™ (U) unless M is

compact) is well defined on A™ (U, Up):

/M:Am/(u,Uo)%c, /M§=/Rl§1+ Rmfm,

and induces an operator [, : HP (U, Up) — C.

In the cup product AP(U) x A™ ~P(U) — A™ (U) given as (1.5.2), we
see that if £y = 0, the right hand side depends only on &1, &p1, and 7;. Thus
we have a pairing A? (U, Uy) x A™ ~P(U;) — A™ (U, Up), which, followed by
the integration, gives a bilinear pairing

AP(U,Ug) x A™ ~P(U;) — C.

If we further assume that U; is a regular neighborhood of S, this induces the
Alexander duality (cf 1.3.2 and [25])
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A:HP(M,M\ S;C) ~ H(U,Up) = H™ ~P(Uy,C)* =~ Hpp (S, C).
(1.5.3)

Proposition 1.5.1. [25] If M is compact, we have the commutative diagram

-

HP(M,M\ S;C) ——  H?(M,C)

| |r

Hm/*P(S7 (C) " m’*P(Ma C)7

where i and j denote, respectively, the inclusions S — M and (M,}) —

(M, M\ S).

We finish this section by giving a fundamental example of computation of
relative Cech-de Rham cohomology.

Ezample 1.5.1. Let M = R™ and S = {0} with m/ > 2. In this case, Uy =
R™ \ {0}, which retracts to S™ 1. Let U; = R™. In this situation, we
compute HY, (U, Up). For p = 0, each element ¢ in A°(U, Uy) can be written
as £ = (0, f,0) for some C* function f on Uy. If D¢ = 0, we have f =0 and
therefore HY (U, Uy) = {0}. Next, an element ¢ in A'(U, Up) can be written
as £ = (0,&, f) with & a 1-form on U; and f a C* function on UpNU;. If € is
a cocycle then d§; = 0 on Uy and df = &; on UpNU;. By the Poincaré lemma
the first condition implies that & = dg for some C'*° function g on U; and
the second condition implies that f = g + ¢ for some ¢ € C. Therefore f has
a C* extension, still denoted by f, over {0} and & = (0,df, f) = D(0, f,0).
Hence H}, (U, Uy) = {0}. For p > 2 the map

HY N (Uy) — HY U, Up)  given by  [w] — [(0,0, —w)]

can be shown to be an isomorphism (we leave the details to the reader) and
we have

B e — C, for =m/,
Hg(uvUO):HgRl(Uo)ng ‘s 1):{0 for 5*2 m —1

An explicit generator of H™ ~1(S™ ~1) is given as follows ([75, p. 370]).
For x = (x1,...,Zm) in R™ | we set &(x) = day A --- A day, and

@1(.’)3) = (—1)1.71.’)% dry A--- A d/\LL'l AN ANdxy,.

Also, let C,,/ be the constant given by
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c {%, for m' = 24

—22£(ffzr!zm, for m' =20+ 1.

Then the form ,
’L/}m/ = Cm/ —Zi:l il/(x)
(B

is a closed (m’ — 1)-form on R™ \ 0 whose integral on the unit sphere S~

(in fact a sphere of arbitrary radius) is 1. Now we identify C™ with R?™,
then ¢, = (Bm + Bm)/2, where

_o T AR o gymemn moDU

o N N

Then 3, is a closed (m,m — 1)-form on C™ \ 0, real on S*™~! and
szm,l Bm = 1. We call 3,,, the Bochner—Martinelli kernel on C™. Note that

1 dz

/61 = o /—7177

is the Cauchy kernel on C.

1.6 Localization of Chern Classes

In a previous section we described the topological viewpoint for localizing
Chern classes on a given compact subset S of a manifold M, taking an ap-
propriate frame in the appropriate skeleton of a neighborhood of S. This
gives an explicit representative of the Chern class which represents it as a
relative cohomology class, with a specific contribution localized at S. We also
know (see for instance [14,19,123]) that Chern classes of manifolds and vector
bundles in general can be defined via Chern-Weil theory, using the curva-
ture tensor of a connection. To describe the localization of Chern classes, we
modify the Chern-Weil theory so that it is adapted to the Cech-de Rham
cohomology.

1.6.1 Characteristic Classes in the Cech-de Rham
Cohomology

Let M be a C* manifold and U = {Uy, U1} an open covering of M. For a
vector bundle F¥ over M, we take a connection V; on U;, j = 0,1, and let
(V) be the element of A% () given by
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¢(V.) = (¢(Vo), ¢ (V1), ¢ (Vo, V1)) (1.6.1)

Then we see that Dc'(V.) = 0 and this defines a class [¢/(V.)] in HZ(U). Tt
is not difficult to show the following

Theorem 1.6.2. The class [¢'(V.)] € H¥(U) corresponds to the Chern class
c'(E) € H3L(M) under the isomorphism of Theorem 1.5.1.

By a similar construction, we may define the characteristic class ¢(FE) for
a polynomial ¢ in the Chern polynomials in the Cech-de Rham cohomology.
It can be done also for virtual bundles (see Chap.5).

Using Bott difference forms, we may define characteristic classes in the
Cech-de Rham cohomology for an arbitrary open covering of M.

This way of representing characteristic classes is particularly useful in deal-
ing with the “localization problem,” which we explain in the next subsection.
This theory involves vanishing theorems, one of which is given as follows.

Let F be a complex vector bundle of rank k£ on a C*° manifold M. Let
s = (s1,...,8,) be an r-frame of F on an open set U. Recall that (Definition
1.4.2) a connection V for F on U is s-trivial, if V(s;) =0fori=1,...,r.

Proposition 1.6.1. If V is s-trivial, then
J(V)=0 for j>k—r+1.

Proof. For simplicity, we prove the proposition when r = 1. Let U C M be
an open set such that E|y ~ U x CF. Since s, # 0 everywhere on M, we may
take a frame e = (e1,...,ex) on U so that e; = s1. Then all the entries of
the first row of the curvature matrix x of V with respect to e are zero. Since
c*(V) = det k, up to a constant, we have c*(V) = 0.

1.6.2 Localization of Characteristic Classes
of Complex Vector Bundles

In this subsection, we explain how we obtain indices and residues in the
subsequent sections.

Let M be an oriented C'° manifold of dimension m’ and E a C* complex
vector bundle of rank k over M. Also, let S be a closed set in M and Uj
a neighborhood of S in M. Setting Uy = M \ S, we consider the covering
U = {Uy, U1} of M. For a homogeneous symmetric polynomial ¢ of degree d,
the characteristic class ¢(F) is represented by the cocycle ¢(V.) in A24(i)
given by

@(V+) = (¢(Vo), ¢(V1),¢(Vo, V1)),

where Vg and Vi denote connections for £ on Uy and U; respectively.
Sometimes, it happens that we have a “vanishing theorem” on Uy for some
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polynomials . Namely, there is some “geometric object” v on Uy, to which
is associated a class C of connections for F on Uy such that, for a connection
Vi belonging to C and for a certain polynomial ¢, we have

We call a connection belonging to C special and a polynomial ¢ as above
adapted to . As we see below, this kind of vanishing defines a localization
of the relevant characteristic class. Moreover, if we have also the vanishing
of the Bott difference forms for families of special connections, we may show
that the localization does not depend on the connections involved. This is
the case in all the cases we consider below and we assume this hereafter.

Thus, if V is special and if ¢ is adapted to ~y, then the above cocycle ¢(V )
is in A%4(U,Up) and it defines a class in H24(M, M \ S;C), which is denoted
by ¢s(E,v). It is sent to the class ¢(F) by the canonical homomorphism
g* : H*(M,M \ S;C) — H?¥(M,C). It is not difficult to see that the class
ws(FE,v) does not depend on the choice of the special connection V or the
connection V.

We call pg(E, v) the localization of p(E) at S by . Suppose S is a compact
set admitting a regular neighborhood. Then we have the Alexander duality
(1.5.3)

A:H*(M,M\ S;C) == H,—24(S,C).

Thus the class ps(E,v) defines a class in Hy,—24(S5, C), which we call the
residue of v for the class ¢(E) at S and denote by Resy (v, E; S).

We suppose that U; is a regular neighborhood and let R; be an
m/-dimensional manifold with C* boundary in U; containing S in its interior
and we set Rgp1 = —OR;. Then the residue Res, (v, E;S) is represented by
an (m' — 2d)-cycle C' in S such that

/CTI—/R1 w(Vl)AnJr/Rm ©(Vo, V1) An (1.6.3)

for every closed (m' — 2d)-form 1 on U;. In particular, if 2d = m/, the residue
is a complex number given by

Res, (7, E; S) :/

(V1) + / ©(Vo, V). (1.6.4)
Ry Ro1

Suppose moreover that S has a finite number of connected components
(Sx)a. Then we have a decomposition

Hu—24(5,C) = € H—2a(Sx, ©)
A
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and accordingly, we have the residue Res, (7, E;Sy) in Hyy—24(Sx,C) for
each A. Replacing U; by a regular neighborhood U) of Sy, disjoint from the
other components, and R; by an m’-dimensional manifold Ry with boundary
in Uy containing Sy in its interior, we have an expression (1.6.3) or (1.6.4)y
for the residue Resy (7, E; Sy) similar to (1.6.3) or (1.6.4).

From the above considerations and Proposition 1.5.1, we have the following
“residue theorem.”

Theorem 1.6.5. In the above situation,

(1) For each connected component Sy of S, we have the residue Resy (v, E; Sx)
in the homology Hpr—24(Sx, C), which is determined by the local behavior of
v near Sy and is expressed as (1.6.3)x or (1.6.4)x.

(2) If M is compact,

D (ia)«Resp (v, B3 Sy) = @(E) ~ [M]  in Hpy—2a(M,C),
A

where iy : Sy — M denotes the inclusion.

Remark 1.6.1. If 2d = m/, we do not have to assume that S admits a regular
neighborhood. Simply take an arbitrary open neighborhood as U; and define
Res, (v, E; S) by (1.6.4) with Ry as above, then Theorem 1.6.5 is still valid.

1.6.3 Localization of the Top Chern Class

Let E be a C'*° complex vector bundle of rank k over an oriented C'*° manifold
M of dimension m’. Let s be a nonvanishing section of E on some open set U.
Recall that a connection V for E on U is s-trivial, if V(s) = 0. If V is an
s-trivial connection, we have the vanishing (Proposition 1.6.1)

(V) =0. (1.6.6)

Let S be a closed set in M and suppose we have a C°° nonvanishing
section s of E on M \ S. Then, from the above fact, applying the arguments
in Sect. 1.6.2 taking c¢* as ¢ and s-trivial connections as special connections,
we see that there is a natural lifting ¢*(E, s) in H**(M, M \ S;C) of the top
Chern class c¥(E) in H2¥(M,C). We call ¢*(E, s) the localization of c*(E)
with respect to the section s at S.

Also, if S is a compact set admitting a regular neighborhood, the class
c*(E, s) defines a class in H,,'_2;(S, C), which we call the residue of s for F
at S with respect to c* and denote by Res_x (s, E; S). This residue corresponds
to what is called the “localized top Chern class” of F with respect to s in
[59, Sect. 14.1].
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The residue Res.x (s, F; S) is represented by an (m’ — 2k)-cycle C' in Sy
satisfying (1.6.3). In particular, if 2k = m/, the residue is a complex number
given by (1.6.4) with ¢ = ¢*. If S has a finite number of connected compo-
nents (Sy)x, we have the residue Res.r (s, F; Sy\) in Hp,—2,(Sx, C) for each
. Moreover, Theorem 1.6.5 becomes

Theorem 1.6.7. In the above situation,

(1) For each connected component Sy of S, we have the residue Res.x (s, E; Sy)
in the homology Hpy/—2k(Sx, C).

(2) If M is compact,

Z(ik)*l%esc’C (87 E; S)\) = Ck(E) - [M] in Hm/—2k(M7 C)
A

Remark 1.6.2. 1. In fact it can be shown that the above residues are in the
integral homology and the equality in Theorem 1.6.7 holds in the integral
homology (see [161]).

2. A localization theory of Chern classes, other than the top one, by a finite
number of sections can be developed similarly (see [159-161]).

1.6.4 Hyperplane Bundle

As a basic example of the theory developed in the previous subsections, we
prove that the Poincaré dual of the first Chern of the hyperplane bundle Ly
on a projective space is (the homology class of) the hyperplane H. In fact, we
prove a more precise statement that the Alexander dual of the localization
of the first Chern of Ly by the canonical section is the fundamental class of
H in the homology of H. Note that the essential point in the proof is the
Cauchy integral formula; #jl 5 df =1.

Let CP™ be the m-dimensional complex projective space with homoge-
neous coordinates [(p, . . ., (m]. We denote by W; the open set in CP™ defined
by ; #0,i=0,...,m. Let H denote the hyperplane defined by {, = 0 and
Ly the line bundle determined by H. Recall that Ly is defined by the system
of transition functions h;j, h;; = ;/¢;. The canonical section s is represented
by the collection (s;), where s; is a holomorphic function on W; given by
s; = Co/¢;- Since the zero set of s is H, we have the localization c'(Lg, s) of
c(Ly) in H*(CP™,CP™ \ H).

Theorem 1.6.8. The image of ¢! (L, s) by the Alexander isomorphism
H?(CP™,CP™ \ H) = Hay,_o(H)

is the fundamental class [H], i.e., Resa (s, Ly; H) = [H].
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Proof. Let U = {Uy, U1} be the covering of CP™ consisting of Uy = CP"™\ H
and a tubular neighborhood Uy of H with a C* retraction p: Uy — H. Let
Vo be an s-trivial connection for Ly on Uy so that ¢! (Vo) = 0 and V; an
arbitrary connection for Ly on U;. Then the class ¢! (L, s) is represented by
the cocycle (0,c(V1),ct(Vo, V1)) in A%(U, Up). Let Ry be a closed tubular
neighborhood of H in U; and Ryp; = —OR;. Our aim is to show that (cf.

(1.6.3))
/H"‘/Rl cl<v1)An+/Rm (Yo, V1) A (1.6.9)

for every closed (2m — 2)-form 1 on U;.

Since the retraction map p induces an isomorphism p* : Hip 2(H) &
H3W2(Uy), we see that there exist a closed (2m — 2)-form 6 on H and a
(2m — 3)-form 7 on U; with n = p*0 4+ d7. By the Stokes theorem and
the property of the difference form c'(Vg, V1), we see that it suffices to
prove (1.6.9) for n = p*@. For the left hand side, we have [, p*0 = [}, 6. To
compute the right hand side, we note that Ly|y, ~ p*(Ly|u). Let V be a
connection for Ly |y and take as Vi the connection corresponding to p*V.
Then we have c*(Vi) A p*0 = p*(c}(V) A 6) = 0, since c}(V) A0 is a 2m-
form on H. In the second term of the right hand side, Ro; is an S' bundle
over H with the orientation opposite to the natural one. Let pp; denote the
restriction of p to Rp1. Then by the projection formula, we have

/ Vo, Vi) A p*0 = —/ (po1)«c*(Vo, V1) -0,
Ro1 H

where (pg1)« denotes the integration along the fiber of pg; so that the form
(po1)+c*(Vo, V1) is in fact a function on H. It suffices to prove that this
function is identically equal to —1. Let p be an arbitrary point in H and
suppose it is in W;, ¢ # 0. In the sequel, we identify Ly |w, with W; x C. On
Wi, the section s is represented by the function s; = (o/(;, which can also
be thought of as a fiber coordinate of the retraction p. Let V' denote the
connection for Ly |y on W; N H trivial with respect to the frame ¢ given by
£(q) = (q,1) for ¢ in W; N H. We may modify V' away from a neighborhood
of p to obtain a connection V for Ly|g on H. The pullback Vi = p*V
is a connection for Ly which is trivial with respect to the frame ¢; given
by ¢1(q) = (¢,1) for ¢ in a neighborhood W of p in W;. Now we try to find
¢ (Vo, V1) on WUy, = W\ H (cf. (1.4.3)). For this, let V be the connection
for Ly x R given by V= (1-t)Vo+tVy. Let 6; be the connection form of V;
with respect to the frame ¢1, i = 0,1. Then 6; = 0 and, since 6y is s-trivial
and (1 = Ls, 2 = (o/G;, by (1.4.1), we have 6y = d (1) /2 = ==, Thus the
connection form 6 of V is given by

6=—(1- t)@.

z
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Hence the curvature form & of V is given by & = df = dt A % and we get

1 vl _ 1 %
c (v07v1)_ o xR = 271_\/: PP

where 7, denotes the integration along the fiber of the projection map = :
W\ H x [0,1] — W\ H. Therefore, by the Cauchy integral formula, we have

(po1)«c*(Vo, V1) = —1
in a neighborhood of p.

See [157] and [161] for more general results and thorough discussions in
this direction.

1.6.5 Grothendieck Residues

As we have seen in the previous subsection and will see also in the sequel, the
residues of characteristic classes are deeply related to Grothendieck residues.
In this subsection, we briefly review this subject. For details, we refer to, e.g.,
[75].

Let U be a neighborhood of the origin 0 in C™ and fi, ..., f,, holomorphic
functions on U such that their common set of zeros consists only of 0. For a
holomorphic m-form w on U, we set

Reso { (1.6.10)

w ] - 1 / w
flw-wfm (271-\/_1)771 ]"fl"'fm7
where I" is an m-cycle in U defined by

F={zeUl[fi(z)| = =|fm(z)| =}

for a small positive number €. We orient I" so that the form df; A --- A db,,
is positive, 0; = argf;.

Ezxample 1.6.1. If m = 1, the above residue 1.6.10 is the usual Cauchy residue
at 0 of the meromorphic 1-form w/ fi.

Ezxample 1.6.2. In the next subsection, we give various expressions for the
residue of the top Chern class at an isolated singularity of a section s.
If (f1,...,fm) denote local components of s around the singularity, the
Grothendieck residue with w = df; A -+ A df,,, appears as an “analytic ex-
pression” of the residue. Thus we have
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dfy - Ndfm

Reso|: f17"'7fm

} = dim¢ On/(f1,-- s fm) = Indpu(v,0), (1.6.11)

where v denotes the holomorphic vector field Y 1", f; - 8/0z;. This positive
integer is also interpreted as the intersection number (Dy - -+ Dy, )o at 0 of the
divisors D; defined by f; (cf. [75, Ch.5, 2], [157]).

Ezample 1.6.3. In particular, if f; = 0f/0z for some f in O,,, then the
residue is the Milnor number p(V,0) of the hypersurface V' defined by f at 0;

(#)-29(38)] Ly

of
Bar- -

Resg

? OZm

We also call this number the multiplicity of f at 0 and denote it by m(f,0)
(cf. Sect. 1.6.7-b below).

1.6.6 Restidues at an Isolated Zero

Let E be a holomorphic vector bundle of rank m over a complex manifold M
of dimension m. Suppose we have a section s with an isolated zero at p in M.
In this situation, we have Resqm (s, E; p) in Ho({p}, C) = C. In the following,
we give explicit expressions of this residue.

Let U be an open neighborhood of p where the bundle F is trivial with
holomorphic frame (e1, ..., e,,). We write s = > | f; e; with f; holomorphic
functions on U.

(I) Analytic expression

Theorem 1.6.12. In the above situation, we have
Res,m (S, E,p) _ Resp |:df1 A+ A dfm:| ]
f17 [RER) fm

Proof. We indicate the proof for the case m = 1 (for m > 1, we use the
Cech-de Rham cohomology theory for m open sets, see [157], [160]). Thus
s = fey for some holomorphic function f on U. Let R be a closed disk about
pin U. In the expression (1.6.4) of the residue, we may take as Vi an e;-trivial
connection on U, thus ¢*(V;) =0 and

Res,(s, E;p) = —/ ' (Vo, V1)
OR

with Vg an s-trivial connection on U’ = U \ {p}. The Bott difference form
c'(Vo, V1) can be computed as in the proof of Theorem 1.6.8. If we let 6; be
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the connection matrix of V;, i = 0, 1, with respect to the frame e;, we have
01 =0 and 0y = fdf. Thus this time we have

L4
2my/—1 [

which proves the theorem (for the case m = 1).

Cl(VOa vl) =

Remark 1.6.3. For general m, if we take suitable connections we see that the
difference form is given by

c™(Vo, V1) = —f* B,

where f = (f1,..., fm) and [, denotes the Bochner—-Martinelli kernel on
C™ (cf. (1.5.4)). This gives a direct proof of Theorem 1.6.14 below. Thus we
reprove the fact that the Grothendieck residue in the above theorem is equal
to the mapping degree of f (cf. [75, Ch.5, 1. Lemmal]).

(IT) Algebraic expression

Theorem 1.6.13. In the above situation, we have
Resem (s, E5p) = dim Oy, /(f1, -+, fm)-

This can be proved, for example, by perturbing the sections and using the
theory of Cohen-Macaulay rings (e.g., [160]).

(IIT) Topological Expression

Let S2~! denote a small 2m — 1 sphere in U with center p. Then we have
the mapping

)

o= o L §2m-1 _, g2m-1

Hl

where S?”~! denotes the unit sphere in C™.

Theorem 1.6.14. In the above situation, we have
Resem (s, E;p) = deg .

This can also be proved by perturbing the sections, see [75], [160].

Remark 1.6.4. There are similar expressions as above for the residues of
vector bundles on singular varieties with respect to an appropriate number
of sections (see [160]).
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1.6.7 Exzamples

(a) Poincaré—Hopf Index Theorem

Let M be a complex manifold of dimension m. We take as E the holomorphic
tangent bundle T'M. Then a section of TM is a (complex) vector field v. One
can check (see, e.g., [161]) that the Poincaré—Hopf index Indpy (v, Sy) of v at
a connected component Sy of its zero set S, that we defined in 1.1.3 can be
expressed as

Inde(v, SA) = Rescm (U, TM; S)\)

Then, if M is compact, by Theorem 1.6.7, we have
ZIndPH(v,S,\) = / (M),
X M

where ¢™ (M) = ¢™(TM) and it is known that the right hand side coin-
cides with the Euler—Poincaré characteristic x(M) of M (“Gauss—Bonnet
formula”). Thus, by Theorem 1.6.7, we recover the Poincaré—Hopf theorem
in case v is holomorphic and the zeros are isolated.

(b) Multiplicity Formula

Let M be a complex manifold of dimension m. We take as E the holomorphic
cotangent bundle T* M. For a holomorphic function f on M, its differential
df is a section of T*M. The zero set S of df coincides with the critical set
C(f) of f. We define the multiplicity m(f, Sy) of f at a connected component
Sy of C(f) by

m(f, Sx) = Resem (df, T*M; Sy).

Note that, if S consists of a point p, it coincides with the multiplicity m(f, p)
of f at p described in Example 1.6.3.

Now we consider the global situation. Let f : M — C be a holomorphic
map of M onto a complex curve (Riemann surface) C. The differential

af . TM — f*TC

of f determines a section of T*M ® f*T'C, which is also denoted by df. The
set of zeros of df is the critical set C(f) of f. Suppose C(f) is a compact
set with a finite number of connected components (Sy)x. Then we have the
residue Resm (df, T* M ® f*T'C; Sy) for each A. If M is compact, by Theorem
1.6.7, we have

S Reson (df, T*M & [*TC5 8)y) = / (T*M @ f*TC).
A M
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We look at the both sides of the above more closely. In the sequel, we set
D(f) = f(C(f)), the set of critical values. Then, if M is compact, f defines
a C* fiber bundle structure on M \ C(f) — C\ D(f).

We refer to [87] for a precise proof of the following

Lemma 1.6.1. If M is compact, and if D(f) consists of isolated points,
[ en@ s s £TC) = ()" ()~ X(B)X(O),
M

where F denotes a general fiber of f.

Suppose that f(S)) is a point. Taking a coordinate on C around f(S)),
we think of f as a holomorphic function near Sy. Then we may write

Resem (df, T*M @ f*TC;Sy\) = Resem (df, T*M; S\) = m(f, Sy),

the multiplicity of f at S). Thus we have

Theorem 1.6.15. Let f : M — C be a holomorphic map of a compact
complex manifold M of dimension m onto a complex curve C. If the critical
values D(f) of [ consists of only isolated points, then

domlf,8) = (=1)"(x(M) = x(F) x(C)),

A
where the sum is taken over the connected components Sy of C(f).
In particular, we have ([86], see also [59, Example 14.1.5]):

Corollary 1.6.1. In the above situation, if the critical set C(f) of f consists
of only isolated points,

> mfip) = (1) (x(M) = x(F) x(C)).

peC(f)

See [87] for the definition of multiplicities of functions on possibly singular
varieties and formula similar to the above for these multiplicities.



Chapter 2
The Schwartz Index

Abstract The index of a tangent vector field in a singular point is
well-defined on manifolds, as described in the previous chapter. When
working with singular analytic varieties, it is necessary to give a sense to
the notion of “tangent” vector field and, once this is done, it is natural
to ask what should be the notion of “the index” at a singularity of the
suitable vector field. Indices of vector fields on singular varieties were first
considered by M.-H. Schwartz in [139,141] (see also [33,142]) in her study of
the Poincaré—Hopf Theorem and Chern classes for singular varieties. For her
purpose there was no point in considering vector fields in general, but only
a special class of vector fields that she called “radial,” which are obtained
by the important process of radial extension. In this chapter we explain the
definition of the corresponding index as it was defined by M.-H. Schwartz
for vector fields constructed by radial extension. Complete description and
constructions will be found in [28].

We define a natural extension of this index for arbitrary (stratified) vector
fields on singular varieties. This index is sometimes called “radial index” in
the literature, but we prefer to call it here the Schwartz index. The Schwartz
index for arbitrary stratified vector fields was first defined by H. King and
D. Trotman in [96], and later independently in [6,49, 149]. In [30,31] this
index was interpreted in differential-geometric terms and this was used to
study its relations with various characteristic classes for singular varieties.
This is discussed in [28] and in Chap. 10 below.

2.1 Isolated Singularity Case

Consider first the case where the space is a complex analytic variety V C C™
of dimension n > 1 with an isolated singularity at 0. Let U be an open
ball around 0 € C™, small enough so that every sphere in U centered at 0
meets V transversally (see [120]). For simplicity we restrict the discussion
to U. Let vaq be a continuous vector field on V' \ {0} which is transverse
(outwards-pointing) to all spheres S, around 0 for £ small enough, and scale

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_2, 31
(© Springer-Verlag Berlin Heidelberg 2009
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it so that it extends to a continuous section of TC™|y with an isolated zero
at 0. We call v;aq @ radial vector field at 0 € V. Notice vyaq can be further
extended to a tangent vector field vid on U being everywhere transverse to
all spheres S. centered at 0, thus getting a vector field on U which is radial.
By definition the Schwartz index of viaq is the Poincaré—Hopf index at 0 of
the radial extension vid, so it is +1.

Let us consider now a continuous vector field v on V with an isolated
singularity at 0. By this we mean a continuous section v of TC™|y which
is tangent to V* =V \ {0}. We want to define the Schwartz index of v; this
index is related to “the lack of radiality” of the vector field. It has various
names in the literature (c.f. [6,49,96,149]), one of them being radial index.

We may now define the difference between v and v;,q at 0 just as we did in
Chap. 1: consider small spheres S, S./; € > ¢’ > 0, and let w be a vector field
on the cylinder X in V bounded by the links K. =S.NV and K., =S, NV,
such that w has finitely many singularities in the interior of X, it restricts to
v on K, and to vaq on K./. The difference of v and v,,q is defined as

d(v, Vrad) = Indpg (w, X),

the Poincaré—Hopf index of w on X.

Definition 2.1.1 (Schwartz index: case of a variety V with isolated
singularity at 0 and v an arbitrary vector field on V with iso-
lated singularity at 0). One defines the Schwartz index of v at 0 € V
to be:

Indgen(v,0; V) =1+ d(v, vrad) -

The following result is well-known (see [6,49,149]). For vector fields with
radial singularities, this is a special case of the work of M.-H. Schwartz; the
general case follows easily from this.

Theorem 2.1.1. Let V be a compact complex analytic variety with isolated
singularities q1,- -+ ,q, in a complex manifold M, and let v be a continuous
vector field on V', singular at the q; and possibly at some other isolated points
in V. Let Indsen (v, V') be the sum of the Schwartz indices of v at the g; plus
its Poincaré-Hopf index at the singularities of v in the reqular part of V.
Then:

Indgen (v, V) = x(V)

The proof is very simple; we give it here because this illustrates arguments
used later. Assume first the vector field v is radial at each ¢1,--- , ¢, so its
local Schwartz index at each ¢; is 1. Now take small discs D; in M around each
¢; and remove from V the interior of each V' N D;; we get a manifold V* which
is compact with boundary. The vector field is transverse to the boundary
everywhere. Hence its total Poincaré-Hopf index there equals x(V*). The
result then follows from the Poincaré—Hopf index theorem because one has:

X(V) =r+x(V").
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Now, if v is nonradial at (some) ¢; we do a simple trick: for each e > 0
sufficiently small, denote by B; . the ball in M of radius € around g; (for some
metric) and set K;. = VN B; . and V* =V \ J;(V NB; ) for some fixed
e > 0 sufficiently small. By [121] each boundary component K; . of V* has a
neighborhood diffeomorphic to a cylinder K, . x [0, 1]. Choose £1,£2 > 0 such
that € > ¢1 > €2, and let X, ., and X, ., be the cylinders in M bounded by
{Kic, Kie } and {K;.,, K, } respectively. Put the vector field v on each
K., and on each K; . and K; ., put a radial vector field vyaq. Then the local
Schwartz index of v at each ¢; is 1 plus the difference d(v, v;4) between v
on K; ., and vpaq on K; ,, which equals —d(vraq,v), the difference between
Urad o0 K; . and v on K, .,. Hence this case reduces to the previous one of
radial vector fields, proving theorem 2.1.1. a

The idea for defining the Schwartz index in general, if the singular set has
dimension more than 0, is similar in spirit to the case above, but it presents
some technical difficulties for which we need to introduce some concepts and
notation.

2.2 Whitney Stratifications

Here we make a short summary of what we need in the sequel about stratifi-
cations. We refer to [28,73,107] for more on the subject. A stratification of a
space X is a particularly nice decomposition of this space into pieces, all of
which smooth manifolds called the strata.

Definition 2.2.1. Let V be a complex analytic variety of dimension n in
some complex manifold M. An analytic stratification of V means a locally
finite family (V4 )aea of nonsingular analytic subspaces of V' (i.e., each V, is
a complex manifold) such that:

(1) The family is a partition of V, i.e., they are pairwise disjoint and their
union covers V.

(2) For each V,, the closures in V of both Vo, and V, \ Vi are analytic in V.
(3) For each pair (V,, Vj) such that V, NV # 0 one has V,, C V.

The highest dimensional stratum, which may not be connected, is called
the regular stratum and usually denoted by Vi or Vieg.

Definition 2.2.2. A stratification (V,,)aca of V is said to be Whitney if it
further satisfies the following two conditions, known as the Whitney condi-
tions (a) and (b), for every pair (V,, V) such that V,, C V.

Let x; € Vg be an arbitrary sequence converging to some point y € V,, and
y; € Vu a sequence that also converges to y € V,. Suppose these sequences
are such that (in appropriate Grassmannian) the sequence of secant lines
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l; = ;95 also converges to some limiting line [, and the tangent planes T, Vs
converges to some limiting plane 7. The Whitney conditions (a) and (b) are
the following:

(a) The limit space 7 contains the tangent space of the stratum V,, at y, i.e.,
T,V Cr.

(b) The limit space 7 contains all the limits of secants, i.e., [ C 7.

One knows that condition (b) implies condition (a), but it is useful to have
both conditions stated explicitly.

Remark 2.2.1. Whitney stratifications are very important for several reasons,
some of which will become apparent along this text. Some important facts
about these stratifications are:

(1) Every closed (sub)analytic subset of an analytic manifold admits a Whit-
ney stratification.

(2) Whitney stratified spaces can be triangulated compatibly with the strat-
ification.

(3) The transversal intersection of two Whitney stratified spaces is a Whitney
stratified space, whose strata are the intersections of the strata of the two
spaces.

(4) Whitney stratifications are locally topologically trivial along the strata.
That is, given a complex (or real) analytic space V' with a Whitney strat-
ification (Vi )aca, a point € V, and a local embedding of (V,z) in C™,
there is a neighborhood W of z in C™, diffeomorphic to A x U,, where U,
is a ball, neighborhood of x in V,, and A is a small closed disk through x of
complex dimension m — dim¢ V,,, transverse to all the strata of V', and such
that W N Vs = (AN Vp) x U, for each stratum Vs with = € V3 (see [171,
§9], [5]). This is essentially a consequence of the Thom first Isotopy Lemma
(see [164]).

2.3 Radial Extension of Vector Fields

Let us describe briefly the radial extension technique developed by M.-H.
Schwartz. The idea is simple though there are technical difficulties that we
shall omit. A detailed exposition of this construction can be found in Sect. 7
of [33] or in [28].

We consider a complex analytic n-variety, i.e., a reduced complex analytic
space V of (complex) dimension n, embedded in a complex manifold M of
dimension m and endow M with a Whitney stratification adapted to V; i.e.,
V' is union of strata. Since each stratum V,, is itself a complex manifold we
have its tangent bundle T'V,,. The singular set of V is denoted by Sing(V)
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and the regular one Vieg = V' \ Sing(V). If V is reducible, we assume it is
pure dimensional.

Definition 2.3.1. A stratified vector field on V means a (continuous,
smooth) section v of the complex tangent bundle TM|y such that for
each € V the vector v(x) is contained in the tangent space of the stratum
V. that contains x.

First we describe the local extension process. It is a consequence of the
local topological triviality as explained in iv) of Remark 2.2.1.

Let v, be a vector field in a neighborhood of a point z € V,, with possi-
bly a singularity at x. According to iv) of Remark 2.2.1, there is a product
neighborhood W =2 A x U, of z in the ambient space. We may assume that
x is the only one possible singularity of v, in U,,.

Denoting by p1 : W — A and ps : W — U, the projections on the two
factors of the product, we have a decomposition

TW = piTA @ psTU,.

On one hand, the pull-back p3v, is a vector field on W, which is “parallel”
to v, It is stratified, since it is tangent to the fibers of p;. On the other hand,
let A be equipped with the induced stratification and let va be a stratified
vector field on A, which is radial in the usual sense and singular at z. Then
piva is a stratified vector field on W since it is tangent to the fibers of ps
and v is stratified. It is thus radial in each slice A x {q} for ¢ in U,. The
local radial extension of v, in W is the following:

Definition 2.3.2. The local radial extension of v,, denoted by wv, is the
stratified vector field defined on the neighborhood W as the sum:

v = pivA + Piug.

The fundamental property of the local radial extension is the following:

Lemma 2.3.1. The local radial extension v of v, has no singularity along
the boundary of W and is pointing outward W along its boundary. If va has
a singularity ot x with index Indpy (vy, x; Vi), then the local radial extension
v of v admits x as unique singular point in W, and one has

Indpp (v, 2; W) = Indp (va, 7; V).

Definition 2.3.3 (Schwartz index: case of a stratified variety V' and
v the local radial extension vector field). Let v be a stratified vector
field obtained as in Definition 2.3.2. Then the Schwartz index of v at x on V'
is defined to be the Poincaré—Hopf index of v on W:

Indgen (v, z; V') = Indpp (v, x; W).
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The local radial extension allows to define the global radial extension. Now
we assume V' to be compact.
Let us denote the corresponding filtration of V' by:

V=Vig=VyDVy 2D DVqy D DVa, DVa, DVa

where V,, are the (not necessarily connected) strata and V,, is the lowest
dimensional stratum. The radial extension technique is defined by induction
on the dimension of the strata.

In the first step, let us consider an arbitrary vector field v,, with (finitely
many) isolated singularities on the stratum V,,,, which is compact since V is.
One performs the local radial extension (Definition 2.3.2) in a tube 7 (V)
around V,, as in (1.1.2) above, union of neighborhoods W as in Definition
2.3.2. Let us denote by v the obtained vector field. If dimV,,, = 0, then v
is a stratified radial vector field in a ball around the point zy € V,, in M.
The vector field v is pointing outward 7 (V,,) along its boundary and the
singularities of v in 7T (V,,) are exactly those of vy, in V,,. Furthermore,
Lemma 2.3.1 implies that the total Poincaré-Hopf index of v on 7 (V,,) is
X(Vao )

The following step is to extend v around V,,; assuming the construction
being performed around V,,,_, . That means v is already constructed in a tube
T (Va,_,) around V,_,, it is pointing outward 7 (V,,_, ) along its boundary
and if z € V, C V,,_, is a singularity of v, one has Indpp (v, 2;7 (Va,_,)) =
Indpy (v, z; Va,).

The vector field v is defined on a neighborhood of V, ; \ Va , and can be
extended as a vector field still denoted by v with (finitely many) isolated
singularities within V. One considers a tube T(Va].) around Vaj as in
(1.1.2) above, union of the tube 7(V,,_,) around Vi, \ Vo, = Va,_, and of
neighborhoods W (as in Definition 2.3.2) around V. Using the local radial
extension property one extends v in T(Vaj) in such a way as induction
hypotheses are satisfied.

We may summarize the previous discussion in the following theorem of
M.-H. Schwartz (see [33] or [28] for a detailed exposition and a complete
proof):

Theorem 2.3.1. ([139,142]) Let V be a complex analytic variety in a com-
plex manifold M, and let (Vy)aca be a Whitney stratification of M adapted
to V. Then there exists stratified vector fields on a meighborhood of V in M
constructed by radial extension as above. FEvery such vector field v satisfies:

(1) Given any stratum (Vy,), the total Poincaré-Hopf index of v on T (V) is

X(Va).

(2) v is transverse, outwards pointing, to the boundary of every small regular

neighborhood of V in M.

(3) The Poincaré—Hopf index of v at each singularity x is the same if we
regard v as a vector field on the stratum that contains x or as a vector field
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in a neighborhood of x in M. Hence the total Schwartz index of v on V
is x(V).

2.4 The Schwartz Index on a Stratified Variety

The results described in the previous section tell us that given a compact
complex analytic variety V in a complex manifold M which is equipped with
a Whitney stratification {V,,} adapted to V, we may consider vector fields
on V obtained by radial extension. We now make similar considerations for
stratified vector fields in general, not necessarily obtained by radial extension.

2.4.1 Case of Vector Fields with an Isolated
Singularity

Let v be a stratified vector field on V' with isolated singularities. We want to
define the Schwartz index of v at these points. Since the question is local, we
may assume M is C™ and the singular point is 0. If 0 is an isolated singularity
of V, the Schwartz index of v at 0 is defined in the first section of this chapter.
In general this can be done as follows.

Let us denote by V, the stratum containing 0. We consider two balls B,
B.: centered at 0, with ¢ > ¢’ > 0 without other singularity of v and small
enough so that their boundaries are transverse to all strata. Inside the smaller
B., we consider a stratified radial vector field v,,q with center 0 and pointing
outwards the ball. On the boundary dB. of the larger one, we consider the
vector field v. One has

IIlde(’Urad, 0; M) =+1.

Let us consider K, . = (B. \ IntB.,) N V. On the parts S, = IB., and
Se = 0B. of the boundary of K. . one has a vector field w defined by v;,4 and
v respectively. One extends w in K, .+ by the radial extension process that
we described in the previous section as a stratified vector field with isolated
singularities p; so that we have

Inde(w,pj; Vg) = Inde(w,pj; (Cm)

where V3 is the stratum containing p;.



38 2 The Schwartz Index

Definition 2.4.1. The difference of v and v,,q is defined as:

d(v,vaa) = Y > Indpp(w, pj; Keor),

B 7

where the sum on the right runs over the singular points of w in K. .. This
integer does not depend on the choice of w.

Definition 2.4.2 (Schwartz index: case of a stratified variety V' and
an arbitrary vector field v with isolated singularity). The Schwartz
index of v at 0 € V is defined as:

Indgen(v,0; V) =1 4+ d(v, Vyad)-

It is clear that if V' is smooth at 0 then this index coincides with the usual
Poincaré—Hopf index; it also coincides with that in Sect.1 above if 0 is an
isolated singularity of V' and with the usual index of M.-H. Schwartz (2.3.3),
for vector fields obtained by radial extension.

The proof of the following theorem is exactly as that of 2.1.1 and we leave
the details to the reader.

Theorem 2.4.1. LetV be a compact, complex analytic variety in some com-
plex manifold M equipped with a Whitney stratification adapted to V. Let v be
a continuous, stratified vector field on a neighborhood of V' in M, with isolated
singularities x1,- -+ ,xs, all contained in V, and denote by Indscy (v, x;; V') the
corresponding local Schwartz indices at the singular points of V.. Then one
has:

x(V) = Z Indsen (v, 35 V),
i=1

where x(V') is the Euler—Poincaré characteristic.
An immediate consequence of 2.4.1 is:

Corollary 2.4.1. Let V' be as in Theorem 2./4.1. If there exists a continuous,
stratified vector field on a neighborhood of V' in M with no singularities, then
Euler-Poincaré characteristic of V. vanishes:

x(V) = 0.
2.4.2 Case of Vector Fields with Nonisolated
Singularity

Assume now we are given a vector field v defined on the regular part Vieg =
V'\ Sing(V) of V, and nonsingular away from some subcomplex Sy of Vieg.
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This situation was envisaged in [30,31] (see also [6]). In this context one
will associate an index Ind(v, S; V') to each compact connected component S
of Sing(V); this is the Schwartz index of v at S. This construction is relevant
for the discussion in Chaps. 8-10 of characteristic classes of singular varieties.

Let S be a connected component of Sing(V') and 7(S) a cellular tube
around S with smooth boundary 97 (S) (Remark 1.1.2). Let us denote by
Ty (S) the intersection 7(S) NV. The boundary 97 (S) is transverse to V
and intersection 07 (S) NV = 07y (S) lies in V;eq, hence is smooth.

Let 7 be a vector field tangent to V;eg, defined in a neighborhood of the
boundary 07y (S) in Vieg and pointing outwards 7y (S) along the boundary.

Then define the Schwartz index of 7 at .S by:

Indsen (7, 5) == x(Tv (5)) (= x(5))-

Now, let us consider a vector field v defined and nonsingular on U \ S with
U a neighborhood of S. We take two cellular tubes 7 (S) and 7'(.5) as before
such that 77(S) contains the closure of 7(S).

T (S) of S denoted by Ng with smooth boundary. For simplicity, we sup-
pose that Ng contains the closure of Ng. We suppose also that the only
singularities of v in Ng are on S. Let C's be the cylinder bounded by ONg
and ONg, and let ¢ be the vector field on 0Cs which is v on INg and 7
on ONg. Define the difference between v and 7 at S, d(v,7), just as we did
in Chap. 1: it is the total Poincaré-—Hopf index of ¢ in C's. Now define the
Schwartz (or radial) index of v at S to be:

Indgch (v, S) := Indgcn (7, S) + d(v, 7) = x(Ng) + d(v, 7). (2.4.2)

One has the following straightforward generalization of the Poincaré—Hopf
Theorem.

Theorem 2.4.3. Let V' be a compact, oriented, analytic variety of dimen-
sion n. Let S1,...,S), be the connected components of the singular set of V.
Let v be a continuous vector field on 'V, singular at S, ..., S, and possibly at
some isolated points x1,...,xs in Vieg. Define the total radial index of v in
V, Indgen (v, V), to be the sum of the radial indices Indgen (v, Sx) at S1,...,Sp
and the usual Poincaré—Hopf index at x1,...,xs. Then

Indsch(v, V) = X(V),
independently of v.

Proof. Let Sy ,A=1,...,p, be as above. Near each S, the radial vector field
Urad 1S transverse to the smooth boundary K of a regular neighborhood N),
of Sy. Therefore

Indgen (vrad, Sx) = x(Sx),
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by definition. Let N be the interior of Ny, a regular neighborhood of S},

and set V* =V — {N; U ..UN,}. Then V* is a compact manifold with
boundary K = {K; U...U K}, and the vector field v;aq is transverse to
K and points inwards. Therefore Indpy(vyad, V*) = x(V*) — x(K) , by the
theorem of Poincaré-Hopf for manifolds with boundary (I.1.2 above). On the
other hand

X(V) = x(V*) + {x(51) + - + x(Sp)} — x(K).
Thus
X(V) = Indpy ('Urad> V*) + {IndSch(Urady Sl) + -+ IndSch(vrad> Sp)}>

hence x (V) = Indgch (vrad, V).
Now let v be some other vector field on V, singular at Si,...,5, and
possibly at some smooth points of V. Then by definition:

Indgen (v, Sx) = x(S)) + da(v, Vrad)

for each A\, where dj (v, vraq) is the difference introduced before. Similarly, the
Poincaré-Hopf index of v in V* is

Indpg (v, V") = x(V*) = x(K) + {d1 (v, vraa) + - - - + dr-(v, Vraq) } -
Hence
X(V) = Inde(v, V*) + {IndsCh(v, Sl) + -+ Indsch(v, ST)} = Indsch(v, V) s

as claimed, because d (v, Urad) + dx(Vrad,v) = 0.

Remark 2.4.1. We notice that one has:
(1) Indgen (vrad, S) = x(S) for radial vector fields,
(2) the radial index coincides with the Poincaré—Hopf index if S C Viey and

(3) this index is independent of the ambient manifold M.

Given a singular variety V' in a complex manifold M as above, and a
stratified vector field v on a neighborhood U C M of a connected component
S C Sing (V') whose singularities are all in S, we have defined above two types
of Schwartz indices: on one hand, at each singularity x; of v we attach an
index Indgch (v, 2;) and we have the sum over all of them. On the other hand
we can forget we have v on S, take it only on M \ S and define an index
Indgcn (v, S) as above. Here we determine the relation among these indices.
Using the above construction, we have:
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Theorem 2.4.4. Let S be a connected component of the singular set of V.
We equip M with a Whitney stratification adapted to V' and S. Let v be a
stratified vector field in a neighborhood U of S in M without singularity on U
and whose singular points x; in U are all contained in S. Let Indgcn (v, S; V)
be the index of v at S as defined in 2.4.2, and at each singular point x1,- -+ , s
of v on S let Indgeh(v,x;; V) be the local index defined in 2.4.2. Then one
has:

Indgen(v, S; V) Zlndsch v, x5 V).



Chapter 3
The GSV Index

Abstract One of the basic properties of the local Poincaré-Hopf index is
stability under perturbations. In other words, if a vector field has an isolated
singularity on an open set in R™ and if we perturb it slightly, then the singu-
larity may split into several singular points, with the property that the sum
of the indices of the perturbed vector field at these singular points equals
the index of the original vector field at its singularity. If we now consider an
analytic variety V defined by a holomorphic function f : (C"** 0) — (C,0)
with an isolated critical point at 0, and if v is a vector field on V', with an
isolated singularity at 0, then one may like “the index” of v at 0 to be stable
under small perturbations of both, the function f and the vector field v. This
leads naturally to another concept of index, called the GSV index, introduced
by X. Gémez-Mont, J. Seade and A. Verjovsky in [71,144] for hypersurface
germs, and extended in [147] (see also [149]) to complete intersections. In
this chapter we define this index and we study some of its basic properties.
We first do it when the ambient space is an isolated complete intersection
singularity (ICIS for short), then we explain the recent generalization in [34]
to the case where the ambient variety has nonisolated singularities; this relies
on a proportionality theorem similar to the one proved in [33] for the local
Euler obstruction, that is discussed later in the text.

In the following chapters we will study other related indices: the GSV in-
dex can be interpreted via Chern—Weil theory as the virtual index introduced
by D. Lehmann, M. Soares and T. Suwa in [111], that we study in Chap. 5.
And if the vector field v is holomorphic, then the GSV index also coincides
with the homological index of Gémez-Mont [68], that we describe in Chap. 7.
There is also a recently defined logarithmic index in [7], which coincides with
the homological index and therefore, for ICIS, with the GSV index.

3.1 Vector Fields Tangent to a Hypersurface

The index we discuss in this chapter is associated to vector fields on germs
of hypersurface (or, more generally, complete intersection) singularities, and

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_3, 43
(© Springer-Verlag Berlin Heidelberg 2009
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the way how these vector fields extend to the ambient space. So we begin
with a brief discussion of this topic.

Let us denote by (V,0) the germ of a complex analytic hypersurface in
C™*! given by a holomorphic function

f(€C"0) — (C,0),

which is defined on a small ball B, and has a unique critical point at 0. Let
v be a continuous section of the bundle TC"*1|;,. We notice that for each
x € V* =V \ {0}, the tangent space T,,V* consists of all vectors in 7,,C"?
which are mapped to 0 by the derivative of f:

T,V* = {¢ € T,C"" | df.(¢() =0}

For example, if f is the polynomial map in C? defined by f(z1, 22) = 27 + 23,
then the line tangent to V = f~1(0) at a point (z1, 22), other than the origin,

is spanned by the vector ((z1, z2) = (—323,221). To see this notice one has
df, =2z1dz1 +3 zg’dzg.

Hence: _
df.(¢) = df-(—323,221) = 0.

Now, a vector field v on V can be thought of as being a continuous map
(V,0) % (C™*1,0) which is nonzero on V* and whose image is contained in
the linear space tangent to V' at each given point. Since V is a closed subset
of B., this map extends to a neighborhood of V' in C**!. Geometrically this
means that the vector field v on V' can always be extended to the ambient
space, or equivalently that v can always be considered as the restriction to
V of a vector field in the ambient space. However the extension of v to V
is by no means unique. Furthermore, all these statements also hold in the
holomorphic category:

Theorem 3.1.1. ([16]) Let V be a complex analytic variety in C™ with an
isolated singularity at 0. Then:

(1) There exist holomorphic vector fields on V' with an isolated singularity at
0. In fact the space of such vector fields is infinite-dimensional.

(2) If v is a holomorphic vector field on V with an isolated singularity, then
there are infinitely many extensions of v to a neighborhood of 0 in the ambient
space with an isolated singularity.

As an example, if V is defined in C? by a map f : (C2,0) — (C,0), then
the Hamiltonian vector field ((z1,22) = (fg—;;, g—zfl) is tangent to V and it

is zero only at the origin. Notice that this vector field is actually tangent to
all the fibers f~1(¢). Let ¢ be the restriction of ¢ to V. Notice that ¢ can
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be extended to C? in many other ways; for example, if g is a holomorphic
function on C2? that vanishes exactly on V and represents a nonzero element
in the local ring O c2 gy, then

_(,_0f L 9f
é-— (g 6227g+ 821)7

coincides with ¢ on V' and is no longer tangent to the fibers of f; choosing g
appropriately we can also assure that £ has an isolated singularity at 0.

In C3 one has the following example of [68] (see also 3.3.2 and §2 in
Chap. 7). Let f : (C3,0) — (C,0) have an isolated critical point at 0, set
V = f71(0) and choose the coordinates (21, 22, 23) so that V meets only at 0
the analytic set where the partial derivatives of f with respect to z and z3

vanish: o7 8f
vm{% o }_{0}.

Define a holomorphic vector field in C? by

= (1t -0y,

Notice Z has an isolated singularity at 0 and

~ 6]"

df(¢) = 927

hence df (Z) vanishes at the points where f vanishes, so E is tangent to V.
If we set ¢ = E |, then we have a holomorphic vector field on V' with an
isolated singularity at the origin, and an extension Zof it to C? which also
has an isolated singularity. Notice however that, unlike the previous example,
C is no longer tangent to the fibers of f. Yet, we may forget we are given (
and just consider the vector field ¢ on V. Slnce f vanishes exactly on V, ¢
takes the form ¢ = (0 or i) and we can extend it to a holomorphic

' Dzz ?

vector field € on C3 defined by:

= (o,g—i,fg—i).

This is tangent to all the nonsingular hypersurfaces f~1(t), t # 0. The singu-
of
Z2 ’ 823)
which meets each nonsingular fiber f~1(#) at finitely many points, whose to-
tal sum (counting multiplicities) is constant (see Chap. 7). This constant is
an index that depends only on ¢ and the way V is embedded in C3. This is

the index that we study below.

lar set of f is the complete intersection curve defined by the ideal (
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Remark 3.1.1. We restricted the above discussion to vector fields on
hypersurfaces for simplicity, as an example. Of course it is important to
consider vector fields “tangent” to a singular variety in general. This is done
for instance in [38] and [65]. In [38] J. Bruce and R. Roberts show that given
the germ (V,0) of a complex analytic variety with a possibly nonisolated
singularity at 0, there is a canonical stratification of V, that they call log-
arithmic, for which each holomorphic tangent vector field is stratified, and
furthermore the tangent space of each stratum is generated by such vector
fields. In general, the logarithmic stratification may not be locally finite;
when it is locally finite, then it is also Whitney.

3.2 The Index for Vector Fields on ICIS

Let (V,0) be a germ of complex analytic variety of dimension n in C"**.
Recall that (cf. [116, (1.5)]) (V,0) is a geometric complete intersection, if it is
defined as the common zero set of (germs of) k holomorphic functions. Also,
(V,0) is a complete intersection if the ideal Zy in O, 4k of function vanishing
on V is generated by k holomorphic functions.

Let (V,0) be a germ of a complete intersection of dimension n with an
isolated singularity, defined by a holomorphic map

f: (flv"'afk): (Cn+k70) - (Ck70)a

i.e., f1,..., fr generate the ideal Zy . If n = 1 we further assume (for the mo-
ment, cf. Remark 3.2.2) that V is irreducible. Just as in [116], we abbreviate
an isolated complete intersection singularity germ as ICIS.

Since 0 is an isolated singularity of V', it follows that the (complex con-
jugate) gradient vector fields {gradfi,...,gradf;} are linearly independent
everywhere away from 0 and they are normal to V' (for the usual hermitian
metric in C"*%). Let v be a continuous vector field on V singular only at 0.
The set {v(z),gradf;(z),...,gradfy(z)} is a (k + 1)-frame at each point in
V* :=V \ {0}, and up to homotopy, it can be assumed to be orthonormal,
i.e., each vector has norm 1 and they are pairwise orthogonal. Thence these
vector fields define a continuous map from V* into the Stiefel manifold of
complex orthonormal (k 4 1)-frames in C"**, denoted Wy (n + k).

Let K=V NS be the link of 0 in V. It is an oriented, real manifold of
dimension (2n — 1) and the above frame defines a continuous map

6o = (v,gradfy,...,gradfy) : K — Wipi(n+ k).

The Stiefel manifold Wy41(n + k) is diffeomorphic to the homogeneous
space U(n + k)/U(n — 1) and therefore the homotopy sequence associated
to this fibration implies that Wyy1(n + k) is (2n — 2)-connected, while its
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homology in dimension (2n — 1) is isomorphic to Z. Hence the map ¢, has
a well defined degree deg(¢,) € Z, defined by means of the induced ho-
momorphism Ha,1(K) — Hap—1(Wit1(n + k)) in the usual way. For this
we consider the generators of each of these groups corresponding to the el-
ement [1]. Notice that Wy1(n + k) is a fiber bundle over Wi (n + k) with
fiber the sphere S?"~1; if (e1,--- , e, ) is the canonical basis of C"**, then
the fiber v over the k-frame (eq,--- ,ex) determines the canonical generator
[v] of Hop—1(Wiy1(n + k)) ~ Z. If [K] is the fundamental class of K, then
(¢0)«[K] = A - [7] for some integer A and the degree of ¢, is given by:

deg(¢y) = A

Alternatively one can prove that every map from a closed oriented
(2n — 1)-manifold into Wyi1(n + k) factors by a map into the fiber
~v ~ §2n71 essentially by transversality. Hence ¢, represents an element
in mop—1Wit1(n+ k) ~ Z, so ¢, is classified by its degree. In other words,
up to homotopy, the map ¢, can be regarded as a map from the link K
into the sphere S?"~1, and deg(¢,) is its degree in the usual sense (c.f. the
following chapter where this discussion is carefully done in the real case,
which is more delicate).

Definition 3.2.1. The GSV index of v at 0 € V, Indgsy (v, 0), is the degree
of the above map ¢,,.

This index depends not only on the topology of V near 0, but also on the
way V is embedded in the ambient space. For example, the singularities in
C3 defined by

{22 + 9"+ 2 =0} and {2 +y* + 2'2 =0},

are orientation preserving homeomorphic as abstract varieties, disregarding
the embedding, and one can prove that the GSV index of the radial vector
field is 79 in the first case and 67 in the latter; this follows from the fact (see
3.2.1 below) that for radial vector fields the GSV index is 1 + (—1)3mV
where g is the Milnor number, which in the examples above is known to be
78 and 66 respectively, by [121, Theorem 9.1].

We recall that one has a Milnor fibration associated to the map f, see [79,
116,121], and the Milnor fiber F can be regarded as a compact 2n-manifold
with boundary OF = K. Moreover, by the Transversal Isotopy Lemma there is
an ambient isotopy of the sphere S taking K into 0F, which can be extended
to a collar of K, which goes into a collar of OF in F. Hence v can be regarded
as a nonsingular vector field on OF.

Theorem 3.2.1. The GSV index has the following properties:

(1) The GSV index of v at 0 equals the Poincaré—Hopf index of v in the Milnor
fiber:
Indgsv ('U> 0) = Inde(v, F)
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(2) If v is everywhere transverse to K, then
Indgsv(’u, 0) =1+ (71)”#,

where n is the complex dimension of V and p is the Milnor number of 0.

(3) One has:
p = (—=1)"(Indgsv(v,0) — Indsen(v,0)),

independently of the choice of v.

Proof. Since the germ (V,0) is an ICIS, the conjugate gradient vector fields
{gradfi,...,gradf,} are all linearly independent everywhere on F and
normal to this manifold, so the degree of ¢, can be identified with the ob-
struction to extending v to a tangent vector field on F. Hence Indggv (v, 0) =
Indpy(v, F) as claimed in (1). Statement (2) follows from statement (1) to-
gether with Theorem 1.1.2 above and the fact that, by [79, 116, 121], the
Euler-Poincaré characteristic of F is 1+ (—1)"u. For (3) we first notice that
this statement follows from (2) if v is radial. The general case follows from
this together with 1.1.2.

Remark 3.2.1. Theorem 3.2.1 says that if we perturb the mapping f by
adding to it a small constant, then the index is preserved in the sense that
the GSV index of the vector field on the singular fiber becomes the sum of
Poincaré—Hopf indices in the nearby fibers. One may of course look at more
general deformations of the map-germ f. From the previous discussion we
see that the way the GSV index changes when we perturb f does not depend
on the choice of vector field, but only on the way the topology of the Milnor
fiber changes, i.e., on the behavior of the Milnor number under perturba-
tions. This is an interesting subject that has been studied by several authors,
including Lazzeri, Gabrielov, Lé and Massey, among many others.

One has a Poincaré-Hopf type theorem for this index:

Theorem 3.2.2. Let V be a compact, complex analytic variety with isolated
singularities x1,...,x,, which are all isolated complete intersection germs.
Let v be a continuous vector field on V, singular at the x;'s and possibly at
some other smooth points yi,...,ys of V. Let Indgsv (v, V) denote the total
GSV index of v, i.e., the sum of the local GSV indices at the x;'s and the
usual Poincaré-Hopf indices at the y;'s. Then one has:

Indgsy (v, V) = X(V) + (=1)" Y _ p(ws),
i=1
where p(x;) is the Milnor number of V at x;.

Proof. The proof of this theorem is very similar to that of 2.1.1. One removes
from V conical neighborhoods N; of the z; and replaces these by copies



3.3 Some Applications and Examples 49

Fy,...,F, of the corresponding Milnor fibers. The new manifold Vis smooth,
and if v is radial at each z; then its Euler characteristic is Indgsv (v, V),
essentially by definition. But y(V) equals x (V) + (—1)" iy w(z;), proving
the theorem when v is radial at each x;. The general case follows easily from
this and Proposition 1.1.2.

Remark 3.2.2. In the above discussion we ruled out the case where the
dimension of V is 1 and V has several branches. This case is of course inter-
esting and it was first considered by Brunella [39,40] and Khanedani-Suwa
[93] in their study of holomorphic 1-dimensional foliations on complex sur-
faces (cf. Chap. 6). In this case the GSV index is defined as the Poincaré-Hopf
index of an extension of v to a Milnor fiber. If a curve C' has only one branch
at a singular point zq this coincides with Definition 3.2.1. But if C has several
branches at xy one has an integer attached by 3.2.1 to each branch. If C is
a plane curve, the relation among all these indices is well understood and
it is determined by the intersection number of the various branches. In fact,
Milnor in [121, Theorem 10.5 and Remark 10.10] proved that if Cy,...,C,
are the irreducible components of C' then one has the formula:

uzZui+2I—r+1,
i=1

where p, respectively p;, is the Milnor number of C| respectively Cj, at xg
and [ is defined as ), C; - C;. This formula implies that if v is a vector
field on C then we have

Indgsv (v, 2o; C) := ZIndGSV(v,xo; C;) = Indpu (v, Fy) — 21,
i=1

where Indpy(v,F}) is the Poincaré-Hopf index of an extension of v to a
Milnor fiber F; of C' at xg, a formula proved independently in [39] and [93].

Remark 3.2.3. We notice that the definition of the GSV index works equally
well for singularities which are only geometric complete intersections [116],
not necessarily algebraic complete intersections, i.e., all we need is that the
gradient vector fields of the functions that define V' are linearly independent
everywhere on V' \ {0}.

3.3 Some Applications and Examples

Example 3.3.1. In Sect.1 we saw how given a function f : (C2?,0)—(C,0)

with an isolated critical point at 0, the Hamiltonian vector field (—(%Lz, %)

is tangent to V = f~1(0) and to all the fibers of f. Hence its GSV index is
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zero. More generally, consider a holomorphic function f : (C?*,0) — (C,0),
with an isolated critical point at 0. Its differential is

0 0
O gy p 2
0z Zon

dZQn .

df =

Let E be an arbitrary vector field obtained by permuting in pairs the com-
ponents of D f and changing the sign in one of the components in each pair,

e.g.

e of of _of of

C_ < 82’2 821 82’4 823)
or

s af 9f of of

C B ( 823 624 821 622)

In all cases one has df (E ) = 0 everywhere. This means that all these vector
fields are tangent to all fibers of f, in particular to V = f=1(0), so its GSV
index on V is zero.

Ezample 3.3.2. The following example is taken from [68] and will play an
important role in Chap. 7 for identifying the GSV and the homological indices.
Denote the coordinates of C2" ! by (zq, 21, - - , 22,) and, given a holomorphic
function f : (C?"*1 0)—(C,0) with an isolated critical point at 0, consider
the vector field:

(f, of _of of of )

822 821 ’ 822n ’ 82271,1

Assume we have chosen the coordinates in such a way that E has an isolated
Slngularlty at 0, i.e., the hypersurface V = {f = 0} meets only at 0 the set

ﬂ {ngl =0}. We set( = C\ Notice one has:

of

U@ =50

hence ¢ is tangent to V' and is also restriction to V' of the vector field:

_ (0 of of of af )

’ 622 621 ’ 822n’ 622n,1

defined in the ambient space and which is tangent to all the nonsingular
hypersurfaces f~1(t), t # 0. The singular set of £ is the complete intersection
curve defined by the ideal (O%Ll S %), which meets each nonsingular fiber
f71(t) at finitely many points, whose total sum (counting multiplicities) is
the GSV index of  on V. A direct computation then shows that this index,

being the intersection number of two complex varieties is equal to:
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Indgsv(¢,0; V) = dime O2n+1/<f’ o e ’aazfn)’

this is the dimension of the complex vector space of germs of holomorphic
functions at 0 divided by the ideal (f, 821 ) ):

) Ozan

Ezxample 3.3.3. Consider now a Pham-—Brieskorn polynomial in C**! with
coordinates (21, ..., 2n+1), that is a polynomial:

FE) =2 ey
where d; are integers > 2. The variety

V= f710) = {=" 4+ 20 = 0}

is a hypersurface (complex codimension 1) with an isolated singularity at
0eCnth
Let d be the least common multiple of the d;, i = 1,...,n+1, set ¢; = d/d;
and consider the action of the nonzero complex numbers C* on C"*! given
by:
t- (Zl, ey zn—i—l) = (t‘“zl, . ,tq"+lzn+1).

For each t € C* one has:

f(t . (2’1, .. .,Zn_H)) = f(t‘“zl, . ,tq”+lzn+1) = td : f(Zl, .. .,Zn_H).

Hence V is an invariant set for this action, i.e., V' is a union of C*-orbits.
Every holomorphic flow determines a holomorphic vector field, and it is an
exercise to see that the vector field vyaq on V' corresponding to the above
C*-action on V' \ {0} is radial. If all d; are equal, so that V is homogeneous,
then the vector field vy,q is the usual radial vector field (21, ..., 2,+1) up to
a constant. Thus, by 3.2.1 one has:

Indasy (Vrad, 0; V) = 14 (=1)" u(V),

where (V) is the Milnor number of V. From [121], see also Example 5.7.1
below, we know:

W(V) = (dy = 1)(d2 = 1)+ (dus1 — 1)
Hence:
Ind(;sv(’l)rad,o; V) =1+ (—1)”[(d1 — 1)(d2 — 1) s (dn+1 — 1)} .

Thus we conclude:
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(1) If n is even, then Indgsy (vrad, 0; V') > 0, so every extension of vaq to a
continuous vector field in the ambient space, tangent to some fibers of f (or
to all of them) will have singularities in each fiber where it is tangent to the
fiber.

(2) If n is odd and at least one d; is > 3, then Indgsv (vrad, 0; V) < 0. This
means that v.,q cannot be extended to a holomorphic vector field in the
ambient space being tangent to a fiber of f and having isolated singularities
on this fiber. If we could do that, then the index would be positive.

(3) If n is odd and all d; are 2, so that (V') = 1, then Indggv (vrad,0; V) = 0
and we can extend v,q to the ambient space being tangent to the fibers of
f, and nonsingular there. The way to do this extension is not evident at a
first glance, but this is actually easy: suppose for simplicity that n = 1, so
we are in C? (the argument in general is an obvious extension of this one).
Write the function f as

f(z1,22) = Z% + 257

so that v;aqa = (21,22) (we may drop the constant 2). Then consider the
family of vector fields v; = (1 — t) vyaq + t(, where ¢ takes values in the
interval [0, 1] and (¢ is the Hamiltonian vector field {(z1, z2) = (—22, 21). For
t = 0 we have vraq, for t = 1 this is ¢, and for each ¢ € (0,1) this is a vector
field tangent to V' and with an isolated singularity at 0. This family allows
us to deform the radial vector field v;a4 (on V') continuously into the vector
field (—z2, 21), which extends in the obvious way to the ambient space, being
singular to all fibers of f and having a unique zero at 0.

3.4 The Case of Isolated Smoothable Singularities

More generally, let 0 be an isolated singularity in a pure dimensional complex
analytic variety Y. We say that this singularity is smoothable if there exists
a complex analytic variety X and a nonconstant analytic map,

F: X —C,

such that F~1(0) is (isomorphic to) ¥ and F~(¢) is nonsingular for all
t near 0. Assume for simplicity that X is embedded in an open subset U
of C™. We know from [102, Th. 1.1] that for every ¢ >> n > 0 sufficiently
small, the restriction

F:F1S,)NB: — S,

is a fiber bundle over S, = {z € C||z| = n}. Therefore x(F), the Euler-
Poincaré characteristic of each fiber

F,=F't)NB., tesS,,

is independent of t.
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Now denote by v a continuous vector field on Y with an isolated singularity
at 0. By the Transversal Isotopy Lemma (see [4]) the intersection of ¥ with
the boundary sphere S, of B, is isotopic to the intersection of F~1(t) with
this sphere. It follows that we can think of v as being a vector field around the
boundary dF; of F;. By Theorem 1.1.2 above we know that we can extend v
to the interior of F; with a finite number of singularities, each of which has
its local Poincaré—Hopf index; the sum of all these local indices is the total
Poincaré-Hopf index of v in Fy, that we denote by Indpy (v, F¢). One has:

Proposition 3.4.1. The number Indpy (v, F) is independent of the choice
of t and of the extension of v to the interior of this fiber. In particular, if v
is everywhere transverse to the local link of 0 in'Y, then one has:

Indpy (v, Fy) = x(Fy).

Proof. If v is everywhere transverse to the local link of 0 in Y, which is
isotopic to the boundary of the fibers F;, the result is an immediate conse-
quence of the theorem of Poincaré—Hopf for manifolds with boundary (1.1.2),
together with the fact [102] that the F,’s are the fibers of a fiber bundle.
The proof in general follows from this theorem together with 1.1.2.

Definition 3.4.1. We define the GSV indez of v in Y relative to the smooth-
ing given by F' by:

IHdGSV (U, Y; F) = Inde(v, Ft).

It is worth noting that this index does depend on the choice of the analytic
map F' chosen as a smoothing of Y and not only on Y and X. However, it is
shown in [29] that if the smoothing is given by a general linear form, then this
index determines the local Euler obstruction of X at 0 (see Chap.8), which
depends only on Y. Hence the GSV index is independent of the smoothing if
this is given by a general linear form (this can also be proved directly). We
also notice that if (Y,0) is a complete intersection germ then the smoothing
is essentially unique, because the base space of the universal deformation is
connected, and as we know already one has:

Ind(}sv(vrad, Y: F) =1+ (71)”}1,,

where n is the dimension of Y and p is its Milnor number at 0.

3.5 Nonisolated Singularities

The results in this section are proved in [34]. Here we extend the notion of
GSV index to vector fields on complete intersection germs with nonisolated
singularities, so long as one has the strict Thom w-condition. We begin by
recalling this condition. Then we define the index and prove the proportion-
ality theorem of [34] for this index using a geometric argument.
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3.5.1 The Strict Thom Condition for Complex
Analytic Maps

Let f: X — Y be a morphism of reduced complex analytic spaces.

Definition 3.5.1. The morphism f is stratifiable if there exist Whitney
stratifications (Va)aca, (Wy)yep of X and Y respectively, such that for each
a € A there exists y(a) € B for which the restriction fo = flv, : Voo = Wy(q)
is a complex analytic submersion.

By [82, Sect. 3], every proper complex analytic morphism is stratifiable.
In this case the first Isotopy Theorem of Thom—Mather implies that for each
stratum W, the induced morphism

flp-rowyy s FTHW,) — W,
is a topologically trivial fibration (see [106]).

Definition 3.5.2. Given «,3 € A with V,, C V3, one says that f satisfies
the Thom condition for the pair (V3,V,) at a point x € V, relative to f
if it further satisfies that there is a neighborhood U of x € X, a complex
analytic embedding of (U,z) — C™ and an analytic extension fof ftoa
neighborhood of z in C™, such that for every sequence (z;);ecr of points in Vg
that converge to z for which the sequence of tangent spaces Ty, (f =1 (f () N
V) has a limit 7', then this limit contains the tangent space at z of f~1(f(z)N
Vo), d.e., 3
T, (f(f)NVa)) C T.

Definition 3.5.3. We say that the Whitney stratification (V,,),c4 satisfies
the Thom ay condition if it satisfies the above Thom condition relative to f
for each pair of strata (Vj3, V) with V, C Vg.

So the Thom a; condition is in some sense like a Whitney (a) condition
relative to the fibers of the morphism f. Now we need to introduce a finer
condition. For details we refer to [81] where this concept is defined and studied
in a very general setting. For simplicity we restrict our discussion to what we
need for this work.

We recall the distance § defined for two linear subspaces F and F in C™ by:

u, v
6(E, F) = supuce\ (o) (u)
vervior \[ull[[v]|

Let U be an open neighborhood of the origin in C™ = C"** and consider
a holomorphic map

f:(U,0) — (C*0) ,m >k >1,
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defining a complete intersection germ V := f~1(0) of dimension n. Let
(Va)aca be a Whitney stratification of V', let A be the discriminant of f
and set Uy = U \ f~1(A).

Definition 3.5.4. Given a stratum V, we say that the pair (Up, V,,) satisfies
the strict Thom wy condition if for every x, € V, there is a neighborhood
U,, in U and a constant C such that for every x € U,, \ V one has:

8Ty, Vo, T f 1 (f())) < C-d(z,,),

where d is the Euclidian distance in C*** and § is the distance between linear
subspaces of C"** defined above.

Definition 3.5.5. We say that the Whitney stratification (V,,)qca of X sat-
isfies the strict Thom wy condition if it satisfies the above wy condition for
all strata.

Notice that the a¢ condition can be expressed saying that for each sequence
x; € U\ {X} converging to x, one has, if the limit exists,

ilirgo5(TrovaaTrif71(f(xi))> = 0.
Hence it is clear that the wy condition implies the ay condition. They are
actually equivalent in the complex analytic setting, by Teissier’s work [163].
Consider again a holomorphic map

f:(U,0) — (CF0) ,m>k>1,

defining a complete intersection germ V := f~1(0) of dimension n, and
assume there is a Whitney stratification of V' that satisfies the Thom ay
or wy condition for all strata. Let A be the discriminant of f and set
Up=U\ f~1(4). Then:

Theorem 3.5.1. For every € > 0 sufficiently small and § = 6(g) > 0 suffi-
ciently small with respect to €, the map:

frBenf7HDs)) \ fF7HA) — (Ds\ 4) € CF,

where B is a small ball around 0 € C"* and Ds is a small ball around
0 € C*, is a locally trivial topological fibration.

The crucial point is to notice that the Thom a; condition guarantees that
the fibers f~1(¢) intersect transversely the boundary sphere S. and therefore
one may apply the first Thom—Mather Isotopy Theorem to get a fibration. For
that one can follow the indications given by Lé in his proof of the fibration
theorem [102]. An alternative proof of this theorem follows from Verdier’s
work [167] about rugose vector fields and the Thom—Mather theorems.
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3.5.2 The Hypersurface Case

Let us now denote by (V,0) a hypersurface in an open set U C C"*! defined
by a holomorphic function f : (U,0) — (C,0). We endow V with a Whitney
stratification (Vy)aea. By [128] or [37] we can assume that the stratification
satisfies the wy condition.

Let us consider the subspace £ of the tangent bundle TU of U consisting
of the union of the tangent bundles of all the strata. We recall (Chap. 2) that
a stratified vector field on V means a section of TU whose image is in £.

Let v be a stratified vector field on (V,0) with an isolated singularity (zero)
at 0 € V. We want to define an index of v at 0 € V in the spirit of the GSV-
index. We recall that if V' has an isolated singularity at 0 this index is equal
to the Poincaré—Hopf index of an extension of v to the Milnor fiber F of f;
in particular this index is x(F) if v is radial.

For this, let us consider a (sufficiently small) ball B, around 0 € U and
denote by 7 the Milnor tube f~1(Ds) NB., where Dj is a (sufficiently small)
disk around 0 € C. We let 97 be the “boundary” f~1(Ss)NB. of 7, Ss = IDs.

Let r be the radial vector field in C whose solutions are straight lines
converging to 0. By [167], it can be lifted to an integrable vector field 7 in
T, whose solutions are arcs that start in 97, they finish in V' and they are
transverse to all the tubes f~'(S,) with n €]0, 6[. This vector field 7 defines a
C retraction € of 7 into V, with V as fixed point set. The restriction of £ to
any fixed Milnor fiber F = f~1(to) N B, to € S;, provides a continuous map
7w : F — V, which is surjective and it is C'*° over the regular part of V. We
call such map &, or also 7, a tube map for V. Since the singular set Sing(V)
of V is a Zariski closed subset of V', we notice that we can choose the lifting
7 so that 77! (Vieg) is an open dense subset of F, where Ve, is the regular
part Vieg = V' \ Sing(V).

We want to use 7 to lift the stratified vector field v on V' to a vector field
on F. Firstly, let us consider the case where V has an isolated singularity
at 0. The map 7 is a diffeomorphism restricted to a neighborhood N C F
of F N OB.. Then v can be lifted to a nonsingular vector field on N and
extended to the interior of F with finitely many singularities, by elementary
obstruction theory. The total Poincaré—Hopf index of this vector field on F
is the GSV index of v on V.

We want to generalize this construction to the case where the singularity
of V at 0 is not necessarily isolated. Let us consider (V,0) as above, a possibly
nonisolated germ. We fix a Milnor fiber F = f~1(t,) N B. for some t, € Ss.
Given a point z € F, we let 7, be the solution of 7 that starts at z. The
end-point of v, is the point w(x) € V. We parameterize this arc -, by the
interval [0, 1], with v, (0) = z and 7,(1) = w(x). We assume that this interval
[0, 1] is the straight arc in C going from ¢, to 0, so that for each ¢t € [0, 1], the
point 7, (t) is in a unique Milnor fiber F; = f~1(¢)NB.. The family of tangent
spaces to F; at the points v, () define a 1-parameter family of n-dimensional
subspaces of C™t!, that converges to an n-plane Ar(zy C Tr(e)(U) when
t — 1; one has an induced isomorphism T, F = A ).
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Since the stratification satisfies Thom’s ay condition, Ar(,) contains the
space Tr(y)Va, tangent to the stratum that contains 7(z). Hence, the given
vector v(m(x)) can be lifted to a vector v(x) € T, F. Thus we obtain a vector
field ¥, nonsingular over the inverse image of V'\ {0}, which is open and dense
in F. The wy condition guarantees that this vector field v is continuous
and nonzero on a neighborhood of F N 0B, since v is assumed to have an
isolated singularity at 0. Thus v has a well defined Poincaré-Hopf index in
F. Furthermore, by the w; condition the angle between v(mw(x)) and v(z) is
small. More precisely, given any « > 0 small, we can choose § sufficiently
small with respect to a so that the angle between v(w(z)) and v(z) is less
than «. This implies that if we replace v by some other lifting of v, the
induced vector fields on F are homotopic. Since f induces a locally trivial
fibration over the punctured disk Ds \ 0, then the homotopy class of © does
not depend on the choice of the Milnor fiber. So we obtain:

Proposition 3.5.1. The Poincaré-Hopf index of v in F depends only on
V C U and the vector field v. It is independent of the choices of the Milnor
fiber F as well as the liftings involved in its definition.

Definition 3.5.6. We call this integer the GSV index of v on V and we
denote it by Indggv (v, 0).

3.5.3 The Complete Intersection Case

We now consider a holomorphic map
f:(U,0) — (Ck,0) ,m>k>1,

on an open neighborhood of the origin in C™ = C"**, defining a complete in-
tersection germ V := f~1(0) of dimension n. Let A C C* be the discriminant
of fand set Uy =U \ f~1(A).

The constructions are similar to those for hypersurfaces. The main
difference is that if £k > 1 then there exists complete intersection germs
which do not admit any stratification satisfying the a¢ condition, and we
actually need the wy condition. So we must add this assumption. Thus for
the rest of this section we assume we are given a Whitney stratification
(Va)aca of U, adapted to V, satisfying the w; condition.

As before, let v be a stratified vector field on (V,0) with an isolated sin-
gularity at 0 € V. We want to define its GSV index.

Let us consider a small ball B, around 0 € U. Let v;aq be an integrable
radial vector field in a sufficiently small (with respect to €) disk Ds around
0 € CF, whose solutions are arcs converging to 0 and for which A is an
invariant set. This is possible by [121,141] because A is semi-analytic in C*.
We can assume further that for each t € Ds\ A the (Milnor) fiber F; = f~1(¢)
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intersects the boundary sphere 9B, transversely. Set 7 = f~1(Ds \ A). The
wy condition implies that the map

flr: T —Ds\ A

is a locally trivial fibration and by [167] we can lift v,,q4 to vector field 7 in
T, whose solutions are arcs that start in 7 = f~1(Ss \ 4), S5 = 9Ds, they
finish in V and they are transverse to all the “tubes” f~!(S,) with n €]0,d[.

This vector field v,,q defines a C*° retraction £ of 7 into V', with V as
fixed point set. The restriction of £ to any fixed Milnor fiber F = f~1(¢o)NB.,
to € S, provides a continuous map 7 : F — V which is surjective and it is
C® over the regular part of V. As before, we call such map &, or also 7, a
tube map for V.

We use 7 to lift the stratified vector field v on V to a vector field on the
fixed Milnor fiber F. Given a point x € F, we let v, be the solution of U;,q
that starts at . The end-point of -y, is the point w(x) € V. We parameterize
this arc 7, by the interval [0, 1], with 7,(0) =  and 7, (1) = m(x). We assume
that this interval [0, 1] is the arc in Ds going from ¢, to 0, so that for each t €
[0, 1[ the point 7, (#) is in a unique Milnor fiber F;, = f~1(¢t) NB.. The family
of tangent spaces to F; at the points ~,(t) define a 1-parameter family of n-
dimensional subspaces of C*** that converges to an n-plane Ar(zy C Tra)(U)
when ¢ tends to 1; one has an induced isomorphism T, F ~ A ().

Just as for hypersurfaces, since the stratification satisfies Thom’s a; con-
dition, Ar(,) contains the space Tr(,)V, tangent to the stratum that contains
m(x). Hence, the given vector v(w(z)) can be lifted to a vector v(z) € T, F.
Thus we obtain a vector field ¥, nonsingular over the inverse image of V'\ {0},
which is open and dense in F, and this vector field is continuous by the wy
condition; it is also nonzero on a neighborhood of F N 0B, since v is assumed
to have an isolated singularity at 0. Thus v has a well defined Poincaré-Hopf
index in F. As before, the homotopy class of v does not depend on the several
choices involved and we have:

Proposition 3.5.2. The Poincaré-Hopf index of v in F depends only on
V C U and the vector field v. It is independent of the choices of the Milnor
fiber F as well as the liftings involved in its definition.

Definition 3.5.7. We call this integer the GSV index of v on V and we
denote it by Indggv (v, 0).
3.6 The Proportionality Theorem

We consider again a holomorphic map

f:(U,0) — (Ck0) ,m>k>1,
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defining a complete intersection germ V := f~1(0) of dimension n and we
assume (Vy)aeca is a Whitney stratification of U adapted to V satisfying
the wy condition. As we know, such a stratification always exists if k = 1;
for £k > 1 we must assume its existence. Given a stratified vector field v on
V with an isolated singularity at 0 we have the index Indggy(v,0) defined
above. This is by definition the Poincaré-Hopf index of a lifting of v to a
Milnor fiber of f.

The goal now is to relate this index with other invariants of v and V. We
cannot yet answer this in general, but the theorem below gives an answer
for vector fields which are obtained by radial extension. We remark that in
[65] there is defined an index for holomorphic vector fields on varieties with
nonisolated singularities; it is likely that in the hypersurface case the two
indices coincide (see Chap. 7 below for more on this subject).

Let us consider first the case where v = v,,q is a stratified radial vector
field, i.e., it is transverse to the boundary 0B, of every small ball B, pointing
outwards; it has a unique singular point (inside B.) at 0. The Poincaré—Hopf
index of w at the point 0, denoted by Indpg (vrad, 0), is equal to 1, computed
either in the stratum V,, of V' containing 0 (if dim V,, > 0) or in the ambient
space C™**, The lifting ;4 is & vector field on F transverse to the boundary
OF, since the angle between Uyaq () and vyaa () is small (by the wy condition).
Thus we obtain:

Proposition 3.6.1. If v.q is a stratified radial vector field pointing out-
wards the ball B. along its boundary OB, then its GSV index equals the
Euler—Poincaré characteristic of the Milnor fiber F:

IHdGSV(Urady O) = X(F)

Let us consider now a stratified vector field v in general, defined on the
ball B. C U, with a unique singularity at 0.

It follows from Proposition 1.1.1 that if v is a vector field obtained by radial
extension, then the Poincaré—Hopf index of v computed in the stratum V,
equals the Poincaré-Hopf index of v computed in C*** (and this number is
the Schwartz index by definition). If the stratum containing z¢ has dimension
0, then this index is +1.

We notice that we can always perturb the restriction of v on V,, to obtain a
new vector field w on V. Under such a perturbation z, splits into a number
x1,...,xq of singularities of w. Then the Poincaré-Hopf index of v|y, at
Z, equals the sum of the Poincaré-Hopf indices of w at x1,...,24, by the
stability of the Poincaré—Hopf index. We can extend w to a neighborhood of
T, in V by radial extension, using M.-H. Schwartz technique, and obtain a
perturbation of v in a neighborhood of z, in V. In this case we have that the
Schwartz index of v at x, is the sum of the Schwartz indices at x1,...,z,.
Similarly one has the following lemma:

Lemma 3.6.1. (Stability of the index). Suppose v is obtained by radial ex-
tension in a neighborhood of x, € V. Let w be a stratified vector field on V
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obtained by a small perturbation of v in the stratum Vo and extending this to
a neighborhood of x, by radial extension. Let x1,...,x4 be the singularities
of w into which x, splits under this perturbation. Then:

q
Indgsv (v, x,) = Z Indgsv (w, ;)
i=1

Proof. Consider the tube map 7w : F — V where F is a local Milnor fiber of V
at x,. We know that this map lifts v to a vector field v on F, non singular near
the boundary OF'. By definition Indggsv (v, z,) is the Poincaré—Hopf index of ¢
in F, and we know that this number is independent of the way we extend o to
the interior of F, by Theorem 1.1.2. Thus the idea is to choose this extension
appropriately: we start by perturbing v as in the statement of Lemma 3.6.1
and lifting w to a vector field @ on F which coincides with ¢ near OF. By
Theorem 1.1.2 the total Poincaré-Hopf index of @ in F, Indpy (w0, F), equals
Indgsv (v, z,). But

q
Indpu (0, F) = Y Indasy(w, z;)
=1

by construction. Hence the lemma.

As corollary we obtain the Proportionality Theorem for vector fields of
[34]. An alternative proof is given in [28] in the spirit of that in [33]. The
present proof is reminiscent of M.-H. Schwartz’ proof of Théoreme 4.2.3 in
[141].

Theorem 3.6.1. Let v be a stratified vector field in V obtained by radial
extension in a neighborhood of the singularity x, € Vo, C V. Then the GSV
index of v at x, € V, Indgsv (v, x,), is proportional to the local Poincaré-
Hopf index Indpy (v, z,) of v at z, (regarded as a vector field in Vy,):

Indgsv (v, 2,) = Indpu (v, z,) - X(F)

where ¥ is the Milnor fiber of F.

Proof. If Indpy (v, x,) = 1 then v is homotopic to a radial vector field and the
claim follows from Proposition 3.6.1. Suppose now that Indpy(v,z,) = —1.
Let D, be a small disk in V,, around z,. By [153] we can always extend v|y,
to a vector field w on a bigger disk D in V, containing D,_, so that w is
transverse to the boundary of ZA), pointing outwards, and it has exactly three
singular points in D: x,, where the local index is —1 by hypothesis, and two
other points x1,x2 of local index 1. We may now construct a 1-parameter
family of vector fields on an open disk in V,, which collapses these three
singularities into a single one of index 1 at x,; we denote the resulting vector
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field by ©. And we now extend all these vector fields by radial extension. By
Proposition 3.6.1 and Lemma 3.6.1 one has:

2

X(F) = Indgsv (3, 70) = Y Indasy (w, ;) = Indasvy (v, 20) + 2x(F).
=0

Hence Indgsv (v, 2,)=—x(F) and the theorem is proved when Indpy (v, z,) =
—1. The general case follows easily: given v, we can always “morsify” its
restriction to V,, and extend the morsification by radial extension, to get a
vector field w whose singularities have all local Poincaré—Hopf indices 41
in V. Thus the theorem follows from Proposition 3.6.1, Lemma 3.6.1 and
the above proof for the case of local index —1.

3.7 Geometric Applications

In this section we give applications of the GSV index to three different prob-
lems in geometry. The first gives a proof of a theorem by B. Teissier about
invariance of the Milnor number for algebraic knots; the second discusses
the triviality of the bundle that defines the canonical contact structure on
complex hypersurface germs; the third discusses the triviality of the normal
bundle on the regular part of a holomorphic foliation in the neighborhood of
an isolated singularity.

3.7.1 Topological Invariance of the Milnor Number

It was shown by Teissier in [162] that the Milnor number of hypersurface sin-
gularities is determined by the corresponding algebraic knot (S, K). That is,

Theorem 3.7.1. If two hypersurface germs (V1,0), (Vz,0) in C**1 are such
that for sufficiently small spheres S¢,,Se, the pairs (Se,, K1) and (S.,,Kz2)
are orientation preserving homeomorphic, then u(Vy) = u(Va).

For n > 2 this can be proved using the GSV index. For this we will use
the following Proposition:

Proposition 3.7.1. Let (S.,K) be an algebraic knot defined by a hypersur-
face germ (V,0). Let vpaq be the restriction to K of the unit outwards normal
vector field of Se in C"*1; let T be some (any) nowhere-zero section of the
normal bundle v(K) of K in S (which is a trivial bundle). Then the degree
of the map

(UradyT) K — WZ,n+1a

into the Stiefel manifold is an invariant of K, equal to

Indasv (vrad,0) = 1+ (=1)"u(V).
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Proof. 1t is clear that v.,q is homotopic to a radial vector field tangent to V.
On the other hand, notice that the bundle v(K) has complex dimension 1.
Hence every two never-zero sections of this bundle differ, up to homotopy,
by a map K — U(1) ~ S'. If n > 2 the link K is simply connected and
therefore every such map is nulhomotopic. This implies that every never-zero
section of ¥(K) is homotopic (through never-zero sections) to the (complex
conjugate) gradient vector field of some function that defines the germ of V.
The result now follows from Theorem 3.2.1.

Now, given an orientation preserving diffeomorphism h : (S.,,K;) —
(Se,,K2) between algebraic knots, this carries the vector field vyaq of the
first pair into a vector field which is necessarily transverse to the second
sphere, and therefore homotopic to the radial vector field. This also carries
the normal section of K7 in the sphere into a normal section of Ks; therefore
the two singularities have same Milnor number by the proposition above.

If the map h above is only a homeomorphism and not a diffeomorphism,
one can argue as in [71] to show that one can replace the vector fields in the
statement above by the corresponding flows, and a homeomorphism carries
flows into flows. The idea is very simple: the given vector field defines a local
flow ¢ with no stationary points. Then choose a fixed time ¢, > 0 so that
the flow is defined at each point of K; at least for time ¢, > 0 (this exists
by compactness). Now, for each x € K; take the oriented secant that joins
and ~;, (x); this defines a vector field on C"*! restricted to K;, which is of
course homotopic to the original vector field. Now consider the flow hy,h 1.
The previous construction produces a vector field on K. If we started with a
radial vector field on K7, the new vector field will be homotopic to the radial
vector field on K. If we started with a normal vector field on K1, the new
vector field can be turned by a homotopy into a normal vector field for Ko.
This proves the statement, i.e., that the Milnor number depends only on the
corresponding algebraic knot.

3.7.2 The Canonical Contact Structure on the Link

In this subsection, we intend to provide an application to the contact ge-
ometry, that is based on [146]. The main result is the following Theorem
3.7.2.

Let V' C C™ be a complex analytic variety of dimension n > 1 with an
isolated singularity at 0 € C™. It is well-known that the diffeomorphism type
of its link K = V NS, does not depend on the choices of the embedding
of V in C™ nor on the sphere S, provided this is small enough. Moreover,
according to [166] one has a natural contact structure Cy on K, which is again
independent of the embedding of V in C™ and the choice of the sphere, up
to contactmorphism. We refer to Cy as the canonical contact structure on K.
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To define this contact structure, notice that the normal bundle v(K) of
K in V has a canonical trivialization given by the unit, outwards-pointing
vector field 7 of K in V', which is the restriction to K of a radial vector field
VUrad On V. The complex orthogonal complement vﬁ;d of v;aq at each point in
V* =V \ {0} is an (n — 1)-dimensional complex plane in the tangent bundle
of TV*. A theorem of Varchenko establishes that the restriction of vﬂ;d to
the link K, that we denote Dy, determines the canonical contact structure
Cy on K. If we set v/—1 = i as usual, then the vector field i - 7 is, up to
scaling, the Reeb vector field of the contact structure.

For example, if n = 2 and the germ (V,0) is an ICIS, then one has a
nowhere-vanishing holomorphic 2-form {2 around 0 in V; if we equip V* with
the hermitian metric induced from that in C™, then the 2-form {2 determines
a reduction of the structure group of T'(V*) from U(2) to SU(2) = Sp(1), so
it determines an Sp(1)-structure on the complex bundle T'(V*) (see [143]).
If, as before, we denote by 7 the unit outwards normal vector field of K in V,
then the bundle Dy is the trivial 1-dimensional complex bundle spanned by
the vector field j-7, obtained by multiplying the vector 7(z) by the quaternion
j at each point of K.

Here we give a necessary and sufficient condition for Dy to be a trivial
bundle when n > 2 and the germ of V' at 0 is an ICIS:

Theorem 3.7.2. The complex bundle Dy that defines the canonical contact
structure on K is C* trivial as a complex vector bundle if and only if the

Milnor number u(V,0) of the ICIS germ (V,0) satisfies:
p(V,0)= (=1)"""  mod(n—1),
equivalently, the Euler—Poincaré characteristic of the Milnor fiber satisfies
x(F)=0 mod (n — 1)

For example, in the case of the quadric V = {zf +--- 422, = 0} in C"*},
the bundle Dy is trivial if and only if n = 2 or n is an odd number.

Recall that V has an associated Milnor fibration [121], and Milnor proved
that the Milnor fiber F can be regarded as a compact manifold with bound-
ary the link K, and F is a parallelizable manifold with the homotopy type
of a bouquet of spheres of middle dimension, the number of spheres in this
bouquet being the Milnor number. So its Euler—Poincaré characteristic is
X(F) = 14 (=1)"u(V,0). Then Theorem 3.7.2 essentially follows from the fol-
lowing Theorem 3.7.3 applied to a vector field which is everywhere transversal
to the link K. We recall that given a vector field v on V', singular only at 0,
its GSV index equals the Poincaré—Hopf index of an extension of v to a Mil-
nor fiber. Thus, Theorem 3.7.2 can be rephrased by saying that the complex
orthogonal complement of 7 in T'(V '\ 0) is a trivial bundle if and only if the
GSV index of v is a multiple of (n—1)! (see [146] for details). This will follow
from the Theorem below taking as the manifold W the Milnor fiber F.
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Theorem 3.7.3. Let W be a 2n-dimensional, n > 1, compact, connected
manifold with nonempty boundary OW and trivial tangent bundle; moreover,
fix a trivialization v(()") :TW — W x C" and equip TW with the hermitian
metric induced from that in C™. Assume further that W has the homotopy
type of a bouquet of n-spheres. Let v be a nowhere-zero, continuous vector field
on a neighborhood of OW in W. Then the complex orthogonal complement of
v in TWlaw is a C*° trivial complex bundle if and only if v extends to the
interior of W with total Poincaré—Hopf index a multiple of (n — 1)!.

We work always in the category of topological spaces and continuous maps,
so the proofs of these theorems actually discuss topological triviality of the
vector bundles in question. But everything becomes automatically C*° be-
cause every continuous map between smooth manifolds can be approximated
by a smooth map.

Theorem 3.7.3 is a consequence of the following two lemmas 3.7.1 and
3.7.2:

Lemma 3.7.1. Let W be a 2n-dimensional, n > 1, compact, connected man-
ifold with nonempty boundary OW and trivial tangent bundle, trivialized by
a complex n-frame v(()n) :TW — W x C". Let v be a continuous vector field,
defined and nonsingular on a neighborhood of OW in W. If Indpy (v, W) is
a multiple of (n — 1)!, then v can be completed to a continuous trivialization
of the complex vector bundle TW |gw . That is, there exist (n — 1) continu-
ous sections va, ...,v, of TWlaw, such that the set {v,va,...,v,} defines a

trivialization of TW |aw .

Lemma 3.7.2. Let W be as above and assume further that W has the
homotopy type of a bouquet of n-spheres. Let v be a continuous section of
TWlow which can be completed to a trivialization of the complex bundle
TW |ow; i.e., there exist continuous sections va, ...,v, of TW |sw such that
the n-frame v(™ = {v,v2, ..., vn} defines a trivialization of TW|aw as a com-
plex vector bundle. Then Indpy (v, W) is a multiple of (n — 1)

The proofs of these lemmas are a little technical and they are given in
detail in [146]. Here we explain only the main ideas. To motivate these, we
restrict first to the case where W is the usual 2n-ball B?” with boundary
S?7~1. This explains where the term (n — 1)! comes from.

We recall there is a classical fibration

U —1) = U(n) — S*1
and an associated long exact homotopy sequence,

=1 (U(n) #5 w1 (87" =map—a(U(n — 1)) =man—a(U(n))— - -
(3.7.4)



3.7 Geometric Applications 65

We know that ma,—1(S?"~!) = Z, and Bott’s calculations in [18] tell us
that:

(1) m2n1(U(n)) = Z,
(2) man 2 (U0 — 1)) 2 Z/(n — 1)L,
(3) man—2(U(n)) =0 and p, is multiplication by (n — 1)!.

Now observe that every continuous vector field on B?" which is nonsingular
away from the origin defines an element in 7o, _1(S**~1). And conversely,
every element in this homotopy group determines a homotopy class of vector
fields on B2", which are nonsingular away from the origin, and these are
classified (up to homotopy) by their local Poincaré—Hopf index at 0. In other
words, we can think of ma,_1(S?"~!) as being (up to homotopy) the set of
vector fields on W which are nonsingular on S?”~!, and these are classified
by their local Poincaré—Hopf index at 0. Of course, homotopy of vector fields
means homotopy through never vanishing vector fields.

Let us now look at the group ma,—1(U(n)) and recall the classical con-
struction of “twisting a framing” by Kervaire in [90] (see also [91]). Equip the

tangent bundle TB?"|g2.—1 with a complex trivialization vén :TB*gon—1 —
S§2n=1 x C", which we assume to be given by the usual basis of TC". We
further assume, for simplicity, that all frames here are unitary. Let [y] be
an element in m2,_1(U(n)) and v : $?"~! — U(n) a representative of [y].
Then, for each z € S?"~!, y(z) is a linear transformation of C", which car-

ries the basis determined by v(()n) () into a new basis that we may denote by

Y (vén))(m). Doing this for all points in §?7~!
on §?n—1L,

Conversely, given the frame v(()") as above, and another unitary n-frame
v on $?"~1 these two framings differ at each point z € S?"~! by an

element in U(n). Hence v(™ can be obtained as above, by twisting the frame

v(()") by an appropriate map S>*~! — U(n). Therefore one has the following
well-known theorem (see Kervaire’s article for details):

we get a new n-frame 7, (v(()n))

Theorem. The homotopy classes of unitary frames on S?”~! form a group,
isomorphic to ma,—1(U(n)).

We now observe that with these interpretations of 7, 1(S?"*~!) and
Tan—1(U(n)), both isomorphic to Z, one has that the map p, in (3.7.4) can
be regarded as the map that associates to each unitary frame on S?”~! the
Poincaré-Hopf index in the ball B2" of one of the n sections that define this
frame (all such sections have the same local index because they are linearly
independent everywhere).

Lemmas 3.7.1 and 3.7.2 then follow, for the case W = B?", from the
exact sequence (3.7.4) and Bott’s computations in [18], implying that p, is
multiplication by (n — 1)!.

Now in general, for W as in 3.7.1, since W is parallelizable and has
nonempty boundary, there is an immersion ¢ : W — R?® = C”, by the
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immersion theorem of Hirsch-Poenart (see [132]). Thus one has an induced

(Gauss-type) continuous map OW v, S2n—1. defined by

(I (1‘) = M7

[ Da(v())|
where D is the derivative.

By obstruction theory (see [153]), v can be extended to all of W minus one
point, say xz,, around which ¢ is an embedding. Thus 1, extends to a map
W\ {z,} — S?"~!. Hence the topological degree of 1, equals Ind(v, W).
Moreover, by Hopf’s theorem, two maps OW —S?"~! are homotopic if and
only if they have the same degree. Thus one has that some other vector field
v" on a neighborhood of W in W is homotopic to v (through never-vanishing
vector fields) if and only if Ind(v’', W) = Ind(v, W).

Now we assume that Ind(v, W) is a multiple of (n —1)!, i.e., Ind(v, W) =
t(n — 1)! for some integer t. Let w be a vector field on W with index ¢t and
nonvanishing on W (since W has nonempty boundary 0W, one has on W
vector fields with all possible Poincaré—Hopf total indices and never-zero on
OW). Following [90,91], twist the trivialization v(()n) on the boundary OW as
before, using the corresponding map 1, obtained via an immersion of W in

C™; we get a new trivialization v(™) = (ww)*(v(()")) of TW|aw. This means

that at each point z € OW we change the basis of T,,W given by v(()") into its

image by the linear map ., (x) € U(n). We claim that vén) has v as one of
its n sections, up to homotopy; this will complete the proof of the lemma.

To prove the above claim notice first that, by the previous discussion, .,
has degree t. This implies that the trivialization v(()") of TW|aw represents
the element ¢ - [y] of wa,_1(U(n)) = Z, where [v] is the positive generator of
man—1(U(n)). Then the exact sequence 3.7.4 implies that the map p, carries
the class represented by v(()n) in m2,-1(U(n)) into the class t- (n — 1)! - [0] in
Tan—1(S?"71), where [o] is the positive generator of this group, and we arrive
to Lemma 3.7.1.

Now, for Lemma 3.7.2, we assume further that the manifold W?2" has the
homotopy type of a bouquet of n-spheres, n > 1. The proof of Lemma 3.7.2
relies on a careful use of the relative Chern classes that we introduced in
Chap. 1. We equip W with a triangulation compatible with the boundary
OW, and we refer to v\ as a complex framing on W, meaning by this a
trivialization of the complex bundle TW gy . We try to extend v(™ to the
interior of W using the usual “stepwise” process: first to the 0-skeleton, then
the 1-skeleton and so on, as far as we can.

According to Steenrod [153] (compare with Chap. 1), the successive ob-
structions to extending v(™ as a complex framing over the interior of W are
elements in the relative cohomology H* (W, 0W; Z). In fact these obstructions
are cocycles that represent the Chern classes of W relative to the framing
v(™ on OW. Thus they live in the even-dimensional relative cohomology of
(W, 017).
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By Lefschetz duality one has HY(W,0W) = Ha,_;(W), hence all these
groups vanish, except for ¢ = n, 2n, since W is assumed to have the homotopy
of a bouquet of n-spheres.

We now split the proof of 3.7.2 in two cases, according to the parity of n.
Assume first n is odd. Since Chern classes live in even dimensions, in this case
the only possible obstruction to extending v(™) to the interior of W is the
top relative Chern class ¢*(W,v(™) € H?**(W,0W;Z). By definition, this
class is the obstruction to extending to the interior of W one of the sections
that define v(™ | that we can take to be v. Hence v(") can be extended to all
of W minus one point, say z,, and Indpg(v, W) can be regarded as being
both, the local Poincaré—Hopf index at x, of the extension of v to W \ {z,},
and also the Lefschetz dual ¢(W, v(™)[W,0W] € Ho(W) of the Chern class
(W, v™), where [W,0W] is the fundamental cycle of the pair.

Since v(™ is already extended to a trivialization of T'(W \ {z,}), one has
that ¢™(W,v(™) can be identified with the Chern class of a small disk D, in
W centered at z,, relative to the framing v™ on &D,.. Then Lemma 3.7.2
follows in this case from the previous discussion for the case where W was a
2n-disc.

Consider now the case n is even, say n = 2m, so W has real dimension
4m. In this case one can prove the following lemma (see [146] for details):

Lemma 3.7.3. The framing v(™ on OW extends to a trivialization 9™ of
the complex bundle T(W \ S,wm)), where S,m) s an n-sphere embedded in

the interior W of W with trivial normal bundle. Hence v\™) extends to a
trivialization of the complex bundle T(W') away from the interior of a compact
tubular neighborhood T =2 S™ x B™ of S, .

By this lemma, (") _is a complex framing that extends 0™ to all of W
minus the interior Int T of the solid torus T = S"™ x B™. We know from
Chap. 1 that

(W50 ™) W, 0W] = Indpg (v, W),

where [W,0W] is the fundamental cycle of the pair (W, 0W), and
(W0 ™M) W, W] = (T, 5™)[T, T

because 0" extends v(™. We claim that the latter integer is a multiple of
(n —1)!, which obviously completes the proof of lemma 3.7.2. For this, recall
T (U(n)) = 0ifn > 1 (see [18]), so we can assume that o8 and 5™ coincide,
up to homotopy, over a parallel (S™ x %) of T, where x is a point in OB".
Using this one may now show that the complex framing (") is obtained from
the trivialization v((,n) of TW , twisting it in a neighborhood of a point, using
Kervaire’s construction (see [146] for details). So the lemma follows from the

previous discussion for the case where W is a disc.

Remark 3.7.1. Notice that if a vector field v on the ICIS (V,0) is a component
of a trivialization v(™ of the complex bundle TV*, then the GSV index of
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v equals (up to Lefschetz duality) the top Chern class of F relative to v(™).
The theorem above shows that for n > 2 not all vector fields satisfy this
condition, and therefore its GSV index cannot be always expressed as a Chern
class of TF relative to a trivialization over OF. However, if fi,---, fi are
functions defining the germ (V, 0), then (v, grad(f1), ..., grad(f)) determines
a trivialization of the bundle TC"**|sr, and the corresponding relative Chern
class of degree n equals the GSV index of v. This interpretation of the GSV
index as a Chern class is closely related to the virtual indez studied in Chap. 5.

3.7.3 On the Normal Bundle of Holomorphic
Singular Foliations

An important problem in geometry, studied by several authors in various
contexts, is that of extendability of vector bundles. In this section we show
how the theory of indices of vector fields developed in this chapter can be
used to investigate this problem for the normal bundle of a foliation.

Let (V,0) be an ICIS of dimension n > 2, and let v a holomorphic vec-
tor field on V, singular only at 0. This vector field defines a 1-dimensional
holomorphic foliation F on V singular at 0. On V' \ {0}, we have the tangent
bundle T'F to the foliation and we define the normal bundle v(F) to be the
quotient T'(V '\ {0})/TF.

The following result provides a topological obstruction for the extendabil-
ity of this bundle.

Corollary 3.7.1. Let (V,0) and F be as above. Then the normal bundle to
F in V \ {0} extends to 0 as a (continuous or smooth) vector bundle if and
only if the GSV index of v is a multiple of (n — 1)!.

An example for which this condition is not satisfied is the one of a linear
vector field on V' = C™, n > 2, since in this case the index is 1. When n =3
one can actually say a little more:

Corollary 3.7.2. Assume V has complex dimension 3. Let F be a holomor-
phic foliation on V spanned by a holomorphic vector field v, singular only at
0. Let v(F) be the normal bundle of F in V* =V \ {0}. Then the following

conditions are equivalent:
(1) The GSV index of v at 0 is even.
(2) The bundle v(F) admits a nowhere-zero C*> section.

(3) The bundle v(F) is C™ trivial and therefore extends to a bundle over V.

The first corollary above is obvious from Theorem 3.7.3. We notice only
that if the normal bundle v(F) on V* is trivial, then it is isomorphic to V* x
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C"~! and therefore extends to V as the trivial bundle V' x C"~!. Conversely,
if the bundle v(F) on V* extends to 0, then it is necessarily trivial at 0, since
all bundles are locally trivial.

Concerning the second corollary, the equivalence between statements (1)
and (3) is immediate from Theorem 3.7.3, and it is obvious that (3) implies
(2), so we only must prove that (2) implies (3). Let £ be a never-zero continu-
ous section of the normal bundle v(F). This spans a 1-dimensional continuous
complex line sub-bundle £ of v(F). The bundle £ is trivial iff v(F) is trivial.
But the link K is 2-connected, by [121]. Hence every complex line bundle
over K is trivial.

Let us give an example. Let V be a hypersurface in C?" defined by some
function f : (C?",0) — (C,0). Then the Hamiltonian vector field

Fo(2L, 0 o1 of | of __of )

822 ’ 821 ’ 824 ’ 823 ’ ’ 822n ’ 622n,1

defined as in Example 3.3.1 has GSV index 0. Thus, by 3.7.3, the normal
bundle of the holomorphic foliation that v spans on V* is topologically trivial.



Chapter 4
Indices of Vector Fields on Real
Analytic Varieties

Abstract In the previous chapters we focused on indices of vector fields on
complex analytic varieties. The real analytic setting also has its own interest,
and that is the subject of this chapter. The following presentation follows the
discussion by M. Aguilar, J. Seade and A. Verjovsky in [6] (see also [49]). We
describe indices analogous to the GSV and Schwartz indices for vector fields
on real analytic singular varieties. In this setting the GSV index is an integer
if the singular variety V' is odd-dimensional, but it is defined only modulo 2
if the dimension of V is even.

The Schwartz and the GSV indices are defined, respectively, in Sects. 1
and 2; there we show that the Schwartz index classifies the homotopy classes
of vector fields near an isolated singularity. Section 3 provides a geometric
interpretation of the GSV index in the real analytic setting.

The information we get is related to previous work by M. Kervaire about
the curvatura integra of manifolds, and this is the subject we explore in Sect. 4.
Finally, in Sect. 5 we look at the relation of these indices with other invariants
of real analytic singularity germs studied previously by C. T. C. Wall and
others. This yields to an extension of the concept of Milnor number for real
analytic map-germs with isolated singularities which may not be algebraically
isolated.

We note that there are some related works such as [9, 10,49, 69, 70].

Since in this chapter we consider only real analytic varieties and functions,
for simplicity, we will denote the dimensions here by m, n... instead of m’, n'...,
as in the rest of the book.

4.1 The Schwartz Index on Real Analytic Varieties

Let (V,0) be the germ at 0 of an irreducible, pure dimensional real analytic
variety of dimension n in R** with an isolated singularity at 0. We denote
by Vieg its regular part: Vieg := V' \ {0}. As before, a continuous (smooth
or analytic) vector field on V' means the restriction v to V' of a continuous
(smooth or analytic) vector field on a neighborhood of V' in R"** which

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_4, 71
(© Springer-Verlag Berlin Heidelberg 2009
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is tangent to Vieg. We want to define the Schwartz index of v at 0. As on
complex varieties, this index measures how far the vector field is from being
radial. We notice that as in the complex case, we may drop the condition of
having an isolated singularity and assume only that the singular set of V is
compact, see [6], but we restrict to the isolated singularity case for simplicity.

Assume first that the link K of V' is connected. Let v..q be a radial vector
field at 0, i.e., vpaq is transverse, outwards-pointing to the intersection of V'
with every sufficiently small sphere S; centered at 0. Define the difference
between v and v,,q at 0 as before: consider small spheres S, S./; € > ¢’ > 0,
and let w be a vector field on the cylinder X in V bounded by the links
K. =S.NV and K., =S, NV, such that w has finitely many singularities
in the interior of X, it restricts to v on K. and to vyaq on K./. The difference
of v and v,q is defined by:

d(v, Vrad) = Indpg (w, X),

the Poincaré—Hopf index of w on X. Then define the Schwartz indez of v at
0 €V to be:
Indgen(v,0; V) =1 4+ d(v, Vyad)-

In particular v,,q has index 1 (which equals the Poincaré—Hopf index of its
radial extension to a ball in R"*%).

If the analytic variety V is pure-dimensional, with an isolated singularity
at 0, but it has several irreducible components Vi, --- |V, and v is as above,
a vector field on a neighborhood of 0 in R"** tangent to Veg, one can define
the Schwartz multi-index Indg5" (v, 0):

Ind2%% (v, 0) := (Indgen(v1,0), ..., Indgen (vy, 0)).

Notice that if V' is a compact, oriented, pure dimensional, irreducible real
analytic variety and v is a vector field on V with only finitely many singu-
larities (or zeroes) x1,...,Zs on Vieq, one has at each x; the local Schwartz
index of v. The Total Schwartz index Indgch(v, V') of v in V is defined in the
obvious way and Theorem 2.1.1 generalizes to this setting:

Indgcn (v, V) = x(V).

A similar remark holds for the multi-index if V' has several irreducible
components.

Let us now show that the Schwartz index classifies the homotopy classes
of continuous vector fields on V. Notice that the same arguments work in the
complex analytic case when the variety has an isolated singularity.

Definition 4.1.1. Let (V,0) be a real analytic germ as above, and let v and
w be vector fields on V' that vanish only at the singular point 0 € V. We say
that v and w are homotopic if there exists a continuous 1-parameter family
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wy of vector fields on V', ¢t € [0, 1], such that wy = v, w3 = w and for each ¢
the vector field w; vanishes only at 0 € V. We denote by ©(V,0) the set of
homotopy classes of such vector fields.

We remark that it is important to demand that the homotopies be through
vector fields that vanish only at 0, otherwise all vector fields are homotopic.

Proposition 4.1.1. Let K, ..., K, be the connected components of the link
K. Then the set ©(V,0) corresponds bijectively with ®]_,Z and a bijection
between O(V,0) and ®i_,Z is given by the Schwartz multi-index:

v Indglclllfti(v, 0) := (Indgcn(v1,0),. .., Indgen (v, 0)).

Proof. Let O(K) be the set of homotopy classes of never vanishing vector
fields tangent to V on K. By [121], V is the cone over the link K. Hence,
there is a canonical bijection between ©(V,0) and O(K). We show that O(K)
is classified by the Schwartz multi-index, and that for each connected com-
ponent of K there is exactly one homotopy class of tangent vector fields
corresponding to each integer, which proves the statement. It is obviously
enough to consider the case where K is connected.

Recall that given vector fields v and v’ on V', never-zero on K (assumed
to be connected), the difference is well defined as in Chap. 1. It is clear that
if v and v’ are homotopic, then their difference is zero, so they have the
same Schwartz index. Conversely, if they have the same Schwartz index, then
their difference is 0, hence they are homotopic. Thus the homotopy classes
of such vector fields are classified by their Schwartz index. It remains to see
that there are vector fields of all possible Schwartz indices, but this is easy:
let € > &’ > 0 be sufficiently small, let K., K. be links of these radius and
X C V the cylinder bounded by K., K.. Put on K. a vector field v of some
given Schwartz index, say I(v); now choose in the interior of X a small disk D
and put on it a vector field v’ of some index I’. By [153] we can extend v and
v’ to a vector field w on X, non singular on K. and with no other singularity
but that on D. By construction, the Schwartz index of w is I(v) + I'.

4.2 The GSV Index on Real Analytic Varieties

We now consider the analogous of the GSV index for vector fields on real
analytic germs. For this we first need to define the index (or degree) of a
map from a smooth (n — 1)-manifold into the Stiefel manifold Vj41 ntr of
orthonormal (k + 1)-frames in R"** with k¥ > 0, n > 1. We recall that
Vit1,n+k is an (n — 1)-sphere bundle over Vi 4k and that, by [164], one
has a canonical embedding «: S"™™' — Vi1 nik, which is the fiber over
(ent1s---s€ntk) € Vintk, Where ey, ..., e,1p is the canonical basis of Rtk
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The homotopy class of v is a generator of 7,1 (Vi41,n+k ), which is isomorphic
to Z if n is odd or to Z/2Z if n is even, since k > 0, see [153].
By the Universal Coefficient Theorem, we have an isomorphism

H" ' (Virrmarimn1 Vit 1nak))

g’ Hom(anl (Vk+1,n+k; Z)y Tn—1 (Vk+1,n+k))~

Let h: mn—1(Vit1,n+k) — Hn—1(Vit1,n+k;Z) be the Hurewicz homomor-
phism. Since Viy1 n+k is (n — 2)-connected, h is an isomorphism and it is
given by h[y] = 7.[S" 7], where [S"!] is the fundamental class. Hence,

u:=a"'(h") € H" ' (Vist,nrk; Tn1 Vit 1,n48)),

is a characteristic element determined by the equality (u,~.[S"~!])=[1],
where (, ) denotes the Kronecker product. The generator [y] € mp—1(Vit1 n+k))
gives the characteristic element v and an isomorphism from 7,1 (Vi41,n+%))
to Z or to Z/27Z.

Definition 4.2.1. Let N be an (n—1)-dimensional, closed oriented manifold
(maybe not connected) and let g: N — Vi1 nyr be a map, n > 1, k > 0.
We define the degree of g as follows:

(1) If n is odd, then deg(g) := (g*(w),[N]) = (u,g«[N]) € Z, where [N] is
the fundamental class with integer coefficients.

(2) If n is even, then degy(g) := (¢*(u), [N]2) = (u,g«[N]2) € Z/2Z, where
[N is the fundamental class with mod 2 coefficients.

Let us now denote by (V,0) the germ of a geometric complete intersection
with an isolated singularity at 0. This means that V is defined by a real
analytic map

f::(f17f27"'>fk7):UCRnJ’_k_)Rk n>1,]{7>07

where U is an open neighborhood of 0 in R"**_ such that the gradient vector
fields (grads,...,grady) of the f; are linearly independent everywhere on
V '\ {0}, and they are of course normal to V' \ {0}. Let v be a continuous
vector field on V' which is singular only at 0. Let us define now the index of v
at 0 following [6]. Notice that up to normalization one has a continuous map,

¢y = (v,grady,...,grady) : K — Vi1 n1k,

where Vj11 n+ is the Stiefel manifold of orthonormal (k+ 1)-frames in Rtk
and K is the link of 0 in V.

Definition 4.2.2. If n is odd, then the (real) GSV index of v at 0 is the
integer defined by
Indgsv (v, 0) = deg(¢y).
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If n is even, then the (real) mod(2) GSV index of v at 0 is the integer modulo
2 defined by

Indgsv, (v,0) = degy(dy)-

Definition 4.2.3. Let Kj,..., K, be the connected components of K. If
n = dimV is odd, then we define the multi-index Indgey (v) of a vector field
v on V by: _

Indlé]g{}l(va 0) = (deg(¢vl )7 s 7deg(¢vr))’

where ¢,, is the restriction of ¢, to the component K;.

Similar considerations apply to the mod-2 index when n is even.

The following proposition gives a geometric interpretation of the
multi-indices:

Proposition 4.2.1. Let v:S"' — Vi1 01k be the canonical embedding
defined above, and let ¢: K — Vi1 n+r be a continuous map. Then there
exists a map (b K — S*!, unique up to homotopy, such that v o (b s homo-
topic to ¢. Furthermore, if n is odd, then for each connected component K;
of K the degree of ¢ restricted to K; equals the index Ind(¢;) of ¢; = d|k, -
If n is even, then the reduction modulo 2 of the degree of ¢ restricted to K;
equals the index inda(¢;) of ¢; = Pk, -

In order to prove this proposition we prove first the following lemma, which
is also used later.

Lemma 4.2.1. Let K be as above, let K4, ..., K, be the connected compo-
nents of K, and denote by g; the restriction to K; of amap g: K — Vi1 k.

(1) Ifn is odd, then there is a bijection between the group of homotopy classes
of maps [K, Vit1,ntk] and ®7_,Z, given by [g] — (deg(g1), - ..,deg(g,)).

(2) If n is even, then there is a bijection between [K,Vit1nt+k| and
i1 Z/2Z, given by [g] — (degz(g1), - - -, dega(gr))-

Proof. Clearly HY(N;mg(Vit1ntx)) =2 0 and HIY(N;7er1(Vittntr))
(), for all ¢ > n — 1. Therefore, by obstruction theory [153], Theorem 8.4.3,
there is a bijection between [N, Vii1nik] and H" YN 71 (Vitinik)),
given by [g] — g*(u), where u is as in 4.2.1 above. Now consider the follow-
ing composition:

[N, Vit tnr] = H" (N5 R) 2 Ho(N; R) ' @HO NZ,R @R

where p is Poincaré duality, j;: N; — N are the inclusions, and each ¢; is the
augmentation. We take R = Z if n is odd and R = Z/2Z if n is even. Thus
one has a bijection
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C: [N, Vigyinir) — @R-

i=1

Since p(a) = a N [N], we have that

deg(gi) := (g7 (w), [Nil) = ei(gi (u) N [Ni]) = eipg; (w)-

A straightforward calculation shows that ([g] = (deg(g1),...,deg(g.)) if n is
odd and that ¢[g] = (degs(g1), ..., degs(gr)) if n is even.

PROOF OF PROPOSITION 4.2.1: Consider first the case n odd. From the proof
of the previous lemma we know that we have a bijection

50 [K, Vir1nen] — H" YK, Z).
By obstruction theory we also have a bijection
t:[K,S"' — H" Y(K;Z).
Recall that v induces a function
Yo [K,S" — [K, Vig1ntk] »

given by v.[f] = [y o f]. Then one can check that ¢ = s o 7,. Thus v, is a
bijection, as stated. The second statement now follows from the definition of
the index and the fact that f.[K] = deg(f)[S"!].

The case n be even is proved in the same way, but now using the bijection:

K, Vit1nik] «— H" HK;Z/27) O
The following result is an immediate consequence of 4.1.2 and 4.2.1.

Proposition 4.2.2. Let K;,..., K, be the connected components of the
link K.

n 1s odd, then there is a bijection between ,0) and &I_Z, given
1) I dd, then th bij b CIVAL d®i_1Z, g by
[v] — Ind&5 (v, 0) := (Indgsy (v1,0), ..., Indggy (v, 0)).

(2) If n is even, then there is a surjection from ©(V,0) to ©I_,Z/2Z given
by

[v] — Indggl\z (v,0) := (Indgsv, (v1,0),...,Indgsv, (v, 0)).
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Let U be an open neighborhood of 0 in R™**. Consider the map
f::(f1’f27"'7fk):(U7O)—>(Rk70)a n>1a k>07

that defines the isolated complete intersection singularity (V,0), and con-
sider the fibers f~1(t) for ¢ near 0. If ¢ is a regular value of f, we call f~1(¢)
a nonsingular level surface of f. Its intersection Fy := f~1(t) N D. with
a small disc D, around 0 € U C R"* is a nonsingular fiber of f. We re-
mark that we do not have in general a fibration as in the case of complex
singularities studied in [79, 116, 121]. However, by hypothesis 0 is an iso-
lated singularity in V', hence the Jacobian matrix D f(z) has rank k at each
x € V' \ {0}. Thus there exist € > ¢’ > 0 and ¢ > 0 sufficiently small with
respect to €', such that D f(z) has rank k on the set {2 of all z € U such that
e > ||z|| > ¢ and f(x) € As, where A; is a small ball in R¥ centered at 0.
By Ehresmann fibration lemma, this implies that the restriction of f to 2 is
the projection map of a locally trivial fiber bundle over As. The Transversal
Isotopy Theorem [4] implies that we can move V N {2 by an ambient isotopy
and take it into F; N {2, where F; is a nonsingular fiber of f. This carries the
vector field v to a nowhere-zero vector field on F; N2, provided &’ >> |t| > 0.
Thus one has the following lemma:

Lemma 4.3.1. There exists an ambient isotopy in (2 that carries VN {2 into
F: N2 and takes v into a nonsingular vector field, also denoted by v, defined
in a neighborhood of the boundary OF:, and this boundary is isotopic to the
link K.

By Theorem 1.1.2 one can extend v to a vector field on the whole fiber F;
with only one singular point, say p, in the interior of F;. The local Poincaré—
Hopf index of v at p is independent on the way we extend v to the interior
of F¢, and this number is the Poincaré—Hopf index of v in Fy, Indpy (v, Fy).
We note that the gradient vector fields (grady, ..., grady) are linearly inde-
pendent on all of F; because t is a regular value of f. Thus, if we let D, be a
small disk in F; centered at p and 9D, is its boundary, then the above map

¢y = (v,grady, ..., gradk) : K — Vii1nik,

extends to a continuous map from all of Fy — D, into Vi1 n+r which factors
through 0D, =2 S"~!, up to homotopy. Thus the index of ¢, equals the index
of the corresponding map ¢, from a small sphere around p into Vii1 pntk,
and the latter equals Indpg (v, F;) by definition. Hence one has:

Theorem 4.3.1. Up to isotopy, the vector field v can be regarded as a vec-
tor field defined and never-zero on a meighborhood of the boundary of the
nonsingular fiber Fy and one has:
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(1) If n is odd, then Indgsv (v, 0) equals the Poincaré—Hopf index of v on Fy,
Inde (U, Ft).

(2) If n is even, then the mod(2)-GSV index of v, Indgsv,(v,0), is the re-
duction of Indpy (v, F) modulo 2.

In other words, if the dimension (n — 1) of K is even then the GSV-
index of v is the number of zeroes of an extension of v to the nonsingular
fiber F;, counted with their local indices. If the dimension of K is odd, then
the reduction modulo 2 of the number of zeroes of v in F;, counted with
local indices, equals Indggv, (v, 0). Notice that this theorem and its proof are
reminiscent of [89], Lemma 2.

Remark 4.3.1. Recall that in the complex analytic case one has the GSV
index of the previous chapter, which is an integer, and its mod 2-reduction
coincides with the index defined in 4.2.3. In general, for real analytic map-
pings as above, if n is even (as for instance if the singularity germs is actually
complex analytic), one only has a GSV-index defined modulo 2. One might
be tempted to define an index over the integers as in Chap. 3, i.e., by looking
at the number of zeroes of the vector field on a nearby fiber. The problem is
that for n even, the number one gets depends on the choice of fiber and one
can only get a well defined index modulo 2 in this way (see Sect. 3 of Chap.7
for a related discussion).

Of course this discussion is very much related to the important problem of
computing the Euler—Poincaré characteristic of the regular fibers of analytic
maps, and there is a vast literature about that topic.

When k = 1, the topology of the fibers may change as we pass from ¢ > 0 to
t < 0, and one can speak of right and left GSV-indices. When n is even these
two indices coincide, but for n odd, in general they coincide only modulo 2.

4.4 Topological Invariants and Curvatura Integra

If Z is an oriented (n — 1)-dimensional closed submanifold of the Euclidean
space R", then its normal bundle is necessarily trivial. If v is a section of the
normal bundle “pointing outwards” everywhere, then v determines a map
from Z into the (n—1)-dimensional sphere S*~!, the Gauss map, whose degree
is the curvatura integra of Z. Hopf’s generalization in [85] of the theorem of
Gauss states that if n — 1 is even then its curvatura integra is half the Euler—
Poincaré characteristic of Z, independently of the embedding. This theorem
was generalized by Kervaire in [89] to submanifolds of Euclidean space of
arbitrary dimensions, but embedded with trivial normal bundle. Let Z"~!
be an (n — 1)-manifold embedded in R™™* and let v**1) := (ug,...,ux) be
a trivialization of its normal bundle. We call v**1) a framing of Z in R"**.
The framing defines a continuous map:

(b : Z — Vk+1,n+k~
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This map induces a homomorphism ¢.: H,_1(Z;Z) — Hyp—1(Vit1,n+k; Z),
which takes the fundamental class [Z] into cz[g], where ¢z is an integer
if (n — 1) is even or an integer modulo 2 when (n — 1) is odd and [g] is
the generator of Hy,—1(Vit1n+k; Z). In either case Kervaire [89] calls ¢z the
(generalized) curvatura integra of Z, and proved that if (n—1) is even, then cz
is half the Euler—Poincaré characteristic of Z, independently of the embedding
of Z in R™*. For (n — 1) odd the similar statement is false in general but
it is true if Z bounds a stably-parallelizable manifold and if we replace “half
the Euler—Poincaré characteristic of Z” by the semi-characteristic of Z, as
shown below (following [6,89]).

Definition 4.4.1. [89] Let Y be a manifold of dimension 2p — 1. The semi-
characteristic of Y with respect to a coeflicient field Z/27Z is

p—1
x1(Y) = > rankH,(Y;Z/2Z).
=0

The following result is of interest in itself and we use it below. This is
mentioned in [89] with an outline of its proof, which is given in detail in [6].

Proposition 4.4.1. Let N be a compact, stably parallelizable manifold with
boundary ON. If the dimension n of N is even, then

X(N) = x1(ON) mod 2.

1
2

Consider now the germ (V,0) of a geometric complete intersection with an
isolated singularity at 0, defined by a real analytic map

f=0 o fo): UCR™F —RF n>1, k>0,

where U is an open neighborhood of 0 in R"**. Let K be the link of 0 in V,
which may not be connected; K has dimension n — 1.

Lemma 4.4.1. Let vpaq be a radial, outwards-pointing vector field on V.

(1) If n is odd, then the GSV -index of vraq equals the curvatura integra of K.

Thus: i
Indgsv (vrad, 0) = zx(K).

2
(2) If n is even, then the mod(2) GSV-index of vraqa equals the curvatura
integra of K.

Proof. Let v;aq be as above. Up to homotopy, we can think of v,,q as being the
unit outwards normal field of K in V" and let (grady, ..., grady) be as before,
the gradient vector fields of (f1, fa,. .., fx). Then v;,q and (grady, ..., grady)
determine a continuous map from K into the Stiefel manifold Vi1 nik. By
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definition, the index of this map is the GSV-index of v,,q. We recall that
ck is defined by the equality ¢.[K] = ck [g], where ¢: K — Vii1nik
is the map determined by the framing. But we have that [g] = ~.[S""}],
where v: S*7! — Vi+1,n+k is the generator of m,—1(Vi41,n+%) mentioned in
Sect. 4.2. Hence ¢.[K] = ck7«[S"™!]. By 4.2.1,

deg(¢) = (6" (u), [K]) = (u, ¢.[K]),

and (u,v.[S"1]) = [y]. Under the identification of 7,1 (Vii1.ntk) With Z,
[v] corresponds to 1, so that (u,v.[S?"!]) = 1. Therefore

deg(¢) = (u, . [K]) = (u, cxc:[S" 7)) = exc(u, 1[S" 7)) = ek

Similarly for inds2(¢). Moreover, the index of the corresponding map into
Vit1,mn+% does not change if we replace v;,q by any other vector field on V'
which is also transverse to K and is radial, outwards pointing. The result now
follows from [89, Theorem VIJ.

We have the following theorem:

Theorem 4.4.1. Let vyq be a radial, outwards-pointing vector field on V,
and let Fy be a nonsingular fiber of f.

(1) If n is odd, then the GSV -index of vraa equals the curvatura integra of K
and we have:

1
Indgsv (vrad, 0) = §X(K) = X(Fy).
(2) If n is even, then the mod(2) GSV -index of vraq equals the curvatura
integra of K and we have:

IndGSV2 (Urady O) = X%(K) = X(Ft) mod 2.

Proof. Statement (1) follows from the previous lemma and the fact that if X
is a compact, odd-dimensional manifold with boundary d.X, then one always
has x(0X) = 2x(X). Let us now assume that n is even. Also by the lemma
above we have that Indgsv, (vrad, 0) is the curvatura integra of K. Thus, by
[89], Lemma 2, we have

Indgsv, (Vrad, 0) = x(F;) mod 2.

Hence, to complete the proof of (2) we must show that x(F;) = x
but this follows from 4.4.1.

(K) mod 2,

1
2

The following is an immediate consequence of the theorem above.

Corollary 4.4.1. Let (V1,0) and (V3,0) be n-dimensional, isolated, complete
intersection germs in R"*. Let K; and Ky be the corresponding links, and
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let F} and F? be the corresponding nonsingular fibers. Assume that Ky and
Ky are orientation-preserving homeomorphic. If n is odd, then

x(F}) = x(F}).

If n is even, then
X(F}) = x(F}) mod 2.

4.5 Relation with the Milnor Number
for Real Singularities

In the complex case, we know that if f: (C**1,0) — (C,0) is a holomorphic
function with an isolated critical point at 0 € C"*!, then f determines a fiber
bundle,

f:f XS NB., — St C C,

where S} C C is a small sphere and B. C C"*! is a small ball. This is
equivalent to Milnor’s fibration [121]. The fiber F = F, is called the Milnor
fiber of f and it has the homotopy type of a wedge of n-spheres. The number
p = p(f) of spheres in this wedge is the Milnor number of f. These definitions
and results extend to complete intersection germs by [79], and in fact, to some
extent, to “isolated singularities” in general, by [102]. By [79,121], for isolated
complete intersection singularity germs one has,

(=1)"pn=x(F) - 1.

The Milnor number of such a singularity is a topological invariant in the sense
that if f, g define germs as above and if there exists an orientation preserving
local homeomorphism A in the domain, such that f = goh, then u(f) = p(g).

We recall that for vector fields on (isolated complete intersection) complex
singularities the GSV index is an integer and one has

Indasv (vrad, V) = x(F),

where v,,q is the radial vector field on the isolated complete intersection
singularity (V;0).

For real singularities a Milnor fibration does not exist in general. However,
assume

f = (fh"'afk): (Rn+k’0) - (Rka0)7

is an irreducible, complete intersection such that its complexification

FE= (- i) (C7FF,0) — (CF,0),
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has an isolated singularity at 0 € V¢, where Ve = {z € C"**|fC(z) = 0}.
In this case one says that the singularity of f at 0 is algebraically isolated. For
these singularities, C.T.C. Wall introduced in [170] the following invariant,

where K is the link of 0 in V = f~1(0) and
B(K) = dimg, H*(K, Z,).

He proved that modulo 2, 1 (K) coincides with u(f€) + 1 where u(f°)
is the Milnor number of f€ at 0. Hence the Milnor number u(f€) of the
complexification, modulo 2, is a topological invariant of f. One also has the
map,

o FYSEY) N D — SE C R,

where S’g_l is a small sphere and D, C R"** is a small ball, as in the complex
case. This is not a fiber bundle in general, however by the previous results
we have that for regular values sufficiently near 0 € R¥, the Euler-Poincaré
characteristic of the fibers is independent of ¢ if n is odd (modulo 2 for n
even). Hence, given f as above, one has a well defined “real Milnor number”

of f,
pr(f) = x(Fe) — 1,

where this equality is modulo 2 if n is even.

Theorem 4.5.1. Let v be a vector field on V singular only at 0 € R™" ¥,
Then:

(1) The number
pz(f) = (=1)"*{Indgsv(v,0; V) = Indsen(v, 0;V)} = (= 1) (x(Fy) — 1)

is independent of the choice of the vector field v (modulo 2 if n is even).

(2) This is a topological invariant of f, i.e., if g is another complete inter-
section germ and h is a local orientation preserving homeomorphism of Rt
such that g = f o h, then ur(9) = pr(f) (modulo 2 if n is even).

(3) Let vaq be a radial vector field on V' and let ¥(K) be Wall’s invariant.
If n is odd, then :

1
Y(K) = Indgsv (vrad, 0) = §X(K) mod 2,
If n is even, then:

Y(K) = Indgsv, (rad, 0) = x1 (K) mod 2.

1
2
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(4) If the critical point of f is algebraically isolated, the real Milnor number
pr(f) modulo 2 coincides with the Milnor number u(fC€) of the complexifica-
tion.

(5) If W is a compact, oriented real analytic variety with isolated singularities
Z1,...,Ty, which are all complete intersection germs, and if v is a continuous
vector field on W, singular at the x} s and possibly at some smooth points of

W, then the total GSV index of v is

Indggv (v, W) = x(W) + Z pr(x;),

if the dimension n of W is odd, and if n is even, then

Indgsv, (v, W) = x(W) + Z”R(xi) mod 2,

where the total GSV index is defined in the obvious way.

Proof. Statements (1), (2), and (5) are now obvious. To prove (3) we note
that by definition:

where

B(K) = dimz, H*(K, Zs).

Hence,
Y(K) = 8(F;) mod 2,

by [170]. Thus the result follows because

For statement (4) notice that by [170] we have that 1/(K) = u(f€)+1 mod 2,
and by definition ¢(K) = ur(f) + 1.



Chapter 5
The Virtual Index

Abstract The virtual index was first introduced in [111] by D. Lehmann,
M. Soares and T. Suwa for holomorphic vector fields; the extension to con-
tinuous vector fields is immediate and has been done in [30,31,149]. If the
variety has only isolated singularities, the virtual index and the GSV index
coincide. The virtual index has several interesting features, as for instance
that it is relatively easy to compute when the vector field we deal with is
holomorphic, and also that it is defined for vector fields with singular set a
compact set of arbitrary dimension.

In this chapter we introduce the virtual index in the context of singular
varieties V' which are local complete intersections defined by a section of a
holomorphic vector bundle N over a complex manifold M (see Sect.5.1 be-
low). The virtual tangent bundle is then defined as (T'M — N)|y, where TM
denotes the holomorphic tangent bundle of M.

One can think of the virtual index as being a localization of the top di-
mensional Chern class of the virtual tangent bundle, called virtual class, just
as the local index of Poincaré-Hopf is a localization of the top Chern class of
a manifold. The virtual index is in fact a residue which is the local contribu-
tion, relatively to a vector field v, of the top virtual class.

In Sect.2, we show that Chern—Weil theory is very well adapted to this
situation, in the framework of Cech-de Rham cohomology, and Sect. 3 is de-
voted to the study of residues in this context. The properties of the virtual
index are detailed in the last sections of the chapter, in particular we prove
an integral formula for the virtual index.

5.1 The Virtual Tangent Bundle of a Local
Complete Intersection

In this section, the varieties we consider are “local complete intersections
defined by a section.” Namely, let V' be a subvariety of dimension n in a
complex manifold M of dimension n + k. We say that V is a local complete
intersection defined by a section, if there exist a holomorphic vector bundle N

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_5, 85
(© Springer-Verlag Berlin Heidelberg 2009
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of rank k over M and a holomorphic section s of N such that s is generically
transverse to the zero section and that V' is the zero set of s. Note that, in
this case, the ideal sheaf of germs of holomorphic functions vanishing on V'
is generated by the local components of s and V is in fact a local complete
intersection (cf. [165]), i.e., each point of V has a neighborhood which is a
complete intersection.

Let S be a compact set in V' containing the singular set Sing(V) of V
and with a finite number of connected components (Sy)y. Suppose we have
a nonvanishing C*° vector field v on V'\ S (C Vieg).

If a component Sy is in the regular part Ve, = V'\ Sing(V) of V, we saw in
Chap. 1 that we can define the Poincaré—Hopf index Indpy (v, Sy) of v at S,
which is the localization by v of the top Chern class of the tangent bundle
TVieg at Sx. The question now is what to do if Sy contains singular points
of V', where there is no tangent bundle. The idea to define the virtual index
is to make a similar “localization” using the vector field and using the fact
that a variety V defined as above admits a virtual tangent bundle.

To define this bundle we notice that the restriction N|y,,, coincides with
the (holomorphic) normal bundle Ny, of Vieg in M so that we have an exact
sequence.

0 — TVieg — TMly,,, — Ny,,, — 0. (5.1.1)

In view of this, we call N|y the normal bundle of V.

Definition 5.1.1. (cf. [60]) The virtual tangent bundle 7y of V' is defined by
v = (TM — N)|y, regarded as an element in the complex K-theory KU (V).

It is known that the equivalence class of this virtual bundle does not
depend on the choice of the embedding of V in M.

Recalling the fact that the total Chern class is invertible in the cohomology
ring, we define the total Chern class of the virtual tangent bundle by

c(ry) =i*(c(TM)-c*(N)™') e H*(V),

where ¢ : V < M denotes the embedding. The i-th Chern class of 7y is by
definition the component of ¢*(7y/) in dimension 2i, for i = 1,...,n.

It is clear that if V' is nonsingular, then its virtual tangent bundle is equiv-
alent in KU(V) to its usual tangent bundle and therefore the Chern classes
of the virtual tangent bundle are the usual Chern classes.

5.2 Chern—Weil Theory for Virtual Bundles

If we have a complex vector bundle F; on a C°° manifold M, for each
i = 0,...,q, we may consider the “virtual bundle” & = Y7 (~1)'E; as
an element in the K-group K (M) of M. We define its total Chern class ¢(§)

in H*(M) by
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q

o(§) = H c(Ei)*,

i=0

where £(i) = (—1)%. The component of ¢(§) in H?/ (M) is the j-th Chern class
(&) of €. In general, if ¢ is a symmetric polynomial, we may write p(£) as
a polynomial in the Chern classes of £ and express as a finite sum

o(&) = o\ (Bo) - ol (By),
k

where, for each ¢ and k, wfci) (E;) is a polynomial in the Chern classes of E;.
Letting V® be a connection for E;, i = 0,...,q, we denote by V* the
family of connections (V@ ... V(). Then ¢(¢) is the cohomology class of

the differential form

(V%) = Do (VO) - A (VD).
k

In particular, ¢(€) is the class of
q . .
ce(V®) = HC(V(Z))E(l)
i=0

and ¢/ (€) is the class of the homogeneous component ¢/(V*®) of degree 2j in
c(V*).

Now suppose we have two families of connections V§ = (V,(jq), cery V,(jo)),
v = 0,1. Then, for a symmetric polynomial ¢, we have a form ¢(Vg, V?)
satisfying

e(V5, V1) = —¢(V1, V) and  de(V§, Vi) = ¢(V]) = (V5).

(5.2.1)
In fact, this is done as in the case of single vector bundles (cf. (1.4.2)). Thus,
for each i = 0,...,q, we consider the vector bundle E; x R — M x R and

let V() be the connection for it given by V) = (1 — t)Véi) + thi). We set
Ve = (V@ ..., V©) and define p(V§, V) = m.(p(V*)), where 7 is the
projection M x [0,1] — M.

A similar construction works for an arbitrary collection of finite number
of families of connections.

The form ¢(V*) is closed and defines the class ¢(£). From the above, we
see that the class ¢(£) depends only on £ and not on the choice of V*.

Now let

0— B, 2% B YN By —0 (5.2.2)

be a sequence of vector bundles on M, and, for each i, let V(¥ be a connec-
tion for E;. We say that the family (V@ ... V() is compatible with the
sequence if, for each i, the following diagram is commutative :
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A%(M, E;) AY (M, E;)

wil J{l®'¢’i

(i+1)
AM, Ey) Y0 AN M, Eiyy).

If the above sequence is exact, there is always a family V*=(V(@, ... V()
of connections compatible with the sequence and for such a family we have
([14, (4.22) Lemma))

¢*(V®*) =1 in particular c¢*(§) =1, (5.2.3)

where ¢ = Y7 ((—1)"E;. From this we have the following:

Proposition 5.2.1. Suppose the sequence (5.2.2) is exact. Let ¢ be a sym-
metric polynomial and V® = (V(q), .. .,V(O)), a family of connections com-
patible with (5.2.2). Then

o(V8) = o(V) in particular o(€) = (Ey),

where 7. denotes the family of connections (V@ ... V1) for the virtual
bundle £ = Y1 (—1)""'E;. Similarly for the other “partitions” of the virtual
bundle €.

Note that a similar statements hold for the Bott difference form of families
of connections.

Let M be a C°° manifold, £ = > ! (—1)"E; a virtual bundle over M
and ¢ a symmetric polynomial, as before. Also let Y = {Uy, U1} be an open

covering of M. Choosing a family of connections V;, = (V,(,q), R V,(jl)) for &
on U,, v =0,1, we have a cochain

e(V3) = (@(V5), p(V1), #(V5, V1)) (5.2.4)

in A*(U). By (5.2.1), it is a cocycle and defines a class in the Cech-de Rham
cohomology H 7, (U), which corresponds to the class ¢(§) via the isomorphism
of Theorem 1.5.1.

Moreover, if we may choose V§ so that ¢(V§) = 0, the cocycle ¢(V3)
defines a class in the relative cohomology H}, (U, Uy). This idea is used in the
localization theory of characteristic classes of virtual bundles.

5.3 Characteristic Numbers on Singular Varieties

Let V' be an analytic variety of pure dimension n in a complex manifold M
of dimension n + k. We set Vieg = V' \ Sing(V) as before. First, suppose V is
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compact and let U be a neighborhood of V' in M. Also, let U ={Uy, U1} be
an open covering of U and {RO,Rl} a system of honey-comb cells adapted
to U (cf Sect. 1.5) such that V is transverse to Ry = dRg = —0R;. We set
R; = R:n V,i=0,1and Ry; = R01 NV. Then we may define the integration

/ L AP(U) — C by /0':/ Uo+/ (71-‘1-/ oor  (5.3.1)
\% \4 Ro Ry Ro1

for o = (09,01, 001) in A2*(¥). It induces the integration on the cohomology

/ HZ(U) — C. (5.3.2)

We have HZ'(U) ~ H2"(U,C) and the above integration is compatible
with the integration [, : H*"(U,C) — C induced from the integration of

2n-forms on U over the 2n-cycle V.

Now suppose V' may not be compact. Let S be a compact set in V' such
that V'\ 'S C Vieg. Letting Uy be a neighborhood of S in M and Uy a tubular
neighborhood of V'\ § in M with a C™ retraction p : Uy — V'\ S, we consider
the covering U= {(70, (71} of U =UyU 171, which is an open neighborhood
of V in M. As in Sect. 1.5, we set A™(U,Ug) = {o € A"(U) | 0o =0}.

Let Ry be a compact real 2(n+k)-dimensional manifold with C°° boundary

in 171 sAuch that S is in its interioz and that 8?{1 is transverse to V. We set
Ry =Ri1NV, Ryy = —0R; = —90R; NV. Then we can define the integration

/:AQ"(Z/A{,ﬁO)H(C by /a:/ 01+/ oot (5.3.3)
\% \%4 Ry Ro1

for o = (0,01, 001) in A2"(U,Up). This again induces the integration on the
cohomology

/ HEWU, Uy) — C. (5.3.4)

Now suppose V' is compact again and let S be as above. Then the following
diagram is commutative :

s s 535
C

where j* denotes the canonical homomorphism.

Remark 5.3.1. In the above, the assumption that V \ S is in the regular
part Vieg is not necessary. However, with this condition, to define a cochain
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o = (00,01,001) in A2(lf) we only need to define oo on V' \ S, since there is
a C* retraction p: Uy — V' \ S.

Again, let V' be a variety of dimension n in a complex manifold M and S
a compact set in V/ % _may not be compact) such that V'\ .S C Vieg. Let Uy,
Uo, = {Uo7 Ul} and U = Uo U Ul be as above. For a complex vector bundle
E over U and a homogeneous symmetric polynomial ¢ of degree n, we try to
compute the restriction to V' of the characteristic class ¢(F). The character-
istic class p(E) in HZ (U) ~ H?(U,C) is represented by the cocycle ¢(V,)
in A2"(1f) given by

©(Vi) = (¢(Vo), ¢(V1),(Vo, V1)),

where V and V1 denote connections for £ on (70 and (71, respectively. Note
that it is sufficient if V is defined only on Uy = V' \ S (see Remark 5.3.1).
Suppose that there is some “geometric object” v on V away from S, to which
is associated a class C of connections for E on Uy and that Vg is “special,”
i.e., Vo belongs to C, and ¢ is adapted to C (cf. Sect.1.6.2). Then we have
the vanishing

»(Vo)=0 (5.3.6)

and the above cocycle ¢(V,) is in A2”(L7, [70). Hence it defines a class
ws(E,~) in the relative cohomology H%”(Z/AI, [70)7 which is sent to the class
©(E) by the canonical homomorphism j* : H%”(Z/A{, Up) — HZ (). The class
ws(E,7) does not depend on the choice of the special connection Vj or the
connection V.

Now suppose that S has a finite number of connected components (Sx)a-
For each A, we take a nelg\hborhood U>\ of S\ in U; so that the U>\ s are
disjoint one another. Let Ry be a compact 2(n + k)-dimensional manifold
with C'°° boundary in U hy such that S is in its mterlor and that 8R>\ is
transverse to V. We set Ry = R>\ NV and Ry = 78R>\

Definition 5.3.1. We define the residue Res, (v, E;Sx) b

Res, (v, B Sh) = / o(V1) + / #(Vo. V).
Ry Rox

From the above considerations and the commutative diagram (5.3.5), we
have the following residue theorem on singular varieties:

Theorem 5.3.7. In the above situation,

(1) For each connected component Sy of S, we have the residue Res, (v, E; Sy),
which is determined by the local behavior of v near Sy and is given by the
formula in Definition 5.3.1.

(2) If V is compact,
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> Res, (1, E55) = [ ()
A \4

Remark 5.3.2. 1. Similar considerations work for virtual bundles as long as
we have some vanishing as (5.3.6).

2. For the case of polynomials of degree lower than n, where the residues are
defined in the homology of S, see [156, Ch.VI, 4].

5.4 The Virtual Index

Let V be a local complete intersection of dimension n defined by a section
of a holomorphic vector bundle N of rank k over a complex manifold M of
dimension n + k (cf. Sect.5.1). Let 7v = (T'M — N)|v be the virtual tangent
bundle of V| as before. In the sequel, we set 7=TM — N.

Let S be a compact set in V containing the singular set Sing(V') of V.
Suppose we have a C vector field v on V' \ S. Then we will see that the
top Chern class ¢"(7y) of the virtual tangent bundle is localized on S, the
virtual index being defined to be the associated residue.

Let Ul, UO, {UO, Ul} and U = UO U T, be as in Sect. 5.3. Also, let Vg
and V{ be connections for TM|y, . and Nly,,,, respectively, on Uy = V' \ S

and let V; and V) be connections for TM and N, respectively, on U1 We
set V§ = (Vo, V) and V§ = (V1, V). Then the characteristic class ¢"(7) in
HZ'U) ~ H*(U, C) is represented by the cocycle ¢"(V?) in A?"(U) given by

(V3 = (€"(V5), ¢"(V1), ¢"(V5, V1))-

Now we take connections V{, Vo and Vi for TVieg, TM|y,,, and Ny,
respectively, on Uy so that

(1) V{§ is v-trivial, d.e., V{(v) = 0, and that
(2) the triple (VO,VO, VO) is compatible with (5.1.1):

0 — TVieg — TMly,,, — Ny,,, — 0.

Then we have

c¢"(V§) =c"(Vg) =0
because of (1) and (2) above (cf. Propositions 5.2.1 and 1.6.1) and the
above cocycle ¢"(V$) is in Azn(lj, 170). Hence it defines a class ¢"(7,v)
in H%"(Z;, [70)7 which is sent to ¢™(r) by the canonical homomorphism
j* HE U, Us) — H%”(Z/A{) We define the virtual index Indy;, (v, S) to be the
corresponding residue. If S admits a finite number of connected components
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(Sx)a, then we have the virtual index Indvi,(v, Sy) for each A. Let Ry and
Rpx be as in Sect. 5.3. Then we may rephrase the definition of the virtual
index as (cf. [111,149]).

Definition 5.4.1. The wirtual index of v at Sy is defined by

IndVir(’U, S)\) = /

O+ [ eV,
Ry Rox

It is not difficult to show the following (cf. [156, Ch.IV, Lemma 3.3])
Lemma 5.4.1. If Sy is in Vieg, Indvyir(v, Sx) = Indpu(v, Sy).
From Theorem 5.3.7, we have the following :

Theorem 5.4.1. In the above situation, if V is compact,

;IndVir(v,Sk)—/‘/cn(T).

5.5 Identification with GSV Index When
Singularities are Isolated

The following proposition is proved as [111, Lemma 5]. Here we reproduce
the proof as given in [149].

Theorem 5.5.1. Let x be an isolated singular point of a variety V as above
and let © be a C* wvector field on a neighborhood U of x in M, which is
possibly singular only at x and is tangent to Vieg. Then, for the vector field

v onU\{z}, U=UNV, induced by 7,
Indvi; (v, 2) = Indggv (v, x).

Proof. By taking a smaller U , if necessary, we may assume that there is a
system f = (f1,..., fx) of holomorphic functions on U which generates the
ideal of functions vanishing on V' N U. Denoting by C(f) the critical set of
f:U — C* weset U=0U\C(f). Then we have the exact sequence, which
extends (5.1.1) (restricted to V N T) :

O—>Tf‘ﬁ*>TM‘ﬁ—>N|ﬁ—>O, (5.5.2)

where T f|5 is the bundle of vectors tangent to the fibers of f. Starting from
v, we may construct a C'° vector field v’ on U so that it is tangent to (the
regular part of) each fiber of f, its singular set S contains C(f) and that
the intersection of S and the fiber is compact. This is done by taking a C'*
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splitting of (5.5.2). Let v; denote the restriction of v’ to the fiber f~1(¢), for ¢
in C* near 0, and S the intersection S N f~1(¢), which contains the singular
set of f=1(t). We compute Indy;, (vs, Sy), the sum of virtual indices of v; over
the components of Sy, using (the restriction to V; of) connections as follows.
We take connections V{, Vo and Vi for T'f|5, TM|; and Ng, respectively,

on U\ § so that

(1) V§ is v'-trivial and that
(2) the triple (V§, Vo, V() is compatible with (5.5.2).

We let Vi and V] be arbitrary connections for TM and N, respectively,
on U. Then we see that Indvi, (ve, St) depends continuously on ¢. For a regular
value t, this is Indgsv (v, a), which is an integer (Lemma 5.4.1 and Theorem
3.2.1). Thus it does not depend on ¢, since the regular values are dense. While
for t = 0, this is equal to Indy;, (v, a) and the theorem follows.

5.6 A Generalization of the Adjunction Formula

The classical Adjunction Formula says that, if C' is a compact nonsingu-
lar curve (Riemann surface) in a complex surface M (complex manifold of
dimension 2), then we have

2—-2g=—(Kpy+0C)-C

where Ky is the canonical divisor of M, g is the genus of C' and the dot means
intersection of cycles. This formula follows from classical relations among
characteristic classes. In fact, 2—2gis x(C) and this equals ¢! (TC)[C], the self
intersection number C? is the Poincaré dual of the first Chern class of the
normal bundle of C, i.e., C? = ¢! (N¢)[C]. The canonical divisor Ky is the
Poincaré dual of —c!(T'M), essentially by definition; hence the intersection
product Ky - C equals —c'(T'M|¢)[C]. Therefore the Adjunction formula
follows from the exact sequence

0—>TC—>TM|0—>Nc—>O.

This formula was generalized by Kodaira [99, 2.2] for a possibly singular
curve C' in a complex surface M as:

x(C) = —(KM+C)~C+ZT:c(C,:ci), (5.6.1)
=1

where C' is a nonsingular model of C' and ¢(C,z;) is an invariant of C' at
the singular point x;, which is related to the Milnor number u(C,x;) by
c(Cyz;) = p(C,x;) + s; — 1 with s; the number of (local) branches of C at
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;. Since x(C) — Yoi_i(si —1) = x(C), (5.6.1) is equivalent to

X(C) = —(Kn +C)-C+ > u(C:), (5.6.2)

i=1

From the results of the previous sections, we have a generalization of this
formula to the higher dimensional case:

Theorem 5.6.3. Let V be a local complete intersection of dimension n in
M defined by a section. If V' is compact and has only isolated singularities
Z1,...,Ty, whose Milnor numbers are denoted by u;, then

(V) = /V ) + () S
=1

Proof. First we claim that if V' is as above, then there exists a C'° vector
field v on V, singular at the z;’s and at a (possibly empty) finite set of
other points. In fact, from [121] we know that there is a C*° vector field v;
on a neighborhood B; of each x; in M, which is singular only at z; and is
tangent to V. Let D; = B; NV and let v; be the restriction of U; to D;.
Then V* = V \ U/_,Int(D;) is a smooth manifold with boundary, and the
v;’s determine a nonsingular vector field on the boundary of V*. This can be
extended to a C'* vector field on all of V*, with at most a finite number of
singularities, proving the claim. Now, let v be a vector field on V singular at
the x;’s and at a (possibly empty) finite set of other points z,y1,...,Z,1s.
By Theorem 3.2.2 one has:

r+s T
Zlndcsv(vyfﬂi) =x(V)+(=1)" Zui~
i=1 =1

Since the singularities of V' are all isolated, Theorem 5.5.1 above says that in
the above formula, all GSV indices can be considered to be virtual indices.
Finally Theorem 5.4.1 tells us that the total sum of virtual indices equals

Jy (7).
Note that we need only the compactness of V' but not of M.

Remark 5.6.1. 1. If V is nonsingular, we have ¢"(ry) = ¢"(TV). Hence the
formula in Theorem 5.6.3 reduces to the “Gauss-Bonnet formula”

2. If V is a complete intersection in M = CP"** N is determined by its
multi-degree (dy,...,dx) and we have (cf. e.g., [84, §22])
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[ -

where h denotes the first Chern class of the hyperplane bundle and [ |, the
coefficient of ™ in [ ]. Thus we may compute x (V') from Theorem 5.6.3.

Let Vi be a nonsingular complete intersection in CP"** of dimension n
with the same multi-degree as V. Then we have x(Vp) = fVo c¢"(Vp), which
is also given by the right hand side of (5.6.4). Hence we have the following
formula, which is readily proved by a direct argument as well (cf. [45, Ch.5,
(4.4) Corollary]) :

k

(1 + h)n-i-k-‘rl . H

i=1

d;
1+dih| ’

(5.6.4)

X(V) = X(V) + (1) 3 (Vo).

3. A generalized Milnor number is defined for each compact connected com-
ponent of the singular set of a hypersurface and a formula for the sum of these
numbers is proved in [127]. The formula coincides with the one in Theorem
5.6.3, if the singularities are isolated. See also [130].

5.7 An Integral Formula for the Virtual Index

In this section, we give an integral formula for the virtual index of a holo-
morphic vector field at an isolated singular point. This is done in [111] and
is a special case of more general residue theory for holomorphic vector fields.

Since the problem is local, let U be a neighborhood of the origin 0 in
C™t* and V a complete intersection in U defined by hy = -+ = hy = 0,
with isolated singularity at 0. Let ¥ be a holomorphic vector field on U,
which is tangent to and nonsingular on V'\ {0}. We may choose a coordinate
system (z1,...,2n4k) on U (see Theorem 6.3.1 below) so that, if we write as
U= Z?jlk aia%i, the set of common zeros of ai,...,an,h1,...,h; consists
of only 0. Let A denote the (n + k) x (n + k) matrix whose (¢,j) entry

is g‘; and C the k x k matrix whose (i,7) entry ¢;; is determined by the

“tangency condition” 5(h;) = Y&, ¢;ih;. Let A, = [¢(A) - ¢(C)~],, denote
the coefficient of t" in the power series expansion of

det(I +tA) - det(I +tC)~ .
With these, we have the following theorem ([111]):

Theorem 5.7.1. The virtual index at 0 of the restriction v of U to V is
given by
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1 /)\ndzl/\~-~/\dzn
(27‘(’\/71)” I

where I' is the n-cycle in V' given by

Ind\/ir (U, 0) =

)
ai - Qp

F={qeUnV||a(q)|=¢, i=1,...,n}

for small positive numbers ;. It is oriented so that df; A --- AN df, > 0,
92' = arga;.

This is a special case of a more general formula for the residues of virtual
tangent bundle, see Theorem 6.3.11 below.

Example 5.7.1. Letdy,...,d,+1 be nonzero rational numbers and f a polyno-
mialin (z1,...,2,+1). We say that f is a weighted homogeneous polynomial of
type (di,...,dn+1) if it is a linear combination of monomials 2§ - - - 224" such
that Z?jll pi/d; = 1. This is equivalent to saying that there exist nonzero
integers qi, ..., gn+1 and a positive integer d such that

f(t‘“zl, . ,tq"+lzn+1) = td f(Zl, ey Zn+1).

In this case, d; = d/q¢;, i =1,...,n+ 1.

Let V be a hypersurface in C" ™ = {(21,..., 2,4+1)} defined by a weighted
homogeneous polynomial f of type (di,...,d,+1) with isolated singularity at
the origin 0. For the holomorphic vector field v = Z?:Jrll z;/d;-0/0z;, we have
v(f) = f and thus V is invariant by v. Let v denote the vector field on the
nonsingular part of V' induced from 9. We assume that f is regular in z,41.
This implies that d, 41 is a positive integer and f is regular in 2,41 of order
dpt1. If we let a; = z;/d;, i =1,...,n+ 1, we have V(aq,...,an, f) = {0}.
Using the formula in Theorem 5.7.1, we compute

Indyi(v,0) = 1+ (=1)"(dy — 1)(dy — 1) -+ (dpr1 — 1).

Note that, since v is transverse to the boundary of the Milnor fiber of f,
Indyi (v, 0) is also equal to the Euler number 14 (—1)"u(V,0) of the Milnor
fiber, where ©(V,0) denotes the Milnor number of V' at 0. Thus we reprove
the formula

u(V,0) = (di = 1)(d2 — 1)+ (dnss — 1)

for the Milnor number ([122]).

Remark 5.7.1. Yayoi Nakamura (Kinki University, Osaka, Japan) developed
a systematic computer program to calculate Grothendieck residues. She used
it and the formula of Theorem 5.7.1 to compute the virtual index (i.e., GSV
index) of certain holomorphic vector fields, given as examples in [17]. She
obtained the same numbers as the ones in [17] (exposed during the in Russian-
Japanese Conference November 2007, Tokyo).



Chapter 6
The Case of Holomorphic Vector Fields

Abstract We have seen that for vector fields, there are indices such as the
Poincaré-Hopf index and the virtual index, that arise from localizations of
certain Chern classes. If the vector field is holomorphic, the localization the-
ory becomes richer because of the Bott vanishing theorem, and this produces
further interesting residues. This theory can be developed for general sin-
gular foliations on certain singular varieties. We consider here the case of
holomorphic vector fields and the slightly more general case of one dimen-
sional singular foliations. We refer to [156] for a systematical treatment of
the general case.

Here we have three types of residues:

(1) Baum—Bott residues and generalizations to singular varieties,
(2) Camacho—-Sad index and various generalizations,
(3) Variations and generalizations.

In all the above cases the residues arise from a Bott type vanishing theo-
rem, which in turn comes from an action of the vector field or the foliation
on some vector bundle or virtual bundle. The residues of type (1) were first
introduced by R. Baum and P. Bott in [13,14]. In general these arise from the
action of the foliation on the normal sheaf of the foliation. The Camacho—Sad
index (2) was introduced in [42] and was effectively used to prove the exis-
tence of a separatrix at a singular point of a holomorphic vector field on the
complex plane. Nowadays there are many generalizations of this index, see
Remark 6.3.3 below. These residues arise from the action of the foliation on
the normal bundle of an invariant subvariety. The residues of type (3) were
first introduced by B. Khanedani and T. Suwa in [93] and generalized in
[113]; see also the related articles [39] and [40] by M. Brunella. These type of
residues arise from the action of the foliation on the ambient tangent bundle.
These three types of residues are listed above in historical order, but they
are explained below in the reversed order, for logical reasons.

In each case, the residue at an isolated singularity can be expressed in
terms of a Grothendieck residue on singular variety.

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_6, 97
(© Springer-Verlag Berlin Heidelberg 2009
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6.1 Baum-—Bott Residues of Holomorphic Vector Fields

Let M be a complex manifold of dimension m. For a holomorphic vector field
(holomorphic section of TM) v on M, we set

S(v) ={pe M |v(p) =0}

and call it the singular set of v. It is an analytic variety in M. We set M, =

M\ S(v).

Definition 6.1.1. We say that a holomorphic vector bundle E on M is a
holomorphic v-bundle, if it admits a holomorphic action of v, i.e., if there
exists a C-linear map

a, : A°(My, E) — A°(My, E)

satisfying the following conditions, for f in A°(Mp) and s in A°(My, E):
(1) ay(fs) = v(f)s + fou(s) and

(2) ay(s) is holomorphic if s is.

Definition 6.1.2. We say that a connection V for F is a v-connection if
(1) Vs(v) = ay(s), for s € A°(My, E), and
(2) V is of type (1,0).

Here we recall that a connection V for a holomorphic vector bundle £ is
said to be of type (1,0), if the entries of the connection matrix of V with
respect to a holomorphic frame of E are forms of type (1,0).

We quote the following theorem (cf. [14,19,156]):

Theorem 6.1.1. (Bott vanishing theorem I) In the above situation, if V is
a v-connection for E, for a homogeneous symmetric polynomial ¢ of degree
m, one has:

e(V)=0.

Note that a similar result holds for the difference form of a finite number
of connections and for families of v-connections of virtual bundles.
We see that T'Mjy becomes a holomorphic v-bundle by the action

vy + AY(My, TMy) — A° (Mo, T M)

given by «,(w) = [v,w]. Note that there exists a v-connection which is
v-trivial.

We will see that, for a homogeneous symmetric polynomial ¢ of degree m,
the class (T M) is localized at S(v). Here the vector field v is the “geometric
object” of Sect. 1.6.2, a “special connection” is a v-connection and the relevant
“vanishing theorem” is Theorem 6.1.1.
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Set S = S(v). Then from the arguments in Sect. 1.6.2, we have a class in
H?™(M, M \ S;C), which we denote by ¢s(TM,v) and call the localization
of o(TM) by v at S. It is sent to ¢(T'M) by the canonical homomorphism
j* H*™(M,M \ S;C) — H?*"(M,C).

Definition 6.1.3. Suppose S = S(v) is compact. The Baum—-Bott residue
Res, (v, TM; S) (sometimes abbreviated as Res,(v,S)) is the image of the
class ¢s(TM,v) by the Alexander isomorphism

H?*™(M, M\ S;C) = Hy(S,C).

The residue Res, (v, TM; S) is a complex number given by the right hand
side of (1.6.4).

If S has only a finite number of connected components (Sy)x, we have the
residue Resy, (v, T'M; Sy) for each .

The above residues are originally introduced in [13,14], where they are
defined using forms with compact support.

From the above argument and Theorem 1.6.5, we have the following
theorem.

Theorem 6.1.2. In the above situation,

(1) For each connected component Sy of S(v), we have a well-defined residue

Res, (v, TM; S)).
(2) If M is compact,

XA: Res, (v, TM; Sy) = /M ©(TM).

Remark 6.1.1. We may choose the connection Vy above so that it is also
v-trivial. Thus, if ¢ = ¢™, the residue Resem (v, TM;S) coincides with the
Poincaré-Hopf index; Res.m (v, TM; S) = Indpu (v, S) and the formula in the
above theorem becomes the Poincaré—Hopf formula.

Now we compute the residue at an isolated singular point. In the definition
of the residue, if S consists of a point, we may choose as U a coordinate
neighborhood so that T'M is trivial on U. Since the problem is local, we
assume that U is a neighborhood of the origin 0 in C™ = {(z1,..., 2z, )} and
that S = {0}. We write the vector field v explicitly as

- 0
U:2aia—2i

with a; holomorphic functions on U and set A = (0a;/0z;).

In general, for a square matrix H whose entries are holomorphic functions
near 0 and for elementary symmetric functions o; of m variables, we define
the holomorphic functions o;(H) by
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det(I+tH)=1+to1(H)+ -+ t"omn(H).

We set o(H) = P(oi1(H),...,0m(H)) for a symmetric polynomial ¢ =
P(O’l, ce ,O'm).

With these we have the following theorem, which is also originally due to
[13,14], where it is proved in the context of forms with compact support. See
[156, Ch.III, Theorem 5.5] for a proof using the Cech-de Rham cohomology,
the technique being originally due to [110].

Theorem 6.1.3. In the above situation, for a homogeneous symmetric poly-
nomial ¢ of degree m,

p(A)dzy A+ ANdzy,

Aiy...,0Qm

Res,(v,0) = Resg

Remark 6.1.2. 1. The above definition of the matrix ¢(H) differs from that
in [156] by a normalization constant, i.e., in [156], it is defined as ¢(H) =

P(cH(H),...,c™(H)), ¢(H) = (vV/=1/2r)" o:(H).
2. In particular, if ¢ = ¢™ = (\/—1/27r)m Om, hoting that

om(A)dzy A+ Ndzy, = det(A)dzy A+~ ANdzy, = day A - Adag,

we have

Rescm (’U’ 0) _ ReSO |:da1 N A dam:| ,

A1,...,0m

which represents the Poincaré—Hopf index Indpy (v, 0) of v at 0 (cf. Example
1.6.2).

Ezample 6.1.1. Let v be the vector field on C™ = {(z1,...,2zm)} given by
“ 0
=>» XNiziz—, N €C.

Then, since A in this case is the diagonal matrix with diagonal entries

A1, .-y Am, the residue with respect to a polynomial ¢ of degree m is given by
§0(>\1, ey )\m)
R 0) = ——=.
eS@(v’ ) )\1 - )\m

Thus, in general, the Baum-Bott residues are not necessarily integers (and
even not real numbers).
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6.2 One-Dimensional Singular Foliations

On complex manifolds, we encounter “one-dimensional foliations” more often
than global holomorphic vector fields and the generalization of the previous
theory to this case is not difficult.

Let M be a complex manifold of dimension m. First we give the following
definition.

Definition 6.2.1. A dimension one singular holomorphic foliation F on M is
determined by a system {(Uq, Vo, fo) }, where {U, } is an open covering of M,
Ve is a holomorphic vector field on U,, for each o, and f,g is a nonvanishing
holomorphic function on U, N Ug, for each pair («, ), such that

vg = faﬂva on UsN Uﬂ- (621)

Let F = {(Ua,Va, fap)} be a one-dimensional foliation. We call v, a gen-
erator of F on U,. If we denote by S(v,) the set of zeros of v, on U,, since
S(va) and S(vg) coincide in U,NUg by (6.2.1), the union (J, S(va) is an ana-
lytic set in M, which we call the singular set of the foliation F and denote by
S(F). On M\ S(F), F defines a nonsingular foliation of dimension one. The
integral curves of v, in U, \ S(vs) patch together to obtain a decomposition
of M\ S(F) into a disjoint union of one-dimensional submanifolds (leaves
of the foliation). Since the system {f.g} satisfies the cocycle condition, it
determines a line bundle, which we denote by F' and call the tangent bundle
of the foliation. We have a vector bundle homomorphism

t: F—TM,

which assigns to a section s of F represented by a collection (f,) of holomor-
phic functions f, the vector field v = f,v,, which is independent of a by
(6.2.1). The homomorphism ¢ fails to be injective exactly on S(F). Hence on
My = M \ S(F), we have the quotient bundle Np, = T My/Fy (the normal
bundle of the foliation), where Fy = F|as,, so that we have the following
exact sequence on M :

0 — Fy = TMy -~ Ng, — 0. (6.2.2)

We call TM — F the virtual normal bundle of the foliation.
In the case of one-dimensional foliations, the relevant vanishing theorem
comes from an “action” of Fj.

Definition 6.2.2. Let Fy be as above. An action of Fy on a holomorphic
vector bundle E over M is a C-bilinear map

a: AY(My, F) x A°(My, E) — A°(My, F)
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satisfying the following conditions, for f in A%(My), u and v in A%(M,, F)
and s in A°(Mo, E) :

(1) alfu, 0], 5) = a(u, a(v, 5)) - a(v, alu, 5)),

(2) ol fu,s) = falu,s),

(3) a(u, fs) =u(f)s + fa(u,s) and

(1)

a(u, s) is holomorphic whenever u and s are.
A vector bundle E with an action of Iy is called an Fy-bundle.

Definition 6.2.3. Let « be an action of Fy on E. An Fy-connection (or
a-connection, if it is necessary to specify the action) for E is a connection for
FE which satisfies the following conditions:

(1) Vs(u) = a(u, s), for s € AY(My, E) and u € A°(My, F), and

(2) V is of type (1,0).

Remark 6.2.1. Let v be a nonvanishing holomorphic vector field on My and
F, the subbundle of T'My spanned by v. Let E be a holomorphic vector
bundle and suppose we have an action of v on E (cf. Definition 6.1.1). Then
FE becomes an F,-bundle with the action « given by

a(fv,s) = fou(s).

(Note that every element u of A°(My, F) is of the form u = fv for some
f € A%(Mp).) In this case a v-connection is an F,-connection.

We also have the following

Theorem 6.2.3. (Bott vanishing theorem II) In the above situation, if V is
a Fy-connection for E, then, for a homogeneous symmetric polynomial ¢ of
degree m, one has:

Now we see that the map
a: A°(My, Fy) x A°(My, Ng,) — A°(My, Ng,)

defined by a (v, n(w)) = n([v, w]) is well-defined and makes Np, an Fy-bundle.
Let vg = TM — F be the virtual normal bundle of the foliation F. We
will see that, for a homogeneous symmetric polynomial ¢ of degree m, the
characteristic class ¢(vr) is localized at S(F).
Let S = S(F), Uy = M \ S and Uy an open neighborhood of S in M. Let
= (V}, Vo) be a pair of connections for F' and T'M, respectively, on Uy
and V§ = (V{, V1) one for F and TM on U;. Then ¢(vr) is represented by
the cocycle
P(92) = (9(V3), #(T3), (e, V1)

in A%2™ (ZJ) Now let V be an Fy-connection for N, on Uy and choose (V{,, Vo)
so that the triple (V{, Vo, V) is compatible with the sequence (6.2.2) on Up.
Then, by Proposition 5.2.1 and Theorem 6.2.3,
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e(V§) =¢(V) =0

and thus ¢(V?) is in A2™ (U, Up) and it defines a class in H2™ (M, M\ S;C),
which we denote by ¢g(vF, F) and call it localization of p(v£) by the foliation
F at S.

If S is compact, as in Sect. 1.6.2, we have the residue Res,, (F,vr; S) (also
called the Baum-Bott residue). We sometimes abbreviate it as Res,(F, S).
Moreover, if S has a finite number of connected components (Sy)x, we have
the residue Res,, (F,vs; Sy) for each A.

Let Ry be a real 2m-dimensional manifold with C'*° boundary in U; con-
taining S in its interior and disjoint from the other components. Let also
Roy = —OR,. Then the residue Res, (F,vr; S) is a complex number given by

Res, (F,vr; S)) = /

Ry

o(V3) + / p(V3VY. (6.2.4)

Rox

The above residues are also originally introduced in [13, 14], where the
residues are defined using forms with compact support.

From the above argument and Theorem 1.6.5, we have the following
theorem.

Theorem 6.2.5. In the above situation,

(1) For each connected component Sy of S(F), we have a well-defined residue
Res,(F,vr; Sy), given by (6.2.4).

(2) If M is compact,
ZRGSW(]:,Z/]:;SA):/ o(vr).
5 M

Remark 6.2.2. 1. Suppose there is a generator v of F in a neighborhood of
Sx. Then, we may show ([156, Ch.ITI, Remark 7.7.1]) that

Res,(F,vr; Sx) = Resy, (v, TM; Sy),

where the right hand side is the residue in Sect.6.1. In particular, if
Sy consists of a point p, then Res,(F,vs;p) is given by the formula in
Theorem 6.1.3.

If F is generated by a global vector field, then F' is trivial and the results
reduce to those in Sect. 6.1
2. Note that, in general, the bundle T'My or Fj does not admit Fy-actions
and that the bundle Np, does not extend to a bundle on M. Thus the residue
Res,(F,vr; S) is not of the type considered in the first part of Sect.6.3.4 or
Sect. 6.3.3 below.
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3. The bundle map F' — T'M induces an injective map on the sheaf level with
quotient Nz, which is the normal sheaf of the foliation. We have p(vr) =
©(NF). The residue theory for general singular foliation is developed using
the sheaf N ([14,156]).

4. See [147] for the case of manifolds with boundary.

6.3 Residues of Holomorphic Vector Fields
on Singular Varieties

Let M be a complex manifold of dimension m = n + k and V an analytic
variety of pure dimension n in M. If there is a holomorphic vector field, or
more generally a one-dimensional singular foliation, leaving V' invariant, we
have three kinds of residues which we describe in the following subsections.
The residue at an isolated singularity is expressed in terms of Grothendieck
residue relative to the subvariety V.

6.3.1 Grothendieck Residues Relative to a Subvariety

Let U be a neighborhood of 0 in C"** and V' a subvariety of dimension n in U
which contains 0 as at most an isolated singular point. Also, let fi,..., f, be
holomorphic functions on U and V(f1,..., f,) the variety defined by them.
We assume that V(f1, ..., fa) NV = {0}. For a holomorphic n-from w on U,
the Grothendieck residue relative to V' is defined by (e.g., [156, Ch.IV, 8])

w B 1 n W
Resg Lcl’_._,fjv o <27r\/_—1> /pf1~-~fn’

where I' is the n-cycle in V' given by

F={qeUnV||fiqg)=e;, i=1,....n}

for small positive numbers ¢;. It is oriented so that darg(fi) A --- A

darg(fa) = 0.

If kK = 0, it reduces to the usual Grothendieck residue (cf. Sect. 1.6.5), in
which case we omit the suffix V. R

If V is a complete intersection defined by h; = --- = hy = 0 in U, we have

Res[ w } — Res [wAdhlAuwdhk
CLf faly Ol farha, o bl
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In the subsequent subsections, the following theorem ([112, Lemma 3])
is useful for expressing the residue in terms of the Grothendieck residue
as above.

Theorem 6.3.1. (Ezistence of a good coordinate system) Let (V,0) be a
complete intersection in C"** and © a holomorphic vector field on a neigh-
borhood of 0 in C"*t*. Suppose that S(0) NV = {0}. Then there exists a local
coordinate system (21, ..., 2Zn+k) about 0 such that, if we express U as

n+k a
U= E ai(217-~-72n+k)
.
i=1 9z

and if we denote by (hq,...,hi) a system of defining functions of V near 0,
the set of common zeros of the holomorphic functions ay,...,an,,h1,..., g
consists only of 0.

Remark 6.3.1. In the above, it is not necessary to assume that ¥ is tangent
t0 Vieg-

6.3.2 Residues for the Ambient Tangent Bundle
(Generalized Variation)

Let M and V be as before and let ¥ be a holomorphic vector field on a
neighborhood of V. We say that v leaves V invariant (or is logarithmic for
V, cf. [136]), if U is tangent to the nonsingular part Vg of V. Suppose ¥ is
such a vector field and let v be the vector field on Ve induced from v. We
set S = S(v,V) = S(v) USing(V). Then TM|y,, Vo = V' \ S is a v-bundle
with the action

oy : A°(Vo, TM|y,) — A°(Vy, TM|y,)

given as follows. For w € A°(Vy,TM]y,), taking its extension @ to some
neighborhood of Vj, we set

(W) = [6,3]|vp. (6.3.2)

Then it does not depend on the extension w and defines a holomorphic
action. N N R

Let Up, U1, U and U = Uy U Uy be as in Sect.5.3. Because of this
action, the characteristic class p(T'M) in H3"(U) is lifted to a class ¢(T'M, D)
in H%"(Z;, [70). Moreover, if S is compact, this localization give rise to a
residue, which we denote by Res, (U, TM|v; S) instead of Res, (v, TM|v; S),
since it depends on the extension v of v. This residue is introduced in
[112, 3,Example 2], see also [113].

From Theorem 5.3.7, we have the following theorem.
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Theorem 6.3.3. In the above situation, for each connected component S
of S(v, V) and a homogeneous symmetric polynomial ¢ of degree n, we have
the residue Res, (U, TM|v;Sx) and, if V is compact,

> Res, (0, TM|v; Sy) = / ©(TM).
A 14

Now we assume that S consists of an isolated point p, v is defined near
p and that V' is a complete intersection near p. Let (z1,...,2,4%) be a lo-
cal coordinate system on M near p and let A be the Jacobian matrix of
(a1,...,an+k) With respect to (z1,...,2zn4k). Then we have the following
formula (cf. [156, Ch. IV, Theorem 5.3]).

Theorem 6.3.4. In the above situation, if (z1,...,2n+k) 18 a coordinate sys-
tem as in Theorem 6.3.1,

p(A)dzy A+ - Ndzy,

Aiy...,Qp

Res, (U, TM|v;p) = Res, .
1%

Now suppose more generally that we have a one-dimensional foliation F
on M leaving V invariant, i.e., every vector field locally defining F leaves
V invariant. We denote by Fy the one-dimensional foliation induced on the
nonsingular part of V and set S = S(F,V) = (S(F)NV)) U Sing(V) and
Vo = V\ S(F,V). We also set Fyy = F|y and Fy, = Fly,. Recall that on
My there is a vector bundle Np, and the exact sequence (6.2.2). The action
of Fy on Np, induces an action of Fy, on Npg,|y,. Thus the restriction to
V of characteristic class ¢(vr) of the virtual normal bundle vy = TM — F
of the foliation F for a homogeneous symmetric polynomial ¢ of degree n is
localized at the singular set S. Moreover, if S is compact, we have the residue
Res, (F,ve|v; S).

From Theorem 5.3.7, we have the following

Theorem 6.3.5. In the above situation, for each connected component S
of S(F,V) and a homogeneous symmetric polynomial ¢ of degree n, we have
the residue Res, (F,vrlv;Sx) and, if V is compact,

Z)\:Resw(}',uﬂv;&\):/v@(”ﬁ)-

Remark 6.5.2. 1. Suppose there is a vector field v defining F on a neighbor-
hood U of S in M. Then we have

Res, (F,vz|v; S) = Res, (v, TM|v; S).
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In particular, if S consists of a point p, then Res, (F,vz|v;p) is given by
the formula in Theorem 6.3.4. If F is generated by a global vector field v,
then Fy is trivial and the results reduce to those of v for TM|y .

2.If n =k =1,V = C is a (possibly singular) curve in a (nonsingular)
complex surface M. We have the residue essentially only for ¢ = ¢! and
S(F,C) consists of isolated points. The residue Res.i (F,vz|c;p) coincides
with the “variation” Var(F, C;p) introduced in [93] and Theorem 6.3.5 gives
a formula for the sum of the variations, which is proved in [93] by a different
approach.

6.3.3 Residues for the Normal Bundle (Residues
of Type Camacho—Sad)

The residues in this subsection are introduced in [112], generalizing the ones
already known in various special cases (cf. Remark 6.3.3 below).

In this section, we assume that V' is an LCI of dimension n defined by a
section of a holomorphic vector bundle NV over M. Recall that Nly,,, = Ny,,,,
the normal bundle of the regular part Vies. We set Ny = Nly. Let ¥ be
a holomorphic vector field on a neighborhood of V' in M which leaves V
invariant. Letting v be the vector field on (the regular part of) V induced by ,
we define the singular set S = S(v, V') as before. Then Ny, , Vo = V' \ S(v, V),
is a v-bundle with the action

Qy - AO(W% NV()) — AO(%7 NV())
given as follows. Recall the exact sequence
0 — TVieg — TMly,,, — Ny,,, — 0.

For v € A°(Vp, Ny, ), we may write v = m(@|y,) with @ a section of T'M
in a neighborhood of V{. Then we set

ay (V) = 7([v, @]|v)- (6.3.6)

Then it does not depend on the choice of @ and defines a holomorphic action.
For a symmetric homogeneous polynomial ¢ of degree n, we have the local-
ization of ¢(Ny) at S, which we denote by ¢(Ny,v), instead of p(Ny,v),
since it depends on the extension ¥ of v. Moreover, if S is compact, we have
the residue Res,, (0, Nv; S). From Theorem 5.3.7, we have the following

Theorem 6.3.7. In the above situation, for each connected component S
of S(v, V) and a homogeneous symmetric polynomial ¢ of degree n, we have
the residue Res, (U, Nv; S)) and, if V is compact,
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> Res, (0, Nv; i) = / @(N).
A \4

Now we assume that S consists of an isolated point p. If we let f =
(f1,--., fr) be a system of defining functions of V near p, the condition that
V' is invariant by v is expressed as

k
B(fi) =Y kijfj,
=1

for some holomorphic functions k;; ([136], [38]). Let K = (ki;) and ¢ a
homogeneous symmetric polynomial of degree n. Then we have the following
formula (cf. [156, Ch. IV, Theorem 6.3]).

Theorem 6.3.8. In the above situation, if (z1,...,2n+k) denotes a coordi-
nate system as in Theorem 6.53.1,

o(K)dzr A -+ Ndzy,

Res, (0, Nv; p) = Res) a u
AR n

v

Now suppose we have a one-dimensional foliation F on M leaving V in-
variant. We denote by Fy the one-dimensional foliation induced on V¢s and
set S = S(F,V) = (S(F)nNV))USing(V) and Vo = V \ S as before. Let
F be the tangent bundle of F and set Fy, = Fly, as in Sect.6.3.2. Then
we see that there is an action of Fy, on Ny, and, for a homogeneous sym-
metric polynomial ¢ of degree n, there is a localization ¢(Ny,F) of ¢(Ny )
by F. Moreover, if S is compact, we have the residue Res,(F, Nv;.S). From
Theorem 5.3.7, we have the following

Theorem 6.3.9. In the above situation, for each connected component S
of S(F,V) and a homogeneous symmetric polynomial ¢ of degree n, we have
the residue Res, (F, Nv; Sy), and if V is compact,

ZA: Res, (F, Ny; Sy) = /V ©(N).

Remark 6.5.3. 1. Suppose there is a vector field v defining F on a neighbor-
hood U of S in M. Then we have

Res, (F, Nv; S) = Res, (U, Nv; S).
In particular, if S consists of a point p, then Res,(F, Nv;p) is given by

the formula in Theorem 6.3.8. If F is generated by a global vector field v,
then I is trivial and the results reduce to those of ¥ for Ny .
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2.If n =k =1,V = C is a (possibly singular) curve in a (nonsingular)
complex surface M. We have the residue essentially only for ¢ = ¢! and
S(F,C) consists of isolated points. If C' is nonsingular at p, the residue
Res.1 (F, N¢; p) coincides with the index defined by C. Camacho and P. Sad
in [42] and, in general, it coincides with the one defined by T. Suwa in [154],
which is also equal to the one defined by A. Lins Neto in [114], provided C
is locally irreducible at p. Also, if C is compact, we have, by Theorem 6.3.9,

Z Rescl(f,NC;p):/cl(N):Cz,
c

peS(F,C)

where C? denotes the self-intersection number of C' in X. This is the for-
mula proved in [42] when C is nonsingular and is the one proved in [154]
in general. Equivalent formulas are obtained for X = CP? in [114]. We call
Res.1 (F, N¢; p) the Camacho—Sad index and also denote it by Indcs (F, C; p).

3. If V' is nonsingular, Theorems 6.3.7, 6.3.8 and 6.3.9 reduce to the ones
in [110]. In particular, the formula in 6.3.8 becomes as follows. If p is a

nonsingular point of V| we may take a local coordinate system (21, ..., 2ntk)
so that f1 = zp41,..., fk = 2zntk define V near p. Then the invariance
condition for V' by ¥ is that ap41,...,an+k vanish on V. Thus (21, ..., Zn1k)

is a good coordinate system in the sense of Theorem 6.3.1. On the other
hand, k;; and Oapn4/0%,4; are equal on V.

Let us denote by A the Jacobian matrix d(a1,...,an+k)/0(21,- -, Zntk)
and by A; and A the Jacobian sub-matrices

Ay =0(ar,...,an)/0(z1,. .., 2n)

A2 = 8(an+1, e ,an+k)/8(zn+1, ey Zn+k)-
We recover the formula

o(A2)dzy A+ Ndzy
Aiy...,Qp

Res, (F, Nv;p) = Res,

in [110, Théoréme 1].

4. Theorem 6.3.9 is generalized to the case of higher dimensional singular
foliations on M (cf. B. Gmira [67], J.-P. Brasselet in ([115], Remark 1), A. Lins
Neto [115], D. Lehmann [110] and for a general setting T. Suwa [156]).

5. In [1], M. Abate proved a Camacho-Sad type index theorem for fixed
curves of holomorphic self-maps of complex surfaces and used it to prove the
existence of a parabolic curve at a fixed point of a holomorphic self-map of the
complex plane. Then it was realized by M. Abate, F. Bracci and F. Tovena
that the index theorem can be proved and generalized in the framework of
the residue theory for holomorphic foliations as explained in this section, see
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[2,21,24]. Furthermore, in [3] the residue theories for holomorphic maps and
for foliations are unified and much generalized using a version of vanishing
theorem finer than the one we expect to have by assuming the involutiveness.

In [22,23], the residue theory for fixed subvarieties of holomorphic self-map
of certain singular varieties is developed. It is used to prove the existence of
a parabolic curve at a fixed point of a holomorphic self-map of surfaces with
certain type of singularity.

6.3.4 Residues for the Virtual Tangent Bundle
(Singular Baum—Bott)

Let M, V, v, v and S = S(v,V) be as in the previous section. Recall that
the virtual tangent bundle of V' is defined by 7 = TM|y — Ny . From the
actions of v on the bundles TM|y and Ny given by (6.3.2) and (6.3.6),
respectively, we have the localization ¢(m,0) of ¢(7y) for a symmetric ho-
mogeneous polynomial of degree n. Moreover, if S is compact, we have the
residue Res, (U, 75 Sy) for each connected component Sy of S. From Theorem
5.3.7, we have the following theorem ([156, Ch.IV, Theorem 7.1]).

Theorem 6.3.10. In the above situation, for each connected component S
of S(v, V) and a homogeneous symmetric polynomial ¢ of degree n, we have
the residue Res, (U, 7v; Sx), and if V' is compact,

;Resw(ﬁ,Tv;S)\):/V(p(T).

Now we assume that S consists of an isolated point p and that we have
a vector field ¥ defined in a neighborhood of p in M. For a homogeneous
symmetric polynomial ¢ of degree n, we write ¢ =3, @ - ¢} so that (1) =
Yope(TM) - ¢y(N) and set p(H) := >, ¢e(A) - ¢,(K). Then we have the
following formula (cf. [156, Ch. IV, Theorem 7.2]).

Theorem 6.3.11. In the above situation, if (z1,...,zn+k) denotes a coordi-
nate system as in Theorem 0.3.1,

O(H)dzy A+ Ndzy

Res, (U, 7v;p) = Res,
Aiy...,0n

v
In particular, if ¢ = ¢, the above formula coincides with the formula in

Theorem 5.7.1 (cf. Proposition 6.3.1 below). These residues together with the
formulas as above are given in [111].

Remark 6.5.4. If p is a regular point of V', then we may take a coordinate
system (z1,...,2n+k) about p as in Remark 6.3.3, 3. Then, on V, K = A,
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and dapyi/0z; =0fori =1,...,k and j = 1,...,n. Hence the formula in
Theorem 6.3.11 reduces to

Res, (U, 7v;p) = Res, p(Ar)dzy A= Adz )
Aiy...,0n

which is the Baum-Bott residue (Theorem 6.1.3) on V.

In fact, for this residue, we only need a vector field on the nonsingular
part of V. Thus, suppose we are given a holomorphic vector field v on the
regular part of V. We denote by S = S(v,V) the union of Sing(V') and the
singular set S(v) of v and set Vo = V' \ S. Let U, Uy and Uy be as before. On
Vo, TVj is a v-bundle with the action given in Sect.6.1. This action defines
a localization o(7y,v) of p(my) at S. If S is compact, we have the residue
Res, (v, v; Sy) for each connected component Sy of S.

Note that, if we have an extension ¥ of v, we have

Res, (U, v; Sx) = Resy (v, 7v; Sy).
Note also that, if S}, is in the regular part of V', then, we have
Res, (v, 7v;Sx) = Res, (v, TV; Sh),

the residue in Sect. 6.1.

Theorem 6.3.12. Let v be a holomorphic vector field on the regular part
Vieg of a variety V' of dimension n as above and ¢ a homogeneous symmetric
polynomial of degree n. For each connected component Sy of S(v, V'), we have
the residue Res, (v, 7v;Sx), and if V' is compact,

;Resw(U,Tv;S)\):/V(p(T).

We also have the following (cf. [156, Ch.IV, Proposition 7.8])

Proposition 6.3.1. In the above situation,
Rescn(v, TV, S)\) = IndVir(v, S)\)

Now suppose we have a one-dimensional foliation F on M leaving V in-
variant. We denote by Fy the one-dimensional foliation induced on V¢s and
set S =S(F,V)=(S(F)nV))USing(V), My =M\ S(F) and Vo =V \ S.
Let F be the tangent bundle of F and set Fy = F|y, and Fy, = Fly, as
before. Recall that Ng,|v, and Ny, are Fy,-bundles with the actions given
in Sects. 6.3.2 and 6.3.3. If we set Np,, = TVy/Fy,, it is also an Fy,-bundle
with the action given in Sect. 6.2.
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We try to compute the restriction to V' of the class o(TM — N — F) of the
virtual bundle TM — N — F = vy — N = 7 — F for a homogeneous symmetric
polynomial ¢ of degree n. In fact there are two ways to localize the class.
Namely, we have the residue Res,(F, (vr — N)|y;S) of F on (vr — N)|v,
which come from the actions of Fy, on Ng,|y, and Ny, and the residue
Res,,(Fy, (1t — F)|v;S) of Fyy on (1 — F)|y, which comes from the action
of Fy, on Np, . However, it can be shown that in fact the two residues are
equal ([156, Ch.IV, (7.11)]):

Resy (F, (vr — N)|v; S) = Resy (Fv, (1 — F)|v; S). (6.3.13)

Denoting by vz, the restriction (TM—N—F)|y = (vg—N)|v = (1—F)|v,
we denote the above residue by Res,(Fv,vr,;S). We quote the following
theorem from [156, Ch.IV, Theorem 7.12].

Theorem 6.3.14. In the above situation, for each connected component S
of S(F,V) and a homogeneous symmetric polynomial ¢ of degree n, the
residue Res, (Fv,vr, ; Sx) is defined, and if V' is compact,

ZRGS@(]:\/,Z/]:V;S)\):/ o(t — F).
5 %

Remark 6.3.5. 1. Suppose there is a vector field v defining F on a neighbor-
hood U of S in M. Then we have

Res, (F, (vr — N)|v; S) = Resy, (U, 7v; S).
In particular, if S consists of a point p, the residue
Res, (Fv,vr,;p) = Resy(F, (vr — N)|v;p)
is given by the formula in Theorem 6.3.11. If F is generated by a global vector

field U, then F is trivial and the results reduce to those of v for 7 .

2. Note that, in general, the bundle T M|y, or Fy, does not admit Fy,-actions
and that the bundle Ng, |y, or N, does not extend to a bundle on V.

3. If V is nonsingular, the virtual bundle vr, is equivalent to TV — Fy and
the above theory reduces to the one in Sect. 6.2.

4. Theorem 6.3.14 is generalized to the case of higher dimensional singular
foliations on M (see [156, Ch.VI]).

From Proposition 6.3.1, (6.3.13) and Remark 6.3.5, 1, we have the following:

Proposition 6.3.2. Let M, V and F be as above and let S be a compact
connected component of S(F, V). Suppose there is a vector field v defining F
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on a neighborhood U of S in M and denote by v the vector field on Un Vieg
induced from v. Then Indyi; (v, S) does not depend on the choice of such a
vector field U and is an invariant of Fy .

In particular, considering the case S = {p}, from Theorem 5.5.1, we have:

Corollary 6.3.1. In the above situation, Indgsy (v, p) is an invariant of the
foliation Fy .

In view of the above, we denote Indggv (v, p) by Indgsy (Fv,p). The fol-
lowing theorem is a consequence of Theorems 5.5.1, 5.6.3 and 6.3.14 and
Proposition 6.3.1.

Theorem 6.3.15. Let M,V and F be as above. Assume that V is compact
and that S(F,V) consists of a finite number of points p1,...,pr. Then

> Indasv(Fv,pi) :/ c(r — F).

i=1 4

Remark 6.53.6. 1. If n = k = 1, V = C is a (possibly singular) curve in

(nonsmgular) complex surface. We have c!'(r — F) = c'(7) — ¢}(F) and
f ¢ x'(C), the virtual Euler—Poincaré characteristic of C. Hence the
above formula becomes

ZIHdGSV(]:Cypi) =x'(C) - / cH(F),

i=1 ¢

which is proved independently in [93] and by Brunella [39], by different
approaches.

There are some interesting relations among the residues in Sects. 6.3.2—
6.3.4. A general formula is given in [156, Ch.IV, 7]. Here we give a formula
in the case n = k = 1. Thus V = C is a possibly singular curve in (a
nonsingular) surface M. In this case, we have

Indasv(Fc,p) = Var(F,C; p) — Indcs(F, C; p).

There are explicit examples of the residues in [156, Ch.IV, 8]. Example 5.7.1
is one of them.



Chapter 7
The Homological Index and Algebraic
Formulas

Abstract We have already defined and studied several indices of vector
fields on singular varieties, each of them being related to some property of
the index of Poincaré—Hopf, or to some extension of the tangent bundle to the
case of singular varieties. There is another line of research with remarkable
works by various authors, that originates in the well-known fact (cf. Example
1.6.2) that for a holomorphic vector field v in C™ with an isolated singularity
at 0, the local Poincaré-Hopf index satisfies:

Indpg(v,0) = dim Ocn 0/ (a1, , an), (7.0.1)

where (a1, - ,a,) is the ideal generated by the components of v. In the real
analytic setting, the equivalent statement is given by the formula of Eisenbud—
Levin—Khimshiashvili, expressing the local Poincaré—Hopf index through the
signature of a certain quadratic form.

These facts motivated the search for algebraic formulas for indices of vec-
tor fields on singular varieties. A major contribution in this direction was
given by V. I. Arnold for gradient vector fields. There are also significant
contributions by various authors, such as X. Gémez-Mont, S. Gusein-Zade,
W. Ebeling and others.

In this chapter we give a glance of some of the research in this direction, and
we refer to the literature for more on that topic. We discuss first the homolog-
ical index for holomorphic vector fields, introduced by X. Gémez-Mont and
further studied by himself in collaboration with Ch. Bonatti, P. Mardesi¢,
L. Giraldo, H.-C. G. von Bothmer and W. Ebeling. In the last section of
this chapter we discuss briefly the Eisenbud-Levin—Khimshiashvili formula
for the index of real analytic vector fields, and its generalization to singular
varieties.

The homological index has the important property of being defined for
holomorphic vector fields on arbitrary complex analytic isolated singularity
germs (V,0). When the germ (V,0) is a complete intersection, the homologi-
cal index coincides with the GSV-index, by [17,68].

If we now let V' be a compact complex variety with isolated singularities,
one has a well-defined notion of the total homological index for holomorphic

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_7, 115
(© Springer-Verlag Berlin Heidelberg 2009
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vector fields on V' with isolated singularities, defined in the usual way. This
total index is independent of the choice of vector field, being therefore an
invariant of V. If V is a local complete intersection as in Sect. 5.4, then the
corresponding global invariant is the 0-degree Fulton—Johnson class of V' (see
in Chap. 11).

It would be interesting to know what the homological index measures for
singular germs and varieties which are not local ICIS. This is related with
extending the notion of Milnor number to isolated singularity germs which
are not complete intersections (see Chap.9).

7.1 The Homological Index

The basic references for this section are the articles by Goémez-Mont and
various co-authors, see [17,62-65,68-70]. See also [7,92,97].

An algebraic formula for the index of holomorphic vector fields on singular
varieties was given in [71], inspired by (7.0.1), but that formula applies only
under very stringent conditions: for holomorphic vector fields on a hypersur-
face germ V which are tangent to the fibers of a defining function f of V.

Using the fact that in the classical case, when the ambient space is smooth,
the Poincaré—Hopf local index can be interpreted as the Euler-characteristic
of a certain Koszul complex (see [75]), Gémez-Mont introduced in [68] a
notion of the homological index of holomorphic vector fields. Let us explain
this invariant.

Let (V,0) € (C™,0) be a germ of a complex analytic variety of pure
dimension n, which is regular on V' \ {0}. So V is either regular at 0 or else
it has an isolated singular point at the origin. A vector field v on (V,0) can
always be defined as the restriction to V' of a vector field v in the ambient
space which is tangent to V' \ {0}; v is holomorphic if ¥ can be chosen to
be holomorphic. So we may write v as v = (a1, -, an,) where the a; are
restriction to V of holomorphic functions on a neighborhood of 0 in (C™,0).

It is worth noting that given any space V' as above, there are always holo-
morphic vector fields on V with an isolated singularity at 0. This nontrivial
fact is indeed a weak form of a stronger result ([16, p. 19]): in the space
O(V,0) of germs of holomorphic vector fields on V at 0, those having an iso-
lated singularity form a connected, dense open subset @y (V,0). Essentially
the same result implies also that every v € ©y(V,0) can be extended to a
germ of holomorphic vector field in C™ with an isolated singularity, though
it can also be extended with a singular locus of dimension more that 0, a
fact that may be useful for explicit computations (c.f. the last part of the
following section).

A (germ of) holomorphic j-form on V at 0 means the restriction to V'
of a holomorphic j-form on a neighborhood of 0 in C™; two such forms in
C™ are equivalent if their restrictions to V' coincide on a neighborhood of
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0 € V. We denote by (2{/70 the space of all such forms (germs); these are the
Kihler differential forms on V at 0. So 2}, Vo 18 the local structure ring O(v,o)

of holomorphic functions on V" at 0 and each Q V.0 is an ), ;-module. Notice
that if the germ of V' at 0 is determined by (f1,--- , fx) then one has:

Ao = Qo o) (Fr0%h g+ AL NI L feh o+ dfe ALY, (T.10)

where d is the exterior derivative.
Now, given a holomorphic vector field v at 0 € C™ with an isolated singu-
larity at the origin, and a differential form w € 2., ,, we can always contract

w by v in the usual way, thus getting a differential form i,(w) € Qcm o- If
v = D]y is tangent to V, then contraction is well defined at the level of
differential forms on V' at 0 and one gets a complex (§27,,v):

0— 2y, — 0‘7}51 — - — Oy — 0, (7.1.2)

where the arrows are contraction by v and n is the dimension of V; of course
one also has differential forms of degree > n, but those forms do not play a
significant role here. We consider the homology groups of this complex:

HJ’(Q\./,07U) = Ker (Q{/,o - Qj 1)/1 (Q{/J,E)l - Qg/,o)

The first observation in [68] is that if V' is regular at 0, so that its germ at 0
is that of C™ at the origin, and if v = (a1, - , a,) has an isolated singularity
at 0, then this is the usual Koszul complex. In that case, its homology groups
vanish for j > 0, while

H0(9€/70,U) = O(Cn’o/(al, s ,an).

In particular the complex is exact if v(0) # 0. Since the contraction maps are
Oy p-module maps, this implies that if V' has an isolated singularity at the
origin, then the homology groups of this complex are concentrated at 0, and
they are finite dimensional because the sheaves of Kéahler differentials on V
are coherent. Hence it makes sense to define, for V' a complex analytic germ
with an isolated singularity at 0 and v a holomorphic vector field on V' with
an isolated singularity at 0:

Definition 7.1.1. The homological index Indpom(v,0;V) of the holomor-
phic vector field v on (V,0) is the Euler characteristic of the above complex:

n

Indhom(v7 O; V) = Z(_l)lhz(fz\./,m ’U),



118 7 The Homological Index and Algebraic Formulas

where h;({2y,,,v) is the dimension of the corresponding homology group as
a vector space over C.

We recall that an important property of the Poincaré-Hopf local index is
its stability under perturbations. This means that if we perturb v slightly
in a neighborhood of an isolated singularity, then this zero of v may split
into a number of isolated singularities of the new vector field v/, such that
the sum of indices of v’ at these singular points equals the index of v. If the
ambient space V' has an isolated singularity at 0, then every vector field on V'
necessarily vanishes at 0, since in the ambient space the vector field defines
a local flow with 0 as fixed point. Hence every perturbation of v producing
a vector field tangent to V' must also vanish at 0, but new singularities may
arise with this perturbation. The homological index satisfies a stability under
this type of perturbations (called the “Law of Conservation of Number” in
[64, 68]):

Theorem 7.1.3. (Gémez-Mont [68, Theorem 1.2]) For every holomorphic
vector field v' on V' sufficiently close to v one has:

Idpom (v, 0; V) = Indyom (v, 0;V) + > Indpu(v/),

where the sum on the right runs over the singularities of v at reqular points
of V near 0.

This theorem is a special case of the following general theorem of [64]:

Theorem 7.1.4. (Law of Conservation of Number) Let T and V' be complex
analytic spaces with T reduced and locally irreducible, and let m : T xV — T
be the projection to the first factor. Let K* be a complexr of Orxy coherent
sheaves,

0 — K" —K" ! —... —-K—0,

where the sheaves K’ are Op-flat and the support of the homology sheaves
HI(K*) is w-finite. Then, for every (to,po) € T X V there are neighborhoods
T and V' of to and po, respectively, such that for every t € T' we have:

X(Kiyp0) = D X(KE )

qeV’

where x denotes the Euler characteristic of the homology groups (vector
spaces) of the corresponding complezes.

As mentioned before, it is proved in [17] that if the germ (V,0) is an ICIS
then the homological and GSV indices coincide, a fact previously known
only for hypersurface germs (see [68]). Theorem 7.1.3 plays a key-role for
identifying these indices, as we explain below in the case of hypersurfaces.



7.2 The Hypersurface Case 119

Remark 7.1.1. 1. Given V and v as above, the Schwartz index of v at 0,
introduced in Chap. 2, is also defined, and one can easily show, using Theorem
7.1.3, that the difference:

Indgen — Indhom

is a constant that depends only of the space V' and not on the choice of the
vector field v. What is this constant?. We will see in Sect.2 below that for
hypersurface singularities this is the Milnor number (up to sign). By [17] the
same statement holds for ICIS.

2.If V is smooth at 0 then the Poincaré-Hopflocal index of every holomorphic
vector field is necessarily > 0. The analogous statement for the GSV-index is
easily seen to be false if V is singular. For example, if V' is the affine curve
in C2 defined by the homogeneous polynomial:

flay) =" +4F, k>1,

then the radial vector field v = (z,y) is obviously tangent to V', singular only
at 0, and a straight-forward computation using the formulas in Sect. 2 below
shows that its GSV index (which equals the homological one) is 1 — (k—1)2,
which is negative if k > 2. However the results in [16] show that in all cases
there is a smallest possible index that the holomorphic vector fields on an
isolated singularity germ (V,0) may attain, and this index is attained by an
open and dense set in the space of germs of holomorphic vector fields at 0;
what is this lower bound?

Obviously this provides an invariant of the singularity which is interesting
to study. This is closely related to asking what is a generic vector field on a
singular variety?

Conjecture: Let (V,0) be an ICIS germ of dimension n > 1, with Milnor
number p > 1, and let v be a holomorphic vector field on V' with an isolated
singularity at 0. Then the Poincaré-Hopf index of any continuous extension
of v to a nearby Milnor fiber of V' is > 1 + (—1)"p.

It is not hard to show that this conjecture is true for curves, i.e., when V'
has complex dimension 1, and for quasi-homogeneous germs of all dimensions.

7.2 The Hypersurface Case

Let us restrict the discussion to the case when V is a hypersurface, follow-
ing [68]. The aim now is twofold: on one hand we want to give an algebraic
expression to compute the homological index using linear algebra, as in the
case of vector fields in C™. On the other hand we use this algebraic formula,
together with the stability property 7.1.4 of the index, to show that for hy-
persurfaces the homological and the GSV indices coincide. To establish the
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algebraic facts in [68] that lead to these statements is not an easy task and
requires hard computations, so we only sketch here some of the main points.
We refer to Gémez-Mont’s article for the actual proofs and details. We refer
to [17] for the equivalent arguments for the index of vector fields on complete
intersection singularities.

Let B = B"! be an open ball around the origin in C**! and let f :
B"t! — C be a holomorphic function with 0 € C"*! as its only critical
point. Hence the 1-form 3 1! %dzi vanishes only at 0 € C"*!, where 5—i
denotes the partial derivative of f with respect to z;. Let Z; be the Jacobian

ideal (d%é, o, 2Ly € Og g of f. Given a vector field v tangent to V, with

Y dzn41
a unique singularity at 0, restriction of a vector field v = (a1, -+ ,an+1) on
B with a unique singularity at the origin, it is shown in [68, Theorem 2] that
the homology groups H;({2y,,v) of the complex (7.1.2) have dimensions:

h’o(‘Q\./,07 U) = dlm(c OB,O/(]C7 ai,:-- 7an+1)7
hn (£2V,9,v) = dimc Op,o/(f, Zy),
hi(2%yg,v) =A, for i=1,....,n—1,

where 0 < X < dimc Opo/(f,Zs) is the integer:

. . df .
A =dime Opo/(f, a1, ,ans1) + dime OIB,O/(%(U)yaly"' yQng1)

- dlm(c OB,O/(ah e 7an+1)7

noticing that the tangency condition for ¥ means that ¥(df) is a multiple
of f, so that %(T/) is a holomorphic function on B. As a consequence of
these computations Gémez-Mont deduced the following expressions for the
homological index (Theorem 1 in [68]).

Theorem 7.2.1. Let (V,0) be an isolated hypersurface singularity (germ) of
dimension n in C" 1, and let v be the restriction to V of a holomorphic vector
field © on a neighborhood B of 0 in C™"*1, which has an isolated singularity
at 0 and is tangent to V.

(1) If n is odd, then the homological index of v is:
Indpom (v,0; V) = dime Op o/ (f, a1, -+, ant1) — dime Opo/(f, Zy).
(2) If n is even, then:

Indhorn(vy 07 V) = dlm(C OB,O/(ah Tty an+1)

— dime OB,O/(%@), a1, ansr) + dime Os.0/(f,I;).
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The next step is easy once we have Theorem 7.1.3 above, i.e., the stability
of the index under perturbations. In fact, one has:

Lemma 7.2.1. The difference
Indhom (v,0; V) — Indgsy(v,0; V) = k,

is a constant that depends only on K and not on the choice of vector field.

The proof of this lemma is an exercise: both indices satisfy a “Law of
conservation of Number”; in the case of the homological index this is Theorem
7.1.3, while for the GSV index this is an immediate consequence of the fact
that it equals the Poincaré—Hopf index of any continuous extension of the
vector field to the Milnor fiber. This implies that the difference between both
indices (GSV and homological) is locally constant on the space ©y(V,0) of
germs at 0 of holomorphic vector fields tangent to V', because both indices
coincide with the usual index of Poincaré-Hopf on V;¢.. Hence this difference
is constant on all of ©y(V,0), since this space is connected. O

Notice that for the previous lemma we did not use the fact that V is a
hypersurface: the same statement holds for local complete intersections, and
in general for every isolated singularity germ if we replace the GSV index by
the Schwartz index (of course in that case the constant k& will be different).

Thus, in order to prove that for hypersurface singularities the GSV and
homological indices coincide, we only need to find an appropriate vector field
for which one can show that the constant & vanishes, and this is what Gémez-
Mont does in the last Sect.3.2 of [68]. It is proved in [17] that a similar
argument works to identify both indices on complete intersection germs. The
hard, and possibly most interesting, part in that case is to find algebraic
formulae for the index that actually allow explicit computations.

To complete the arguments in the hypersurface case one must distinguish
again between even and odd dimensions. If the dimension of V' is odd, so that

V is defined by the holomorphic map (germ) (C2",0) EN (C,0), then one has
the Hamiltonian vector field

_<ﬁ_ﬁ. of _af)

622 ’ 621 ’ ’ 622n ’ 82271,1

defined on all of C?" and with 0 as its only singularity. The differential of
fis:

0 )
df(Zl7~.-’22n):8—i(zl’... 722n)dzl+...+%

(Zla T 7Z2n) dzap.

Thus one has:

Il
o

df ()
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everywhere on C?"\ {0}. This means that ¢ is not only tangent to the hyper-
surface V := f71(0), but it is also tangent to all the nonsingular hypersurfaces
V; := f~1(t), and with no singularity on each V;, t # 0. This implies that its
GSV index is 0. On the other hand, in this case Theorem 7.2.1 says that the
homological index is:

dime Ocen o/ (f, a1, ,a2,) — dimc Ocen o/ (f,Zy) = 0,

since in this case the components of ¢ are the partial derivatives of f, so they
generate the Jacobian ideal Z;. Hence both indices coincide for vector fields
on hypersurface singularities of odd dimension.

When the dimension of V' is even the considerations are similar in spirit:
one constructs a holomorphic vector field on every such singularity germ,
whose homological and GSV indices can be computed explicitly and to show
that they coincide. However the construction of such examples is not that
simple now. Let us denote the coordinates of C?"*! by (20,21, ,22n) and
consider the vector field:

G (p 0L 0L o 0
o ’ 822 ’ 821 ’ ’ aZQn ’ 82’2n_1 ’

We assume we have chosen the coordinates in such a way that v has an
isolated singularity at 0, i.e., that the hypersurface V' = {f = 0} meets only

at 0 the set ﬂfﬁl % = 0}. We set v = U|y. Notice one has:

df . of
7(”) - 82’07

hence v is tangent to V. Since v has an isolated singularity at 0, the homo-

logical index of v on V' can be computed using ¥ in the formula 7.2.1. One

has: 5 9
Indnom (v,0; V') = dimc Ogp,o/(f, a—f"' !

20 ’ 822n

).

Now we must compute the GSV index of v and compare it with the homo-
logical index. For this Gémez-Mont notices that v is also the restriction to V'
of the holomorphic vector field:

a:(oﬁ o7 0f of ).

’ 622 ’ 621 ’ ’ 622n ’ 82271,1

which is tangent to all the nonsingular hypersurfaces f~1(t), t # 0. The

singular set of u is the complete intersection curve defined by the ideal

(a%i R a—aL), which meets each nonsingular fiber f~!(¢) at finitely many
1 Z2n

points, whose total sum (counting multiplicities) is the GSV-index of v on

V. A direct computation then shows that this index equals the homological

one. Thus we arrive to the following Theorem 3.5 of [68]:
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Theorem 7.2.2. Let (V,0) be an isolated hypersurface germ in C™"1 n>1.
Then the homological index of every holomorphic vector field on V with an
isolated singularity, equals the Poincaré—Hopf index of every continuous ez-
tension of v to a Milnor fiber of V.

Remark 7.2.1. 1. The formula of Gémez-Mont in 7.2.1 requires that the ex-
tension ¥ of the vector field v to the ambient space also has an isolated
singularity. O. Klehn in [97] gives an algebraic formula for the index that
only requires v to have an isolated singularity on V. In [98] the same author
studies the particular case of vector fields that extend to the ambient space
being tangent to the fibers of some smoothing and he gives an algebraic for-
mula for the index of such holomorphic vector fields when the ambient space
has dimension 1 (compare with the algebraic formula in [71]). This formula
also applies to the real analytic case.

2. If V is a compact hypersurface with isolated singularities in a complex
manifold M and one has a global holomorphic vector field on V' with isolated
singularities, then one can define its total homological index in the obvious
way. Since this index coincides with the GSV-index, which coincides with the
virtual index, it follows that the total homological index is independent of the
choice of vector field and equals the 0-degree Fulton—Johnson class of V', i.e.,
the Euler—Poincaré characteristic of a global smoothing of V' (see Chap. 11).
B. Khanedani in [92] extended the definition of the homological index to
sections of general linear fibered spaces over complex analytic spaces, and
proved that the total sum of indices is independent of the choice of section.
It would be interesting to determine what this sum is.

3. The definition of the homological index was extended in [65] to holomorphic
vector fields with an isolated singularity on hypersurface germs with noniso-
lated singularities; an algebraic formula to compute this index is also given
in that article when the singular locus has dimension 1. We know from [38]
that every complex analytic germ (V, 0) has a logarithmic stratification which
is Whitney regular when the germ is holonomic (i.e., when the stratification
has finitely many strata). In this case it is natural to ask if the homological
index also coincides with the GSV-index defined in Chap. 3 if one considers
the logarithmic stratification.

7.3 The Index of Real Analytic Vector Fields

It is natural to ask whether one can also find an algebraic formula for comput-
ing the index of a C'°°, or real analytic, vector field at an isolated singularity.
It seems that this question was first raised by V. I. Arnold (c.f. [172]), and the
answer was given independently by D. Eisenbud and H. Levine in [58] and by
G.N. Khimshiashvili in [94], proving that the index can be computed as the
signature of an appropriate bilinear form. This signature formula is proved
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in [10] by means of a limit process concerning functions on a finite set with
involution, while the proof in [58] is of an algebraic nature and has a number
of important consequences. This formula, usually known as the Eisenbud—
Levine formula, was used by Arnold in [9] to give an upper bound for the
index of homogeneous real analytic vector fields with an isolated singularity
in terms of the degrees of the components. In [95] the signature formula is
used to generalize the Petrovskii—Oleinik inequalities in real algebraic geom-
etry. There is also an algebraic formula in [9,10] for the index of gradient
vector fields in terms of signatures of certain quadratic forms, and this leads
to a formula for the Euler characteristic of the fibers of real valued analytic
mappings. These results have also motivated interesting research in this vein
for real analytic vector fields on singular varieties.

7.3.1 The Signature Formula
of Eisenbud—Levine—Khimshiashvili

The formula of [58,94] is somehow the paradigm of all the later algebraic
formulas for indices of analytic vector fields on real analytic singular varieties.
Let us denote by Agn o the local ring of germs of real analytic real-valued
functions, and consider a germ of a vector field v = (a1, -, a,) at 0, where
the components are elements in Agn . We let B, be the local algebra of v:

By, := Agrno/(a1, -+ ,an),

where (a1, - ,ay) denotes the ideal generated by the components of v. The
dimension of B, as a vector space over C is the multiplicity A(v) of v at 0. If
A(v) < 00, then v necessarily has an isolated zero at 0, but the converse is not
necessarily true: A(v) < oo is equivalent to saying that the complexification
ve of v has an isolated singularity at 0. In this case we say that the singularity
of v at 0 € R™ is algebraically isolated. The signature formula of [58] and [94]
deals with such vector fields. In fact the theorem in [58] is proved for C*°
vector fields with an isolated singularity of “finite multiplicity.”

It is noticed in [58] that the multiplicity alone does not determine the
local index, as it does in the complex case, and one needs to get further
information from the local ring in order to determine the index. For this,
given an analytic vector field v with finite multiplicity, let J, be the Jacobian
of v, i.e., the (local) function whose value at each point is the determinant
of the matrix:

8(11 . 3(1.1
oxq Oxp
dan ... Oan

oxq Oxp
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For simplicity we also denote by J, the residue class of the Jacobian in the

local ring B,,. Now observe that B, is actually an algebra and given a linear

functional ¢ : B, — R one can define a map B, X B, <f—’g2 R by:

(fr9) = (fr9)s = o(f9),

so the map (,) is given by the composition,
B, x B, — B, -5 R.

This is clearly a bilinear form. Let Sgn(v) denote the signature of this bilinear
form, i.e., the number of positive eigenvalues minus the number of negative
eigenvalues. Then one has the index formula of [58,94]:

Theorem 7.3.1. One can always choose the linear form ¢ so that $(J,) > 0,
and in this case one has:

Indpp(v,0) = Sgn(v),

independently of the choice of ¢.

We refer to either [58] or [10] for a proof of this theorem. As an example
[58], consider the vector field on R? 2 C given by v(z) = 22, which we regard
as the real analytic vector field (22 — y?, 2zy) with local index 2. A basis for
its local algebra B, is given by {1,x,y,J,}, where J, = 4(z? + y*} is the
Jacobian. One can take as ¢ the linear functional that takes J, into 1 and
all the other basis elements into 0. The matrix of the corresponding bilinear
form is:

whose signature is 2.

Remark 7.3.1. If the real analytic vector field has an isolated singularity that
is not algebraically isolated, the signature formula for the index does not hold
for several reasons. In [43] V. Castellanos used the Koszul complex analogous
to (7.1.2) with real analytic forms replacing the holomorphic ones, to obtain
a signature formula in this setting.
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7.3.2 The Index on Real Hypersurface Singularities

We know that for real analytic hypersurfaces there is not “a” Milnor fiber
but there are fibers to the left and to the right of a critical value, say 0 € R,
with possibly different topology. Therefore one can not define in general an
index in the spirit of the GSV-index, i.e., a well-defined integer associated to
each vector field with an isolated singularity, which measures the number of
zeroes of an extension of the vector field to a Milnor fiber: the number one
gets depends on the choice of Milnor fiber (see [6] or Chap. 4 above).

If the hypersurface is odd dimensional, things are simpler from the topolog-
ical viewpoint because the Euler—Poincaré characteristic of the Milnor fiber
is well defined; however for even dimensions this is only well defined mod-
ulo 2. Still, the formulas by Arnold in [9, p. 3] show that for gradient vector
fields, the algebra behind the function determines the Euler characteristic of
the fibers in all cases: it is 1 + ¢ where o is the signature of an appropriate
bilinear form on the local ring (algebra) of the singularity.

This suggests that something can be done for vector fields in general on
real analytic hypersurface singularities. This program was carried out in-
dependently (and differently) by Gdémez-Mont and Mardesié on one hand
([69,70], see also [62,66]) and by Ebeling and Gusein-Zade [49] on the other
hand.

The work in [49] is somehow inspired by the formulas in [78,166]; for this
the authors define an index of vector fields with an isolated singularity, which
is the radial index that we introduced in Chaps. 2 and 4, and then they give an
algebraic formula to compute this index when the vector field is the gradient
of a function.

The work of Gémez-Mont and Mardesi¢ is closely related to the formula in
[58,94]; let us have a glance of what they do. Let U be an open neighborhood
around 0 in R**! and let f : (U,0) — (R, 0) be analytic with an algebraically
isolated singularity at 0 ( i.e., its complexification has an isolated singularity);
set V = f71(0). Let A be the local ring of f at 0 (an algebra in fact):

of of
A = Agn —
R +1’0/(6$17 9 3xn+1 )
where (86_$f1’ I afnfﬂ) = Jy is the Jacobian ideal of f. This algebra is finite

dimensional because of the assumption that V' has an algebraically isolated
singularity, and it has a distinguished element: the class of the Hessian,

Hess(f) := det ((8228];])) €A

This class generates an ideal in A which is minimal in the sense that it is
contained in every nonzero ideal of A (see [58,94]).
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Now comnsider a real analytic vector field v on V N U, tangent to V and
with an algebraically isolated singularity at 0. Thus v is the restriction to V'
of a real analytic vector field ¥ on a ball B C R, such that df (v)(z) = 0
for each x € V. Since the ideal of functions vanishing on V is generated by
f, one has that df (v) is a multiple of f, so the assumption of v being tangent
to V is actually equivalent to saying that there exists h, € Agn+1 o so that
df (v) = fhe.

Following [69, 70], we consider the local algebra of v = (a1, -+, ant1):

BU = ARn+170/(a1, e ,an+1).

This algebra is also finite dimensional because v has an algebraically isolated
singularity, and it also has a distinguished element: the class of the Jacobian

of v: B
Jy = det ((a%)) € B,.

We know that in the signature formula of [58,94] for the index (when the
ambient space is smooth), the Jacobian J, and the signature of a certain
quadratic form determine the index. In the case envisaged here one must
consider the relative Jacobian J¢(v) and the relative Hessian Hess(f) intro-
duced respectively in [69,70]. It is shown that J, is divisible by A, in B, and
thus the relative Jacobian J;(v) is a well-defined element (see [69, p. 1528]),

Jy
Jr(v) == 7€ B,/Annp, (h,),

where Anng, (h,) is the annihaltor, h, being as above. It is proved that there
is a linear map ¢ : B,/Ann(h) — R such that ¢(J;(v)) > 0. The product
in B,/Ann(h) together with ¢ defines a bilinear form on B,/Ann(h). Let
Sgny, o(v) denote the signature of this bilinear form.

It is proved in [69] that the function Sgny, , “behaves like an index” in the
sense that for n even it satisfies the law of conservation of number:

Sgnw)(v) = Sgnw)(vt) + Z Indexpy (ve, z; V' \ {0})

zeV\{0}
v (2)=0

for x close to 0 and v; tangent to V' and close to v. The same formula holds
for n odd under a certain additional hypothesis.
Similarly, the relative Hessian is defined in [70] by:

Hessyal(f) = Hezs(f ) € A/Anna(hy).
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It is shown in [70] that one can also construct a linear functional ¢ on
A/Anny (h,) so that:
¢'(Hessper(f)) > 0;

the construction of this functional follows the line of the general theory devel-
oped in [10,58,94]. As before, one may use this functional to define a bilinear
form. Let Sgn 4(h,) denote the signature of this bilinear form.

Now, if V has odd dimension n > 1, the Euler-Poincaré characteristic of
the fibers V; = f~1(t) N Dy, t # 0 is well defined, and so is the index Indgsy
defined in Chap. 3: it is the Poincaré—Hopf index of an extension of v to a non-
singular fiber f~1(¢), t # 0. In this case Theorem 1 of [70] gives an algebraic
formula for the index of an analytic vector field which is tangent to V:

Theorem 7.3.2. Let n > 1 be an odd integer, let V. = f~1(0) C R*"*! be
a real analytic hypersurface with an algebraically isolated singularity at 0O,
and let v be a real analytic vector field on V with an algebraically isolated
singularity at 0. Then:

Indgsv(v) = Sgngy,)(v) — Sgn 4 (hy),
where h, = df (v)/f € A.

We refer to [70] for the proof of this result and for several explanations
giving insights of the geometry and algebra behind this formula. Notice that
if V is regular at 0, then this formula reduces to the one in [58,94]. We refer
to [69] for a discussion when V' is even-dimensional.



Chapter 8
The Local Euler Obstruction

Abstract The local Euler obstruction was first introduced by R. MacPherson
in [117] as an ingredient for the construction of characteristic classes of sin-
gular complex algebraic varieties. An equivalent definition was given by J.-P.
Brasselet and M.-H. Schwartz in [33] using vector fields. Their viewpoint
brings the local Euler obstruction into the framework of “indices of vector
fields on singular varieties,” though the definition only considers radial vector
fields. This approach is most convenient for our study which is based on [29,
32] and shows relations with other indices. There are various other definitions
and interpretations, in particular due to Gonzalez-Sprinberg [72], Verdier,
Lé-Teissier and others. The survey [27] provides an overview on the subject.

Section 1 below is devoted to the definition of the local Euler obstruction
and some of its main properties. The behavior of the local Euler obstruc-
tion relatively to hyperplane sections is described in Sect. 2, following [29].
In Sect.3 and the thereafter we study a generalization of the local Euler
obstruction introduced in [32] and called the Euler obstruction of the func-
tion, or also the “Euler defect”; this is an invariant associated to map-germs
on singular varieties. MacPherson’s local Euler obstruction corresponds to
the square of the function distance to the given point. It is shown in [150],
and explained in the last section of this chapter, that this invariant can be
expressed in terms of the number of critical points in the regular part of a
Morsification of the function.

8.1 Definition of the Euler Obstruction. The Nash
Blow Up

We begin by recalling the definition of the Nash transformation of a singular
variety V' of dimension n. Since the definition is local we may restrict to
germs of varieties.

Let (V,0) be a reduced, pure-dimensional complex analytic singularity
germ of dimension n in an open set U C C™. Let G(n,m) denote the
Grassmanian of complex n-planes in C™. On the regular part Ve of V' there

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_8, 129
(© Springer-Verlag Berlin Heidelberg 2009
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is amap 0 : Vieg — U X G(n,m) defined by o(z) = (2, T3 (Vseg)). The Nash
transformation V of V' is the closure of Im(c) in U x G(n,m). It is a (usually
singular) complex analytic space endowed with an analytic projection map

vV —V

which is a biholomorphism away from v~!(Sing(V)). Notice that each point
y € Sing(V) is being replaced by all limits of planes Ty, Vies for sequences
{z;} in Viez converging to y.

Let us consider the tautological bundle over G(n, m) and denote by 7 the
corresponding trivial extension bundle over U x G(n,m). We denote by 7
the projection map of this bundle. Let T be the restriction of 7 to ‘7, with
projection map m. The bundle T" on V is called the Nash bundle of V. An
element of T is written (x, P,v) where z € U, P is a n-plane in C™ based at
x and v is a vector in P. So we have maps:

T ZV-LvV

Let us consider a complex analytic stratification (V,,)aca of V satisfying
the Whitney conditions. Adding the stratum U \ V we obtain a Whitney
stratification of U. Let us denote by T'U|y the restriction to V' of the tangent
bundle of U. We know that a stratified vector field v on V' means a continuous
section of TU|y such that if x € V, NV then v(z) € T,(V,). By Whitney
condition (a) one has the following lemma of [33]:

Lemma 8.1.1. Every stratified vector fieldv on a subset A C'V_has a canon-
ical lifting to a section ¥ of the Nash bundle T over v=1(A) C V.

Now consider a stratified radial vector field v(x) in a neighborhood of {0}
in V, i.e., there is ¢ such that for every 0 < e < g¢, v(x) is pointing outwards
the ball B, over the boundary S, := 0B..

The following interpretation of the local Euler obstruction has been given
by Brasselet—Schwartz [33]. We refer to [117] for the original definition which
uses 1-forms instead of vector fields (see also Chap. 9 below).

Definition 8.1.1. Let v be a radial vector field on VNS, and v the lifting of
von v 1(VNS,) to a section of the Nash bundle. The local Euler obstruction
(or simply the Euler obstruction) Euy (0) is defined to be the obstruction to
extending ¥ as a nowhere zero section of T over v~ 1(V N B.).

More precisely, let O(v) € H?** (v~ (VNB.),» 1 (VNS:)) be the obstruc-

tion cocycle to extending v as a nowhere zero section of T inside v~! (VNB.).
The local Euler obstruction Euy (0) is defined as the evaluation of the cocycle
O(v) on the fundamental class of the pair (v~*(V NB.),v~1(V NS.)). The
Euler obstruction is an integer.
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Remark 8.1.1. We notice that for € > 0 small enough, if v is a nowhere zero
section of T' defined on v~1(V N'S.) which lifts a vector field transverse to
VNSe, then the Euler obstruction Euy (0) equals the obstruction to extending
¥ as a nowhere zero section of T over v~V NB.). This is a consequence of
the fact that every section v as above is homotopic to a section of T over
v~V N'S.) obtained by lifting a radial vector field of V at 0. Hence, to
calculate the Euler obstruction of (V,0) it suffices to construct a nowhere

zero section of T defined on v~V N'S:) which lifts a vector field transverse
to V' N'S.. Of course one also needs to understand how this section extends
to v~V NB.).

The following result summarizes some basic properties of the Euler ob-
struction:

Theorem 8.1.1. The Euler obstruction satisfies:

(1) Euy (z) = 1 if z is a regular point of V.

(2) BEuyxvr (2 x ') = Euy (z) - Euy/ (2').

(3) If V is locally reducible at x and V; are its irreducible components, then
Euy (x) = Euy, ().

(4) Euy (z) is a constructible function on V, in fact it is constant along the

strata of a Whitney stratification.

These statements are all contained in [117], except for (iv) which is im-
plicitly stated there and we refer to [33] for a detailed proof. Now we have
the following result of [33].

8.1.1 Proportionality Theorem for Vector Fields

In this section, we prove the Proportionality Theorem for vector fields in [33]:

Theorem 8.1.2. Let v be a stratified vector field on V which is obtained
by radial extension in a neighborhood of a singularity x € V,. Let v be the
canonical lifting of v to a section of the Nash bundle T over the boundary
of v (V NB.(x)), where B.(x) is a small ball around x in C™. Let O(v) €
H?"(v=H(VNB(2)),r 1 (VNSe(x))) be the obstruction cocycle to extending

¥ as a nowhere zero section of T inside v=>(V N B.(z)) and let Buy (v, z)
be the evaluation of O(V) on the fundamental class of the pair (V_l(V N
Be(x)),v=*(V N Se(x))). Then one has:

Euy (v, z) = Indpu (v, z; Vy) - Euy (x) (8.1.2)

where Indpy (v, 2; V) is the Poincaré-Hopf index at x of the restriction of v
to the stratum that contains x.
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In short this theorem says that the obstruction Euy (v, z) to extend the
lifting © as a section of the Nash bundle inside v~1(V N B.(x)) is propor-
tional to the Poincaré-—Hopf index of v at x, the proportionality factor being
precisely the local Euler obstruction.

Let p be a point in a stratum V,, with n, = dim¢ V, > 0. Let B a ball
around p in M, small enough so that T'V,, is trivial on BNV, and set S = 0B.
We denote by T* M, T*V,, and T* the bundles obtained from 7'M, T'V,, and
T, respectively, by removing the zero sections.

We denote by 8(M,V;p) the set of homotopy classes of stratified vector
fields on V obtained by radial extension of some vector field around p on V.
We remark that, by [48] Theorem 1.1, this set coincides with the set of usual
homotopy classes of stratified vector fields.

On the other hand, we denote by 6(V,,p) the set of (usual) homotopy
classes of vector fields of V,,, defined and nonvanishing on S NV,,. Note that
Sa :=SNV, is a (2n, — 1)-sphere, so that such a vector field v, defines a
map

Go. * Sa 25 T Vs, — Sa x €\ {0} 22 €7\ {0},

where h is an isomorphism.

This correspondence induces a bijection of 6(V,,p) onto the homotopy
group map,,_, —1(C"*\{0}) ~ Z, where the isomorphism is given by the mapping
degree. A vector field v, as above may be extended to a vector field on B
with isolated singularity at p. Recall that, by definition, Indpn(va, Va;p) is
the mapping degree of ¢, . In summary, 6(V,, p) ~ Z, which is generated by
the class [vq,rqq] Of & radial vector field on V,,, singular at p.

Lemma 8.1.2. There is a natural bijection between O(M,V;p) and 6(Vy,p).
Thus
0(M,V;p) ~Z.

It is generated by the class [vrqd] of a stratified radial vector field. Moreover,
the elements in 0(M,V';p) are classified by their local Schwartz index at p.

Proof. Note that the map

given by restriction is well-defined. It is surjective by the radial extension pro-
cess above. We also see that it is injective by applying a similar construction
to homotopies on S, .

Let us recall the classical construction to describe the element [k - vq, rad)
in (V,,p). If k > 0, let V¥S,, denote the bouquet of k copies of S, obtained
by collapsing to a point k half-spheres of dimension (2n,, —2) in S, through
the north and south poles. We have a collapsing map & : S, — V*S, and a
map ¢ : V¥S, — C™= \ {0}, which is equal to ¢, ., on each S,. Then, we
define the map & - ¢, ,., as the composition

pok:S, — C"\{0}.
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The element in 0(V,,p) corresponding to [k - va, req) is the homotopy class
of the vector field k - vg raa := h™H(z,0 0 k(x)) on S,. If k = =X\ < 0,
one can provide a similar description taking the bouquet of A spheres and
using, instead of vq rqd, a real linear diagonal vector field in C"* having the
2nq-vector (—1,1,--- 1) as its diagonal coeflicients.

PROOF OF THEOREM 8.1.2. Let n, = dim¢ V,. If n, = 0, then v = v,,q and
we have identity 8.1.2. Thus we assume that n, > 0 hereafter.

We denote by vy.q a stratified radial vector field at p. The vector field v is
stratified and nonvanishing on a small sphere S around p. By Lemma 8.1.2,
we have a stratified homotopy

P:(SNV) x[0,1] — T*M|snv

between v and k - vyaq, £ = Indgen(v, V;p). Here k - v;09 denotes the radial
extension of the vector field k - v4 rqq on SN V. Thus we have

dImp =v(SNV) — k- va(SNV)
as chains in T Mgy . Since ¢ is stratified, we can lift it to a homotopy
Y SNV x [0,1] — T |,-1gnv)
and we have
OTm e = 5 (SNV)) = (k- traa) (SN V))

as chains in T l-1(snv)-
The description following Lemma 8.1.2 shows that

—_~—

(k- 0ead) NS NV)) = k- Uraa (1S N V)

as chains in T l-1(snv)-

Taking a triangulation or a cellular decomposition of v~ 1(B N V) and
extending the homotopy 1/; to the (2n — 1)-skeleton of the decomposition,
we see that the obstruction to extending ¢ is k = Indgcy(v, V;p) times the
obstruction to extending v;,4. By definition of the Euler obstruction, we have
the theorem. O

8.2 Euler Obstruction and Hyperplane Sections

The idea of studying the Euler obstruction “&la” Lefschetz, using hyperplane
sections, is found in the work of Dubson [46] and Kato [88]. Also in [106] there
are results in this spirit for the Euler obstruction and also for the Chern
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classes of singular varieties. The approach we follow here is that of [29,32],
which is topological.

We start with the following lemma, which is a special case of well-known
results about Lefschetz pencils. Let us denote by £ the space of complex linear
forms on C™. Fix a Whitney stratification of V. There are a finite number of
strata of this Whitney stratification which contain 0 in their closure, and we
assume that the representative of (V,0) is chosen small enough so that these
are the only strata of V.

Lemma 8.2.1. [29] There exists a nonempty Zariski open set £2 in L such
that for every | € (2, there exists a representative V' of (V,0) so that:

(1) for each x € V, the hyperplane 1=1(0) is transverse in C™ to every limit
of tangent spaces in T'Vieg of points in Vieg converging to x,

(2) for each y in the closure Vo inV of each strata Vo, a = 1,...,4, the
hyperplane 1=1(0) is transverse in C™ to every limit of tangent spaces in TV,
of points converging to y.

In particular, for each I € §2 one has for the Nash transformation

V CC™x (G(n,m)\ H*),
where H* := {T € G(n,m) such that I(T") = 0}.
Then we can state the following Theorem:

Theorem 8.2.1. [29] Let (V,0) be a germ of an equidimensional complex
analytic space in C™. Let V,,, a = 1,...,¢, be the (connected) strata of a
Whitney stratification of a small representative V' of (V,0) such that 0 is in
the closure of every stratum. Then for each | € 2 as in 8.2.1 there is €9 such
that for any €, €0 > € > 0 and to # 0 sufficiently small, we have the following
formula for the Euler obstruction of (V,0):

L
Euy (0) = x(Va NB:N17Y(t)) - Buy (Va),
a=1

where x denotes the Euler—Poincaré characteristic and Euy (V,,) is the value
of the Euler obstruction of V' at any point of Vo, a=1,... 4.

Theorem 8.2.1 has been proved in [29], an alternative proof is given by
Schiirmann in [137]. We notice that the formula above is somehow in the
spirit of the formula by Lé-Teissier in [106].

Remark 8.2.1. As noticed in [32], Theorem 8.2.1 can be stated through the
framework of bivariant theory [26,61] : the local Euler obstruction, as a con-
structible function, satisfies the local Euler condition with respect to general
linear forms.
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In the statement of Theorem 8.2.1 the closed ball may be replaced by an
open ball, and/or the Euler characteristic may be replaced by the compactly
supported Euler characteristic (see [26, 135]); these all agree locally. Also
notice that the formula in 8.2.1 is similar to the index formula in [47].

Let us give some consequences of the theorem. We notice that the generic
slice VN B. NI~1(tp) in 8.2.1 is by definition (see [73]) the complez link of 0
in V. In the case of an isolated singularity the complex link is smooth and
there is only one stratum appearing in the sum in Theorem 8.2.1. In this case
the theorem gives:

Corollary 8.2.1. Let V be an equidimensional complex analytic subspace of
C™ with an isolated singularity at 0. The Euler obstruction of V' at 0 equals
the GSV index of the radial vector field on a general hyperplane section VNH.

The corollary is an immediate consequence of the theorem above and the
definition of the GSV index in Chap. 3. We notice that this proves that the
corresponding GSV index does not depend on the choice of the linear form.

In the case of a complete intersection of dimension n with isolated singular-
ity the corresponding complex link is the Milnor fiber F of the linear function
[. By [79] F has the homotopy type of a bouquet of spheres of real dimension
n — 1 and the number of such spheres is called the Milnor number p of the
singularity. Thus the Euler characteristic x(F) equals 1+ (—1)""*u(V N H)
and we have the formula of [46,88], see also [106, (6.2.1)]:

Corollary 8.2.2. Let V' be a complex analytic complete intersection in C™
with an isolated singularity at 0. The Fuler obstruction of V at 0 equals
14+ (=) 1 u=Y  where p=1 s the Milnor number at 0 of a general
hyperplane section of V.

Corollary 8.2.3. Let V be an equidimensional complex analytic space of
dimension n in C™ whose singular set Sing(V') is 1-dimensional at 0. Let
be a general linear form defined on C™ and denote by Fy, the local Milnor
fiber at O of the restriction of | to V. The singularities of ¥y are the points
F,NSing(V) =: {z1,...,xm}. Then,

Euy (0) = x(F¢) —m+ Y _ Euy (2;).

Proof. This is a consequence of 8.2.1, of the remark
X(Ft) =m = x(F; — Sing(V))

and of the fact that the local Euler obstruction at a nonsingular point is equal
to 1. Observe that, since each x; is an isolated singular point of F;, we can
apply 8.2.1 to compute the right hand side of 8.2.3, because

EUV (.’)3,) = EuFt (.’)3,) .

We may also apply 8.2.2 if the singularities of F; are complete intersections.
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8.3 The Local Euler Obstruction of a Function

In this section we define an invariant introduced by J.P. Brasselet, D. Massey,
A. J. Parameswaran and J. Seade in [32], which measures in a way how far
the equality given in Theorem 8.2.1 is from being true if we replace the
generic linear form ! by some other function on V with at most an isolated
stratified critical point at 0. For this it is convenient to think of the local Euler
obstruction as defining an index for stratified vector fields. To be precise, let
(V,0) be again a complex analytic germ contained in an open subset U of
C™ and endowed with a complex analytic Whitney stratification {V,}. We
assume further that every stratum contains 0 in its closure. For every point
x € V, we will denote by V, () the stratum containing x. We recall first some
well-known concepts about singularity theory which originate in the work of
R. Thom.

Let f : V — C be a holomorphic function which is the restriction of a
holomorphic function f : U — C. We recall [73] that a critical point of f
is a point € V such that df (z)(T,(Va(z))) = 0. We say, following [103],
[73], that f has an isolated singularity at 0 € V relative to the given Whitney
stratification, if f has no critical points in a punctured neighborhood of 0 in V.

Let us denote by gradf ( ) the conjugated gradient vector field of f at a

point € U, defined by gradf( ) = (%% ,#), where the bar denotes
complex conjugation. From now on we assume that f has an isolated singular-
ity at 0 € V. This implies that the kernel Ker(d f) is transverse to T, (V,(x))

in any point € V' \ {0}. Therefore at each point = € V' \ {0}, we have:

Angle(gradf(z), T (Va (2))) < 7/2,

so the projection of gradf(z) on Ty (Va(z)), denoted by (q(z), is not zero.
Let V3 be a stratum such that V,, C Vﬁ, and let 7 : U, — V,, be a tubular
neighborhood of V, in U. Following the construction of M.-H. Schwartz in
[141, §2] we see that the Whitney condition (a) implies that at each point
y € Vg NU,, the angle of {g(y) and of the parallel extension of (,(7(y)) is
small. This property implies that these two vector fields are homotopic on
the boundary of U,. Therefore, we can glue together the vector fields ¢, to
obtain a stratified vector field on V, denoted by grady, f. This vector field is

homotopic to gradﬂv and one has grad, f # 0 unless z = 0.

Definition 8.3.1. Let v : V — V be the Nash transformation of V. We
define the local Euler obstruction of f on V at 0, denoted Euy,y (0), to be the
Euler obstruction Eugzg (0) (see Definition 8.1.1) of the stratified vector

field grad, f at 0 € V.

In other words, let C~ be the lifting of grad; f as a section of the Nash
bundle T over V without singularity over v=*(V NS,), where S, = 9B. is the
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boundary of a small sphere around 0. Let (’)(E) € H*» (V’l(V NB.),v=1(Vn
Sg)) be the obstruction cocycle to the extension of E as a nowhere zero section
of T inside v~1(V N B.). Then the local Euler obstruction Euy,v(0) is the
evaluation of O(¢) on the fundamental class of the pair (v~ (VNB.), v~ (VN
Se)).

We notice that all these definitions and constructions also work when f
is the restriction to V of a real analytic function on the ambient space. For
instance, we can take f to be the function “distance to 0 on V,” then grady, f
is a radial vector field and the invariant Euyy (0) is the usual local Euler
Obstruction of V' at 0.

We remark that the usual Hermitian metric on C™ defines a Riemannian
metric which allows us to identify the real vector bundles TC™ and T*C™.
The latter is the holomorphic cotangent bundle and under the above identi-
fication df corresponds to the conjugate gradient vector field.

A reason for considering the conjugate gradient vector field grady, f, and
not the usual gradient vector field grady, f, is given by the following Lemma,
where f can be taken to be the restriction to V of either a real or complex
analytic function on the ambient space. This lemma is also used in the proof
of the main result in this chapter, Theorem 8.4.1.

Lemma 8.3.1. Up to homotopy, the vector field grad]ch is the lifting of a
constant vector field on C, via df.

Proof. The gradient vector field satisfies

df(gradf(z)) = |[gradf(z)|[* € R\ {0}  forz eV \ {0},

so it is the lifting, up to scaling, of a constant vector field on a small disk
in C.

8.4 The Euler Obstruction and the Euler Defect

Now we have the following result of [32]; this compares the Euler obstruction
of the space V with that of a function on V. According to Proposition 8.5.1,
Theorem 8.2.1 is a special case of Theorem 8.4.1 taking f to be a general
linear form.

Theorem 8.4.1. Let f : (V,0) — (C,0) have an isolated singularity at
0€V. One has:

Euy (0) = (Z x(Va NB. N £ (tg)) ~Euv(Va)> + Euy v (0).
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In other words, the invariant Euy - (0) measures the difference:

Euy (0) — (Z x(Va NB. N £ (1)) - EuV(Va)> ,

so it can be regarded as the “defect” for the local Euler obstruction of V'
to satisfy the Euler condition with respect to the function f. In this way
one can generalize the definition of the Fuler obstruction to functions with
nonisolated singularities and one gets the Fuler defect introduced in [32]. This
arises as a natural application of Massey’s work [118,119] on intersections of
characteristic cycles and derived categories.

The main step for proving 8.4.1 is the lemma below. To state this lemma
we need some notation. We choose € > 0 sufficiently small so that every
sphere S,/ in U centered at 0 and radius €’ < ¢ intersects transversally every
stratum in V' \ {0}. Choose ¢ > 0 small enough so that for each ¢ in the disk
D5 of radius 6 around 0 € C, the hypersurface f~1(t) intersects transversally
the sphere S.. Now choose ¢’ with 0 < ¢’ < ¢, and a point ¢y € Ds such that
Y;, := f71(to) does not meet the sphere S... We notice that the strata V,
intersect Y;, transversally and provide a Whitney stratification of this space.

Lemma 8.4.1. There is a stratified vector field w on Voo = VN (B \
Int(B./)) such that:

(1) it coincides with grady, f on VNS and its restriction to VNS, is radial;
1t s tangent to Yy,

(2) w has only a finite number of zeroes, and they are all contained in Yz, ,

(3) at each zero x, w is transversally radial to the stratum containing x (i.e.,
it is transverse to the boundary of a tubular neighborhood of the stratum,).

For the proof of Lemma 8.4.1, we refer the reader to [32]. The first steps
of the proof are an interesting application of M.H. Schwartz techniques in
order to construct the vector field w on a tube B. N f~1(Ds) \ {0}, transverse
(outwards pointing) to the boundary of the tube. The final step is to extend
this vector field to all of V' using Theorem 2.3 in [29]. Let us show how one
deduces Theorem 8.4.1 from Lemma 8.4.1 (see [32]):

PROOF OF THEOREM 8.4.1: (Assuming Lemma 8.4.1.) We first notice that if
¢ is a stratified vector field on a neighborhood of {0} in V' which is everywhere
transverse to a small sphere S,, then ¢ is homotopic to a radial vector field
by elementary obstruction theory. Hence to compute the Euler obstruction
it is enough to consider vector fields transverse to S..

The restriction of the vector field w of 8.4.1 to 9(Ver ) is a stratified vector
field, so it can be lifted as a section @ of the Nash bundle T on v HO(Var )
by 8.1.1. Let us denote by Obs(w,v~1(V.)) the obstruction to extending w
to v=1(Vz). One has:
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Obs(@, v~ (Vz)) = Obs(@, v~ (Ver)) + Obs(@, v~ (Ver )
By statement (1) in Lemma 8.4.1 this formula becomes
Euy (0) = Euy,y(0) 4+ Obs(w, v (Vo ).

By statement (3) in the Lemma 8.4.1 the contribution of Obs(w, v~ (Vz .))
is concentrated on v~1(Y;, NB.). Statements (3) and (4), together with the
“Theorem of Proportionality” ([33], Théoréme 11.1), Theorem 8.1.2 above,
imply that the contribution of each singularity x of w to Obs(w, v~ (V. .)) is
Euy (z)-times the local Poincaré—Hopf index of w at z, regarded as a vector
field on the stratum V,(z). Furthermore (by (2) and (4)), the sum of the
Poincaré-Hopf indices of the restriction of w to V, NY;, is x(Va NY;, NB.),
and Theorem 8.4.1 follows. |

Remark: The results of this section have been generalized in [76] to the
case of functions with values in C*, k& > 1.

8.5 The Euler Defect at General Points

By definition, if 0 is a smooth point of V and a regular point of f then
Euyv(0) = 0 since in this case Euyy(0) is the Poincaré-Hopf index of a
vector field at a nonsingular point. In Proposition 8.5.1 below we prove that
this is the case in a more general situation.

Definition 8.5.1. Let (V,0) C (U,0) be a germ of analytic set in C™
equipped with a Whitney stratification and let f : (V,0) — (C,0) be a holo-

I~

morphic function, restriction of a regular holomorphic function f : (U,0) —
(C,0). We say that 0 is a general point of f if the hyperplane Ker dj?(O) is
transverse in C™ to every generalized tangent space at 0, i.e. to every limit of
tangent spaces T, (Vy,), for every V, and every sequence z; € V,, converging

to 0.

We notice that for every f as above the general points of f form a
nonempty open set on each (open) stratum of V', essentially by Sard’s the-
orem. We also remark that this definition provides a coordinate free way
of looking at the general linear forms considered in Theorem 8.2.1. In fact
the previous definition is equivalent to saying that with an appropriate local
change of coordinates f is a linear form in U, and it is general with respect
to V.

Proposition 8.5.1. Let 0 be a general point of f : (V,0) — (C,0). Then

Eujgv(O) =0.
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The proof of this Proposition is implicit within the proof of 2.3 in [29] and
is also a consequence of Theorems 8.2.1 and 8.4.1 together. However we prove
it here, following [32], for completeness and because this is how one deduces
formula 8.2.1 from 8.4.1.

Proof. In a first step define the map

T (UxGn,m) xC" LpscC

by F(x, T,y) = dﬁ(y), where Djs is a small disk around 0. As 0 is a general
point of f, then K =T N F~1(0) is a sub-bundle of T of (complex) codimen-
sion 1 and dF maps the orthogonal complement of K isomorphically over
T(Ds). In fact, since f has an isolated singularity at 0 in V', away from 0 the
kernel Ker(df) is transverse to each stratum and its orthogonal complement
(in each stratum) determines a sub-bundle Q of TC™ [y~ {0}; the restriction of

dfto @ is an isomorphism between @ and T'(D;). Furthermore, since Ker(df)
is transverse to each limit of tangent spaces at points (x;) € Vieg converging
to 0, it follows that @ lifts to a sub-bundle of T of dimension 1, which is pre-
cisely the orthogonal complement of K. This implies that each nowhere-zero
vector field on Dy lifts compatibly to a vector field on V' \ {0} and also to a
section of T\v Finally notice that the gradient vector field grad, f can be
obtained by lifting such a vector field, which we know from Lemma 8.3.1.

8.6 The Euler Obstruction via Morse Theory

This section is taken from [150], by J. Seade, M. Tibar and A. Verjovsky. Here
we show how stratified Morse theory yields to a clear understanding of what
the invariant Euy v (z) is for arbitrary functions with an isolated singularity.
These results can also be deduced from Schiirmann’s book [138], and also
from the work of D. Massey, [118,119]. For this we recall the definition of
complex stratified Morse singularities (see Goresky—MacPherson [73], p. 52).

Definition 8.6.1. Let V,, be a Whitney stratification of V- and let f : V' — C
be the restriction to V' of a holomorphic function f : C™ — C; assume for
simplicity 0 = f(x). One says that f : (V,z) — (C,0) has a stratified Morse
critical point at x € V if the dimension of the stratum V,, that contains = is
> 1, the restriction of f to V,, has a Morse singularity at = and f is general
with respect to all other strata containing « in its closure, i.e., Ker df(z) is
transverse in C™ to every limit of tangent spaces Ty, (V3), for every stratum

V3 such that V, C V3 and every sequence z; € V3 converging to z.

We recall that every map-germ f on (V,0) can be morsified, i.e., approx-
imated by Morse singularities. This is proved in [104] for f with an isolated
singularity.
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The theorem below is contained in [150]. Notice that 8.5.1 is included here.

Theorem 8.6.1. Let f be a holomorphic function germ on (V,0) with an
isolated singularity (stratified critical point) at 0, restriction of a function f
on an open set in C™. Let Vo, C 'V be the stratum that contains 0. Then:

(1) If dimV, < dimV and Ker df does not vanish on any generalized tan-
gent space of the reqular stratum (in particular if f is Morse at 0), then
EUfyv(O) =0.

(2) If f has a stratified Morse singularity at 0 € V, and dimV,, = dimV = n,
then Euy v (0) = (—1)".

(3) In general, the number of critical points of a Morsification of f in the
regular part of V is (—1)" T Euy v (0).

Proof. Take a small enough ball B, in C™, centered at 0 and of radius € > 0.
Let v be the gradient vector field grady, fy restricted to the sphere V N 0B,
and consider the lift v to the Nash blow-up 1% given by 8.1.1. By hypothesis
the kernel of df does not vanish on any limit of tangent spaces at points in
the regular stratum V;c,. Since V is obtained by attaching to T'V;c, all limits
of tangent spaces of points in Vieg, one has that if 0 ¢ Vieg, then by the
definition of stratified Morse points, the section v of T can be extended over
v~V NB.) without zeros, just as in the proof of 8.5.1. This proves the first
statement in 5.4.

To prove the second statement of 5.4 we notice that in this case the variety
V' is locally isomorphic to C™ at 0, so its Nash transform is C"* and the Nash
bundle T is the tangent bundle of C". Hence, by definition, Euy - (0) is the

Poincaré—Hopf index at 0 of the gradient vector field gradf = (QL i) .

Oz Oxam
This equals Jg—l)"—times the Poincaré—Hopf index at 0 of the vector field
gradf = (8‘9—361, ey %). Hence our claim is equivalent to saying that the

Milnor number p of f is the degree of gradf, which is Milnor’s Theorem 7.2
in [121].

Finally statement (iii) is an immediate consequence of the previous two
statements and the morsification theorem: perturb f to obtain a Morse func-
tion fas on V. It is clear that Euy v (0) equals the sum  Euy,, v(g;), where
the sum runs over the Morse critical points g; of fas, since f and fas can be
assumed to coincide away from a small neighborhood of 0.

Remark: In [151] there are several formulae relating the invariant Euy 1 (0)
with other invariants of functions on singular varieties. In [77] this invariant
is related with the Bruce—Roberts Milnor number defined in [38].



Chapter 9
Indices for 1-Forms

Abstract When considering smooth (real) manifolds, the tangent and
cotangent bundles are isomorphic and it does not make much difference
to consider either vector fields or 1-forms in order to define their indices
and their relations with characteristic classes. When the ambient space is
a complex manifold, this is no longer the case, but there are still ways for
comparing indices of vector fields and 1-forms, and to use these to study
Chern classes of manifolds. To some extent this is also true for singular
varieties, but there are however important differences and each of the two
settings has its own advantages.

In this chapter we briefly review the various indices of 1-forms on singular
varieties through the light of the indices of vector fields discussed earlier. We
define in that way the Schwartz index, the radial index, the GSV index, the
homological index and the local Euler obstruction, and we study some of
their relations and properties.

In this short presentation we include work done by various authors, par-
ticularly by W. Ebeling and S. Gusein-Zade, as well as ourselves in [36].
In the last section we discuss briefly the “indices of collections of 1-forms”
introduced by W. Ebeling and S. Gusein-Zade: just as the index of a 1-form
corresponds to the “top Chern class” (of a manifold or of a singular variety,
in a sense that will be made precise in later chapters), so too the indices of
collections of 1-forms correspond to other Chern numbers.

Let us mention that in his book [138], J. Schiirmann introduces methods
to studying singular varieties via micro-local analysis, and part of what we
say below can also be considered in that framework.

9.1 Some Basic Facts About 1-Forms

In this section we study some basic facts about the geometry of 1-forms and
the interplay between real and complex valued 1-forms on (almost) complex
manifolds, which plays an important role in the sequel. The material here is
all contained in the literature; we include it for completeness and to set up

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_9, 143
(© Springer-Verlag Berlin Heidelberg 2009
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our notation with no possible ambiguities. We give precise references when
appropriate.

Let M be an almost complex manifold of real dimension 2m > 0. Let T M
be its complex tangent bundle. We denote by T*M the cotangent bundle of
M, dual of TM; each fiber (T*M), consists of the C-linear maps T M, — C.
We denote by TrM the underlying real tangent bundle of M; it is a real
vector bundle of fiber dimension 2m, endowed with a canonical orientation.
Its dual T M has fiber the R-linear maps (Tg M), — R.

Definition 9.1.1. Let A be a subset of M. By a real (valued) 1-form n on
A we mean the restriction to A of a continuous section of the bundle T M,
i.e., for each © € A, 1, is an R- linear map (Tg M), — R. We usually drop
the word “valued” here and speak only of real 1-forms on A. Similarly, a

complex 1-form w on A means the restriction to A of a continuous section of
the bundle T*M, i.e., for each x € A, w, is a C-linear map (T'M), — C.

Notice that the kernel of a real form 7 at a point z is either the whole fiber
(Tr M), or a real hyperplane in it. In the first case we say that z is a singular
point (or zero) of n. In the second case the kernel kern, splits (Tg M), in
two half spaces (TRM™),; in one of these the form takes positive values, in
the other it takes negative values.

We recall that a vector field v in R?™ is radial at a point z if it is transverse
to every sufficiently small sphere around x in R?™. The duality between real
1-forms and vector fields assigns to each tangent vector 9/dz; the form dx;
(extending it by linearity to all tangent vectors). This motivates the following
definition ([49,50]):

Definition 9.1.2. A real 1-form n on M is radial (outwards-pointing) at a
point z € M if, locally, it is dual over R to a radial outwards-pointing vector
field at x. Inwards-pointing radial vector fields are defined similarly.

In other words, n is radial at a point x if it is everywhere positive when
evaluated in some radial vector field at x. Thus, for instance, if for a fixed
x € M we let p.(z) be the function ||z — z||? (for some Riemannian metric),
then its differential is a radial form.

Remark 9.1.1. The concept of radial forms was introduced in [49]. In [50]
radial forms are defined using more relaxed conditions than we do here. How-
ever this is a concept taken from the corresponding notion of radial vector
fields, so we use definition 9.1.2.

A complex 1-form w on A C M can be written in terms of its real and
imaginary parts:
w = Re(w) + iIm (w).

Both Re (w) and Im (w) are real 1-forms, and the linearity of w implies that
for each tangent vector one has:

Im (w)(v) = —Re (w)(iv),
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thus
w(v) = Re(w)(v) — iRe (w)(iv).

In other words the form w is determined by its real part and one has a 1-to-1
correspondence between real and complex forms, assigning to each complex
form its real part, and conversely, to a real 1-form 7 corresponds the complex
form w defined by:

w(v) = n(v) —in(iv).
This statement (observed in [50],[73]) refines the obvious fact that a com-
plex hyperplane P in C™, say defined by a linear form H, is the intersection

of the real hyperplanes H := {Re H = 0} and ¢ H. This justifies the following
definition:

Definition 9.1.3. A complex 1-form w is radial at a point = € M if its real
part is radial at x.

Recall that the Euler class of an oriented vector bundle is the primary
obstruction to constructing a nonzero section [153]. In the case of the bundle
Tg M, this class equals the Euler class of the underlying real tangent bundle
TrM, since they are isomorphic. Thus, if M is compact then its Euler class
evaluated on the orientation cycle of M gives the Euler—Poincaré character-
istic x(M). We can say this in different words: let  be a real 1-form on M
with isolated (hence finitely many) singularities x1,--- ,z,. At each x; this

1-form defines a map, S. iy S?m=1 from a small (2m — 1)-sphere S. in
M around z; into the unit sphere in the fiber (TgM),. If we equip M and
TgM with the orientations induced by the almost complex structure on M,
the degree of this map is the Poincaré—Hopf local index of n at x;, that we
may denote by Indpy (7, ;). Then the total index of 1 in M is by definition
the sum of its local indices at the x; and it equals x(M). Its Poincaré dual
class in H*™(M) is the Euler class of T M = T M.

More generally, if M is a compact C*° manifold of real dimension 2m with
nonempty boundary OM and a complex structure in its tangent bundle, one
can speak of real and complex valued 1-forms as above. Elementary obstruc-
tion theory (see [153]) implies that one can always find real and complex
1-forms on M with isolated singularities, all contained in the interior of M.
In fact, if a real 1-form 7 is defined in a neighborhood of OM in M and it
is nonsingular there, then we can always extend it to the interior of M with
finitely many singularities, and its total index in M does not depend on the
choice of the extension.

Definition 9.1.4. Let M be an almost complex manifold with boundary 9 M
and let w be a (real or complex) 1-form on M, nonsingular on a neighborhood
of OM . The form w is radial at the boundary if for each vector v(z) € TM, z €
OM , which is normal to the boundary (for some metric), pointing outwards
of M, one has Rew(v(x)) > 0 (for real values 1-forms, Rew = w).
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By the theorem of Poincaré-Hopf for manifolds with boundary, if a real
1-form 7 is radial at the boundary and M is compact, then the total index
of nis x(M).

We now make similar considerations for complex 1-forms. We let M be a
compact, C* manifold of real dimension 2m (with or without boundary
OM), with a complex structure in its tangent bundle TM. Let T*M be
as before, the cotangent bundle of M, i.e., the bundle of complex valued
continuous 1-forms. The top Chern class ¢™(T* M) is the primary obstruction
to constructing a section of this bundle, i.e., if M has empty boundary,
then ¢™(T*M) is the number of points, counted with their local indices,
of the zeroes of a section w of T*M (i.e., a complex 1-form) with isolated
singularities (i.e., points where it vanishes). It is well-known that one has:

c™(T*M) = (=1)™ ™(TM).

This corresponds to the fact that at each isolated singularity z; of w one has
two local indices: one of them is the index of its real part defined as above,

Indpy(Rew, x;); the other is the degree of the map S, w/llel S?m=1 that we
denote by Indpg(w, x;). These two indices are related by the equality:

Indpy(w,z;) = (—1)™ Indpu(Rew, z;),

and the index on the right corresponds to the local Poincaré—Hopf index of
the vector field defined by duality near z;. For example, the form w = > z;dz;
in C™ has index 1 at 0, while its real part > (z;dz; — y;dy;) has index (—1)™.

If we take M as above, compact and with possibly nonempty boundary,
and w is a complex 1-form with isolated singularities in the interior of M and
radial on the boundary, then (by the previous considerations) the total index
of win M is (—=1)™ x(M). We summarize some of the previous discussion in
the following theorem ([49,50]):

Theorem 9.1.1. Let M be a compact, C*>° manifold of real dimension 2m
(with or without boundary OM ), with a complex structure in its tangent bun-
dle TM. Let TgM and T*M be as before, the bundles of real and complex
valued continuous 1-forms on M, respectively. Then:

(1) Every real 1-form n on M determines a complex 1-form w by the formula

w(v) = n(v) —in(iv)

so the real part of w is Rew = 1.

(2) The local Poincaré—Hopf indices at an isolated singularity of a complex
1-form and its real part are related by:

Indpp(w, ;) = (=1)™ Indpu(Re w, z;).
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(3) If a real 1-form on M s radial at the boundary OM, then its total
Poincaré—Hopf index in M is x(M). In particular, a radial real 1-form has
local index 1.

(4) If a complex 1-form on M is radial at the boundary OM, then its total
Poincaré-Hopf index in M is (—1)™x(M).

Remark 9.1.2. One may consider frames of complex 1-forms on M instead of
a single 1-form. This means considering sets of k£ complex 1-forms, whose sin-
gularities are the points where these forms become linearly dependent over
C. By definition (see [153]) the primary obstruction to constructing such
a frame is the Chern class ¢™ *+1(T*M), so these classes have an expres-
sion similar to 1.6 but using indices of frames of 1-forms. One always has
(T*M) = (=1)ic*(TM). Thus the Chern classes, and all the Chern num-
bers of M, can be computed using indices of either vector fields or 1-forms.

9.2 Radial Extension and the Schwartz Index

In the sequel we will be interested in considering forms defined on singular
varieties in a complex manifold, so we introduce some standard notation. Let
V be a reduced, equidimensional complex analytic space of dimension n in a
complex manifold M of dimension m, endowed with a Whitney stratification
{V.} adapted to V, i.e., V is a union of strata.

The following definition is an immediate extension for 1-forms of the cor-
responding (standard) definition for functions on stratified spaces in terms of
its differential (c.f. [50,73,102]).

Definition 9.2.1. Let w be a (real or complex) 1-form on V| i.e., a continu-
ous section of either T M|y or T* M|y . A singularity of w with respect to the
Whitney stratification {V,,} means a point 2 where the kernel of w contains
the tangent space of the corresponding stratum.

This means that the pull back of the form to V,, vanishes at x.

In Sect.1 we introduced the notion of radial forms, which is dual to the
“radiality” for vector fields. We now extend this notion relaxing the condition
of radiality in the directions tangent to the strata. From now on, unless it
is otherwise stated explicitly, by a singularity of a 1-form on V we mean a
singularity in the stratified sense, i.e., in the sense of Definition 9.2.1.

Definition 9.2.2. Let w be a (real or complex) 1-form on V. The form is
normally radial at a point z € V, C V if it is radial when restricted to
vectors which are not tangent to the stratum V,,. In other words, for every
vector v(y) tangent to M at a point y ¢ V,,, y sufficiently close to x and v(y)
pointing outwards a tubular neighborhood of the stratum V,, Rew(v) is not
zero and has constant sign for all such vectors.
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Obviously a radial 1-form is also normally radial, since it is radial in all
directions.

For each point x in a stratum V,,, one has a neighborhood U, of x in M
which is diffeomorphic to the product U, x D, where U, = U, NV, and D,
is a small disk in M transverse to V,. Let @ be the projection 7 : U, — U,
and p the projection p : U, — D,,. One has an isomorphism:

T'U, = 7*T*U, @ p*T*D,,.

For a (real or complex) 1-form w, to be normally radial at a says that up
to a local change of coordinates in M, w is the direct sum of the pull back
of a (real or complex) form on Uy, i.e., a section of the (real or complex)
cotangent bundle T*U,, and a section of the (real or complex) cotangent
bundle T*D,, which is a radial form in the disc.

We can proceed, for 1-forms, to the classical construction of radial exten-
sion introduced by M.-H. Schwartz in [139, 141] for stratified vector fields
and frames. Locally, the construction can be described as follows. Firstly we
consider real 1-forms. Let 1 be a 1-form on U, denote by 7 its pull back to
a section of 7*TgU,. This corresponds to the parallel extension of stratified
vector fields done by Schwartz. Now consider the function p given by the
square of the distance to the origin in D,. The form p*dp on U, vanishes on
U, and away from U, its kernel is transverse to the strata of V by Whitney
conditions.

The sum 7' = 7 + p*dp defines a normally radial 1-form on U, which
coincides with n on U,; away from U, its kernel is transverse to the strata
of V. Thus, if n is nonsingular at z, then 7’ is nonsingular everywhere on
U,. If n has an isolated singularity at = € V,, then 5’ also has an isolated
singularity there. In particular, if the dimension of the stratum V,, is zero
then 7’ is a radial form in the sense of Sect. 1.

Following the terminology of [139,141] we say that the form n’ is obtained
from 7 by radial extension.

Since the index in M of a normally radial form is its index in the stratum
times the index of a radial form in the disk D,, we obtain the following
important property of forms constructed by radial extension.

Proposition 9.2.1. Letn be a real 1-form on the stratum V,, with an isolated
singularity at a point x with local Poincaré-Hopf index Indpy(n,x,Vy). Let
n' the 1-form on a neighborhood of x in M obtained by radial extension. Then
the index of  in the stratum equals the index of ' in M:

Indpy(n, z; Vo) = Indpu (', z; M).
Definition 9.2.3. The Schwartz indexr of the continuous real 1-form 7

at an isolated singularity * € V, C V, denoted Indgen(n,z;V), is the
Poincaré-Hopf index of the 1-form 1" obtained from 7 by radial extension; or
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equivalently, if the stratum of x has dimension more than 0, Indsc, (7, 2; V)
is the Poincaré-Hopf index at = of n in the stratum V,.

If  is an isolated singularity of V' then every 1-form on V' must be singular
at x since its kernel contains the “tangent space” of the stratum. In this case
the index of the form in the stratum is defined to be 1, and this is consistent
with the previous definition since in this case the radial extension of 7 is
actually radial at x, so it has index 1 in the ambient space.

The previous process is easily adapted to give radial extension for complex
1-forms. Let w be such a form on V,; let n be its real part. We extend 7 as
above, by radial extension, to obtain a real 1-form ' which is normally radial
at . Then we use statement (1) in Theorem 9.1.1 above to obtain a complex
1-form w’ on U, that extends w and is also normally radial at z. If we prefer,
we can make this process in a different but equivalent way: first make a
parallel extension of w to U, as above, using the projection 7; denote by
@ this complex 1-form. Now use (1) of Theorem 9.1.1) to define a complex
1-form 3,; on U, whose real part is dp, and take the direct sum of & and a,\o
at each point to obtain the extension w’. We say that w’ is obtained from w
by radial extension.

We have the equivalent of Proposition 9.2.1 for complex forms, modified
with the appropriate signs:

(—=1)*Indpu(w,z,Vs) = (=1)™ Indpy(w’, z, M),

where 2s is the real dimension of V,, and 2m that of M.

Definition 9.2.4. The Schwartz index of the continuous complex 1-form w
at an isolated singularity « € V,, C V, denoted Indgch (w, x, V'), is (—1)"-times
the index of its real part:

Indgen(w,z; V) = (—=1)"Indgen (Rew, z; V).

9.3 Local Euler Obstruction of a 1-Form
and the Proportionality Theorem

In this section, we are concerned with a local situation, so we take the n-
dimensional complex variety V' to be embedded in an open ball B C C™
centered at the origin 0.

The local Euler obstruction of a 1-form was introduced in [52] in analogy
with the case of vector fields discussed in the previous chapter. Let us recall
its definition.

On the regular part of V' one has the map o : Vieg — G(n,m) into the
Grassmannian of complex n-planes in C™, that assigns to each point the
corresponding tangent space of Vies. Let us recall (Sect.8.1) that one has
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the Nash bundle 7' % ‘7, restriction to the Nash blow-up V of the tautological
bundle over B x G(n, m).

The corresponding dual bundles of complex and real 1-forms are denoted
by T* %V and TD{ 2 ‘7, respectively. Observe that a point in T* is a triple
(z, P,w) where z is in V', P is an n-plane in the tangent space T,B which is
limit of a sequence {(TVieg)s, }, where the x; are points in the regular part
of V converging to z, and w is a C-linear map P — C. (Similarly for TD{)

Let us denote by p the function given by the square of the distance to 0.
We recall that MacPherson in [117] observed that the Whitney condition (a)
1mphes that the pull back of the differential dp defines a never-zero section
dp of T* over v™1(S. N'V) C V, where S, is the boundary of a small ball B,

in B centered at 0. The obstruction to extending dp as a never-zero section of
T over v~ 1(B.NV) C V is a cohomology class in H*"(v~1(B.NV), v~ (S.N
V);Z), and MacPherson defined the local Euler obstruction Euy (0) of V at
0 to be the integer obtained by evaluating this class on the orientation cycle
[ B:NV), v 1S N V).

More generally, given a section n of TgB|4, A C V, there is a canonical
way of constructing a section 7 of TD{\A, A = v~ 'A, which is described in the
following. The same construction works for complex forms. First, taking the
pull-back v*n, we get a section of v*TEB|y . Then 7 is obtained by projecting
v*n to a section of Tﬁ by the canonical bundle homomorphism

VTEB|y — T

Thus the value of 7 at a point (x, P) is simply the restriction of the linear
map n(z) : (TgB), — R to P. We call 7 the canonical lifting of 1.

By the Whitney condition (a), if a € V,, is the limit point of the sequence
{z;} € Vieg such that P = lim(TV,eg)s, and if the kernel of n is transverse
to V,, then the linear form 77 will be nonvanishing on P. Thus, if n has an
isolated singularity at the point 0 € V' (in the stratified sense), then we have
a never-zero section 77 of the dual Nash bundle Tvﬂ’g over v 1(S.NV) C V.
Let o(n) € H**(v= (BN V), v~ 1(S. NV); Z) be the cohomology class of the
obstruction cycle to extend this to a section of f}ﬁf over v~ }(B. N'V). Then
define (c.f. [32,50]):

Definition 9.3.1. The local Euler obstruction of the real differential form
7 at an isolated singularity is the integer Euy (7, 0) obtained by evaluating
the obstruction cohomology class o(n) on the orientation cycle [v~1(B. N

V), v~ S N V).

MacPherson’s local Euler obstruction Euy (0) corresponds to taking the
differential of the square of the function distance to 0.

In the complex case, one can perform the same construction, using the
corresponding complex bundles. If w is a complex differential form, section of
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T*B| 4 with an isolated singularity, one can define the local Euler obstruction
Euy (w,0). Notice that it is equal to that of its real part up to sign:

Euy (w,0) = (—=1)"Euy (Rew, 0). (9.3.1)

This is an immediate consequence of the relation between the Chern
classes of a complex vector bundle and those of its dual.

We note that the idea of considering the (complex) dual Nash bundle was
already present in [134], where Sabbah introduces a local Euler obstruction
Euy (0) that satisfies Etiy (0) = (—1)"Euy (0). See also [137], Sect. 5.2.

We also notice (see [151, Corollary 3.2] and [52, Proposition 4]) that if
(V,0) is a reduced complex analytic germ with an isolated singularity at 0
and f is a holomorphic function on V' with an isolated singularity at 0, then
one has

Euy (df,0) = (=)™ Y [x(Fy) — x(F)],

where F, denotes the Milnor fiber and ¢ is a generic linear function on V' (so
that Fy is the complex link of 0 in V' in the sense of [73]).
Just as for vector fields (see Chap. 8) one has in this situation the following:

Theorem 9.3.2. Let V, C V be the stratum containing 0, Euy (0) the local
Euler obstruction of V' at 0 and w a (real or complex) 1-form on V, with
an isolated singularity at 0. Then the local Fuler obstruction of the radial
extension w' of w and the Schwartz index of w at 0 are related by the following
proportionality formula:

Euy («,0) = Euy(0) - Indgen(w, 0; V).

The Theorem can be proved by one of the two ways we used for proving
Theorem 3.6.1 or Theorem 8.1.2 (for details see [36]).

9.4 The Radial Index

In [50,51] the authors introduced an index of 1-forms with isolated singulari-
ties on (real) analytic varieties, that they called radial indez in analogy with
the previously defined index for vector fields (see [6,49,96,148] or Chaps. 2
and 4 above). This index measures the “lack of radiality” of such a 1-form.
The corresponding notion for complex 1-forms with isolated singularities on
complex analytic varieties was introduced in [57] (see also [52]). Here we
briefly explain this index, essentially following [57].

Let (V,0) C (C™,0) be a germ of a purely n-dimensional complex analytic
variety with an isolated singularity at the origin 0. Let w be a continuous
1-form on V with an isolated singularity at the origin 0, so w is a continuous,
nowhere-vanishing section of the complex cotangent bundle of V' '\ {0}.
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Let us fix a radial vector field vpaq on (V,0), e.g., the gradient on the
smooth part of V of the real valued function || z|| with respect to a Riemannian
metric.

Definition 9.4.1. A real (or complex) 1-form on V is radial at 0 if, near the
origin, its value on the radial vector field v,,q has positive real part at each
point in a punctured neighborhood of the origin 0 in V. We denote such a
form by wrag.

The space of such 1-forms is connected.

Let wy and ws be 1-forms on (V,0) with isolated singularities at the origin.
Choose € > &’ > 0 sufficiently small, let K. = VNS, and K., = VNS, be the
corresponding links, and let Z be the cylinder V N [B; \ Int(B.)|, where B,
is the ball of radius p around the origin 0 in C™, S,, is its boundary. Let & be
a 1-form on the cylinder Z which coincides with w; in a neighborhood of K,
and with ws in a neighborhood of K., and which has isolated singular points
q1,---,qs inside Z. The sum d(wy,ws) of the (usual) local indices Ind(@, ;)
of the form @ at these points depends only on the forms w; and we and will
be called the difference of these forms. One has d(wi,w2) = —d(wa,w1).

Definition 9.4.2. The radial indezx at 0, Ind,aq(w,0; V'), of the 1-form w on
V' is defined by

Indyag (w,0; V) = (—=1)" + d(w, Wrad)-

Remark 9.4.1. Notice this definition is similar to that of the Schwartz index
of vector fields given in the first section of Chap. 2. Also notice that the index
of a radial 1-form w,,q is equal to (—1)™. The sign is chosen so that this index
coincides with the usual one if V' is smooth at 0.

Remark 9.4.2. We know from Sect. 1 in this chapter that there is a one-to-
one correspondence between complex 1-forms on a complex analytic manifold
V'\ {0} and real 1-forms on it. The radial index of a complex 1-form can be
expressed through the corresponding index of its real part, defined in [50,51],
and viceversa. As before, the radial index Ind,aq (w, 0; V) of a complex 1-form
w equals (—1)™-times the radial index of its real part.

Ezample 9.4.1. Let w be a holomorphic 1-form on a curve singularity (C,0)
with C' = U]_, C;, where C; are the irreducible components of C. Let ¢; be a
uniformization parameter on the component C; and let the restriction wjc,
be of the form

(a;t]"* + terms of higher degree) dt; , a; # 0.

Then Ind;aq (wic,,0;Ci) = m;. Therefore d(wc,,wradjc,) = mi + 1,
d(w,wrad) = >oi_y (mi + 1), Indyaa (w,0; V) =31 m; + (r — 1).
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Remark 9.4.3. The radial index obviously satisfies a law of conservation of
number: if w’ is a 1-form on V close to w, then,

Indsaa (@, 0; V) = Indpaa(w', 0; V) + Y Indpaa (W', 2 V),

where the sum on the right hand side is over all those points z in a small
punctured neighborhood of the origin 0 in V' where the form w’ vanishes (this
follows from the fact that d(wi,ws) = d(w1,ws) + d(ws2,ws)). This stability
property of the index will be used in the last section.

Remark 9.4.4. In [52] Ebeling and Gusein-Zade define the radial index in a
more general setting, analogous to the way we defined this index for vector
fields in 2.4.2; and the theorem below holds in that more general setting.

Recall that if M is a compact complex manifold and w is a complex 1-form
on it with isolated singularities, then one has the usual local Poincaré-Hopf
index at each singular point. These add up to the total index of the 1-form,
which equals the Euler—Poincaré characteristic of M:

Indpp(w; M) = (—1)"x (M),

independently of the 1-form. This is actually a special case of the last state-
ment in Theorem 9.1.1, taking the boundary to be empty. We also know
that in the case of vector fields, the work of M.-H. Schwartz shows that if
V is now a compact complex analytic singular variety and v is a stratified
vector field on V obtained by radial extension, then its total index equals
the Euler—Poincaré characteristic x(V'). As explained in Chap. 2, this result
extends easily to arbitrary vector fields on V', provided they are stratified
and with isolated singularities, using the radial index.

These results extend naturally to 1-forms on singular varieties, as observed
by W. Ebeling and S. Gusein-Zade in [50,51]. One gets:

Theorem 9.4.1. Let V' be a compact complex analytic variety of dimension
n and w a differential complex 1-form on V with isolated singularities. Let
Ind,aa(w; V) denote the total radial index of w, i.e., the sum of all its local
radial indices at its singular points. Then:

Indyaa(w; V) = (—=1)"x(V).

9.5 The GSV Index

We look first at the case studied by Ebeling and Gusein-Zade, i.e., when the
variety V' is an isolated complete intersection germ; then we envisage the case
when V has nonisolated singularities, following [36].
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9.5.1 Isolated Singularity Case

We recall (Chap. 3) that the GSV index of a continuous vector field v on an
isolated complete intersection germ (V,0) is the degree of the map:

¢y = (v,gradfi,...,gradfr) : K — Wiyi(n+ k),

from the link K of V into the Stiefel manifold W41 (n+k), where (f1,..., fx)
are functions that define the ICIS germ (V,0) and v is assumed to be nonzero
away from 0. As we know, this index equals the Poincaré—Hopf index of an
extension of v to a Milnor fiber F. The analogous index was defined in [50,51]
for 1-forms on V.

Let w be a complex-valued 1-form on V' with an isolated singularity at 0.
Then its GSV index equals the degree of the map:

Yy = (w,df1,....dfy) : K = Wi (n+k),

where Wi, | (n + k) denotes the bundle associated to the cotangent bun-
dle T*(C"**)|y, with fiber the corresponding Stiefel manifold of complex
orthonormal (k + 1)-frames in the dual of C"**. As noticed in [50,51], this
index equals the Poincaré-Hopf index of the 1-form on a Milnor fiber of f,
i.e., it equals the number of zeroes, counted with multiplicities, of any exten-
sion of w to a Milnor fiber V; = f~1(¢t) N B. of (V,0). (The proof is similar to
that for vector fields given in Chap.3.)

A remarkable difference of this index with the analogous one for vector
fields was observed in [50,51]: if the differential 1-form is holomorphic, then
its index can be regarded as an intersection number of complex manifolds,
while for vector fields, the definition of the GSV index involves the conjugate
gradient vector fields, which are anti-holomorphic. Thence, in the case of
holomorphic 1-forms we can use powerful techniques of algebraic geometry
to compute its index. More precisely, assume the 1-form w is holomorphic, and
let I be the ideal in Ognir,0 generated by fi,..., fr and the (k+1) x (k+1)-
minors of the matrix:

Oh .. _OhH
611 8$n+k
Ofe ... Ofx
arl 3$n+k
A - AnJrk

Then one has the following theorem of W. Ebeling and S. Gusein-Zade (see
[50,51]):

Theorem 9.5.1.

IndGsv (w, O; V) = dimc O(Cn+k,0 /I
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This formula extends the one obtained by Lé D.T. and G.-M. Greuel for
the case when w is the differential of a function ([74,101]); in that case the
formula gives the Milnor number of the function and is known as the Lé-
Greuel formula for the Milnor number.

Remark 9.5.1. The above index can be regarded in the more general setting of
residues of Chern classes defined by a finite number of holomorphic sections.
See [160], where various expressions of the residues as in Sect. 1.6.6 are given.
The formula (9.5.1) is a particular case of the algebraic expression there.

It is clear that the GSV index satisfies the same law of conservation of
number satisfied by the radial index: if w’ is a 1-form on V close to w, then:

Indasy (w, 0; V) = Indasv (@', 0;V) + Y Indraa(w', 23 V),

where the sum on the right hand side is over all those points z in a small
punctured neighborhood of the origin 0 in V' where the form w’ vanishes.
This implies:

Proposition 9.5.1. Let u(V,0) be the Milnor number of the isolated com-
plete intersection singularity (V,0). For any 1-form w on (V,0) with an
isolated singularity at the origin 0 one has

#(V,0) = Indgsv (w,0; V) — Indyaq (w,0; V).

9.5.2 Nomnisolated Singularity Case

If V' has nonisolated singularities one may not have a Milnor fibration in
general, but one does if V' has a Whitney stratification satisfying Thom’s
as-condition, for the functions that define V' (c.f. [34,103,107]).

Let (V,0) be a complete intersection of complex dimension n defined in
an open ball B in C"** by functions f = (f1, -, fx), and assume 0 is a
singular point of V' (not necessarily an isolated singularity). As before, we
endow B with a Whitney stratification {V,, } adapted to V', and we assume the
stratification has the Thom property relatively to f. In particular, if £ =1
then we always have such stratifications, by [82]. For k > 1 we must assume
such a stratification exists.

Let w be as before, a (real or complex) 1-form on B, and assume its re-
striction to V' has an isolated singularity at 0. The kernel of w(0) contains
the tangent space of the stratum V, containing 0, but if x # 0, the kernel of
w(x) is transverse to the stratum containing x. Now let F = F; be a Milnor
fiber of V, i.e., F = f~1(t) N B., where B. is a sufficiently small ball in B
around 0 and t € C* is a regular value of f with [|¢|| sufficiently small with
respect to €. Notice that the ay-condition implies that for every sequence
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t,, of regular values converging to 0, and for every sequence {x,} of points
in the corresponding Milnor fibers converging to a point x € V so that the
sequence of tangent spaces {(TF, )., } has alimit T', one has that T contains
the space (T'V,,)., tangent to the stratum that contains z. By transversality
this implies that choosing the regular value t sufficiently close to 0 we can
assure that the kernel of w is transverse to the Milnor fiber at every point in
its boundary OF. Thus its pull-back to F is a 1-form on this smooth manifold,
and it is never-zero on its boundary, thence w has a well-defined Poincaré—
Hopf index in F as in Sect. 1. This index depends only on the restriction of
w to V and on the topology of the Milnor fiber F', which is well-defined once
we fix the defining function f (which is assumed to satisfy the as-condition
for some Whitney stratification).

Definition 9.5.1. The GSV indexof w at 0 € V relative to f, Indgsv (w, 0; f),
is the Poincaré—Hopf index of w in F.

In other words this index measures the number of points (counted with
signs) in which a generic perturbation of w is tangent to F. In fact the in-

clusion F <& M pulls the form w to a section of the (real or complex, as the
case may be) cotangent bundle of F, which is never-zero near the boundary
OF since w has an isolated singularity at 0 and, by hypothesis, the map f
satisfies the Thom ay-condition. One gets the following result, which is due
to W. Ebeling and S. Gusein-Zade [50] when V' has an isolated singularity:

Theorem 9.5.2. If the form w is real then
Indgsv(w, 0; f) = e(F;w)[F], (9.5.3)

where e(F;w) € H?"(F,0F) is the Euler class of the real cotangent bundle
TR F relative to the section defined by w on the boundary, and [F] is the
orientation cycle of the pair (F,0F). If w is a complex form, then one has:

Indgsv(w,0; f) = "(T*F;w)[F], (9.5.4)

where ¢ (T*F;w) is the top Chern class of the cotangent bundle of F relative
to the form w on the boundary OF.

Notice this is analogous to the construction done in Sect. 1.3.2. In this case
one can, alternatively, express the index as the relative Chern class:

Indgsv(w,0; f) = ¢"(T"M|g; 2) [F], (9.5.5)
where (2 is the frame of k£ 4+ 1 complex 1-forms on the boundary of F defined

by
2= (w’dflﬂdf27“' adfk)a



9.5 The GSV Index 157

since the forms (dfy,---,dfx) are linearly independent everywhere on F.
Notice that if the form w is holomorphic, then this index is necessarily non-
negative because it can be regarded as an intersection number of complex
submanifolds. For every complex 1-form one has:

Indgsv(w,0; f) = (=1)"Indgsv(Rew,0; f).

We remark that if V' has an isolated singularity at 0, then this is the index
defined in [50], i.e., the degree of the map from the link K of V into the
Stiefel manifold of complex (k+1)-frames in the dual (C*)"** given by the
map (w, df1,- -, dfx). Also notice that this index is somehow dual to the index
envisaged in 3.5 for vector fields, which is related to the top Fulton—-Johnson
class of singular hypersurfaces, as we shall see in Chap. 11.

So, given the (nonisolated) complete intersection singularity (V,0) and a
(real or complex) 1-form w on V with an isolated singularity at 0, one has
three different indices: the Euler obstruction (Sect.9.3 in this chapter), the
GSV index just defined and the index of its pull back to a 1-form on the
stratum containing 0. One also has the index of the form in the ambient
manifold M. For differential forms obtained by radial extension, the index
in the stratum equals its index in M, and this is by definition the Schwartz
index. The following proportionality theorem is analogous to the one in [34]
for vector fields that we discussed in Chap. 3 above.

Theorem 9.5.6. Let w be a (real or complex) 1-form on the stratum V,, of 0
with an isolated singularity at 0. Then the GSV index of its radial extension
w' is proportional to the Schwartz index, the proportionality factor being the
FEuler—Poincaré characteristic of the Milnor fiber F:

Indgsv (W', 0; f) = x(F) - Indg, (w, 0; V).

The proof is similar to that of Theorem 9.3.2.

Remark 9.5.2. We notice that Theorems 9.3.2 and 9.5.6 can also be proved
using the stability of the index under perturbations, just as we did for vec-
tor fields. More precisely, one can easily show that the Euler obstruction
Euy (w,x) and the GSV index are stable when we perturb the 1-form (or the
vector field) in the stratum and then extend it radially; then the sum of the
indices at the singularities of the new 1-form (vector field) give the corre-
sponding index for the original singularity. This implies the proportionality
of the indices.
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9.6 The Homological Index

This and the following sections are taken from [57]. Here we introduce the
homological index of a 1-form on a complex analytic variety with an isolated
singular point. This is analogous to, and inspired by, the homological index
for vector fields defined in [68] and discussed in Chap.7. As in the case of
vector fields, when the ambient space is an ICIS, this index coincides with
the previously defined GSV index of 9.5.1.

Let (V,0) € (C™,0) be an arbitrary germ of an analytic variety of pure
dimension n with an isolated singular point at the origin (not necessarily a
complete intersection). Given a holomorphic form w on (V, 0) with an isolated
singularity, we consider the complex ({2}, ), Aw):

1
0—O0vo—yy— - — 2y, —0,

where 2}, , are the modules of germs of Kéhler differential forms on (V,0) as
in 7.1.1, and the arrows are given by the exterior product by the form w.

This complex is the dual of the Koszul complex considered in Chap. 7, and
it was used by G.-M. Greuel in [74] for complete intersections. The sheaves
Q%/,o are coherent sheaves and the homology groups of the complex (§27, o, Aw)
are concentrated at the origin and therefore are finite dimensional.

Definition 9.6.1. The homological index Indyom(w, 0; V') of the 1-form w on
(V,0) is (—1)" times the Euler characteristic of the above complex:

n

Idpom (w, 0; V) =Y _(=1)"""hi(23,, Aw), (9.6.1)
=0

where h; ({23, Aw) is the dimension of the corresponding homology group as
a vector space over C.

Theorem 9.6.2. Let w be a holomorphic 1-form on V with an isolated sin-
gularity at the origin 0.

(1) If V is smooth, then Indyom (w,0; V) equals the usual local index of the
1-form w.

(2) The homological index satisfies the law of conservation of number: if w’
is a holomorphic 1-form on V close to w (in the space of all holomorphic
1-forms on V'), then:

Indiom (w, 05 V) = Indpom (&, 0; V) + Y Indyom (', 2, V),

where the sum on the right hand side is over all those points x in a small
punctured neighborhood of the origin 0 in V where the form w’ vanishes.
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(3) If (V,0) is an isolated complete intersection singularity, then the homo-
logical index Indyom (w,0; V) coincides with the GSV index Indgsy (w,0; V).

The proof of this theorem is an exercise using [64] and [74]. In fact, state-
ment (1) is straightforward and it is a special case of statement (3). Statement
(2) is a particular case of the main theorem in [64], which is Theorem 7.1.4
above. For statement (3) we notice that on an isolated complete intersection
singularity (V,0)) the index Indggvw also satisfies the law of conservation of
number and coincides with the homological index Indyom w on smooth vari-
eties. This implies that the difference between these two indices is a locally
constant, and therefore constant, function on the space of 1-forms on (V,0)
with an isolated singular point at the origin. Therefore it suffices to prove
(3) for w = df where f is a holomorphic function on (V,0) with an isolated
critical point at the origin. Then Lemma 1.6 in [74] implies that the homol-
ogy groups of the complex ({2}, ;, Adf) vanish in dimensions i = 0,1,...,n— 1.
The statement then follows from the Remark following Lemma 5.3 of [74]
(see also [51]). O
Remark 9.6.1. The minimal value of the homological index Indpom (w,0; V)
is attained by restrictions to V' of generic 1-forms on C™ which do not vanish
at the origin. The subset of forms with this index in 9‘1/70 is open, dense and
connected. Moreover, each 1-form w can be approximated by a 1-form, the
index of which at the origin coincides with the minimal one and all its zeros
on V'\ {0} are nondegenerate. This approximation can be chosen of the form
w + edl for a linear function #.

Remark 9.6.2. We notice that one has an invariant for functions on (V,0)
with an isolated singularity at the origin defined by f — Indpem df. By the
theorem above, if (V;0) is an isolated complete intersection singularity, this
invariant counts the number of critical points of the function f on a Milnor
fiber.

Remark 9.6.3. Let (C,0) be an analytic curve singularity and let (C,0) be
its normalization. Let 7 = dim Ker (24, — Q:CL?,G)’ A = dime(we,0/c(24 ),
where wc o is the dualizing module of Grothendieck, c : -Q(l},o — we,o s the
class map (see [41]). In the article [123] of D. Mond and D. Van Straten
there is considered a Milnor number of a function f on a curve singular-
ity introduced by V. Goryunov. One can see that this Milnor number can
be defined for a 1-form w with an isolated singularity on (C,0) as well (as
dimc¢(weo/w A Ocy)) and is equal to Indpom w + A — 7.

9.7 On the Milnor Number of an Isolated Singularity

We know from 9.5.1 that if (V,0) is an ICIS germ and w is a 1-form on it
with an isolated singularity at 0, then the Milnor number of (V,0) equals the
difference of the GSV and radial indices,
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w(V,0) = Indgsv(w,0; V) — Indyaq(w, 0; V).

If the germ (V,0) is an isolated singularity but is not complete intersection,
one does not have a Milnor number in general, neither one has a GSV index
for forms nor vector fields. However the radial index is always defined, and
so is the homological index if the forms are holomorphic; we also know that
the homological index coincides with the GSV index if (V,0) is a complete
intersection germ. The laws of conservation of numbers for the homologi-
cal and the radial indices of 1-forms, together with the fact that these two
indices coincide on smooth varieties imply that their difference is a locally
constant, and therefore constant, function on the space of 1-forms on V' with
isolated singularities at the origin. Therefore one has the following statement
from [57]:

Proposition 9.7.1. Let (V,0) be a germ of a complex analytic space of pure
dimension n with an isolated singular point at the origin. Then the difference

v(V,0) = Indpom (w,0; V) — Indyaq (w, 0; V)

between the homological and the radial indices does not depend on the
1-form w.

This proposition, together with 9.5.1, allows us to think of v(V,0) as a
generalized Milnor number of the singularity (V,0).

There are other invariants of isolated singularities of complex analytic vari-
eties which coincide with the Milnor number for isolated complete intersection
singularities. One of them is (—1)" times the reduced Euler characteristic,
i.e., the Euler characteristic minus 1, of the absolute de Rham complex of
(V,0). In [57] is proved the following theorem:

Theorem 9.7.1. For a curve singularity (C,0),
v(C,0) = dime £2¢,4/dO0cp,

where d is the usual exterior derivative.

In other words this theorem says that the radial index (which is defined
topologically) equals the difference between the Euler characteristics of the
usual de Rham complex and the complex given by multiplication by the
1-form w. This might be a special case of a general theorem for singular
varieties in the spirit of the results of C. Simpson [152] and others for complex
manifolds.

The idea of the proof is to consider the normalization 7 : (C,0) — (C,0)
of the curve and the commutative diagrams:
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0— Oco — 2%, 0L o/wNOco — 0

FoT

0— Ocg —2 0 QL J@AOcg — 0

1
C,0

0 — meo —2 Qb — 0o /dOco — 0

where mc,o is the maximal ideal in :che ring O¢o, me o is the ideal of germs
of functions on the normalization (C,0), equal to zero at all the points in 0.
Then the snake Lemma yields to 9.7.1 (see [57, 4.3] for the complete proof).

Remark 9.7.1. A notion of a generalized Milnor number of a curve singularity
(C,0) was introduced in [41] as dim¢c we,0/dOc o, where we o is the dualizing
module of Grothendieck. For smoothable curve singularities, it is equal to
1 — x(C), where C' is a smoothing of (C,0). Here we recall that all smooth-
ings of a curve singularity have the same Euler characteristic. From the
proof of Theorem 6.1.3 in [41], it follows that the Milnor number defined by
R.-O. Buchweitz and G.-M. Greuel is equal to v(C,0) + A — 7, where 7 and
A are defined in Remark 9.6.3. For complete intersection curve singularities
one has A\ = 7.

9.8 Indices for Collections of 1-Forms

We know already that on a smooth closed manifold M, the index of a vector
field, or a 1-form, leads towards the Euler—Poincaré characteristic of M, which
is the Poincaré dual of the top Chern class when the manifold is (almost)
complex. In other words, if M has complex dimension m, then the total
index of a 1-form w on M with isolated singularities satisfies:

Indpp(w; M) = (=1)™c™(M)[M].

We also know from the previous chapters that one has similar statements
for vector fields on compact complex analytic varieties, the precise statement
one gets depending on the concept of index one is using. In fact, as we shall
see in Chaps. 10-13 of this monograph, these are related to various concepts
of “Chern classes” one has for singular varieties, which coincide with the usual
Chern classes in the case of manifolds. For the radial index one gets x(V),
this is the 0-degree Schwartz—MacPherson class of V. For the GSV-index one
gets the 0-degree Fulton-Johnson class of V', which (with some restrictions)
equals the Euler—Poincaré characteristic of a smoothing V as in the proof of
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Theorem 3.2.2. For the local Euler obstruction one gets the top Chern class
of the Nash bundle over the Nash blow up of V.

Now, in the case of manifolds the number ¢™(M)[M] is one of the Chern
numbers the manifold has, but there are several others. One has a Chern
number

G (M) (M) - ¢ (M) [M],

whenever ji, ..., jr are positive integers which add up to m. In the next chap-
ters of this monograph we shall explore various ways of generalizing the Chern
classes of complex manifolds to the case of singular varieties, and as we shall
explain, these are related in one or another way to studying indices of ap-
propriate vector fields or frames, as described in Chap. 1. These yield to
homology (or cohomology) classes which represent various generalizations
of Chern classes for singular varieties (of course there can be other means
to constructing Chern classes for singular varieties, for instance using the
MacPherson functor [117]).

Yet, there is another question that arises naturally in the context of this
book: the ¢/t (M) are cohomology classes in H?%(M;Z), but the evaluation
A (M)c72 (M) - - - 7 (M)[M] is an actual number, in fact an integer. Is there a
way of defining an index associated to this number in a similar way as the local
Poincaré-Hopf index of a vector field (or 1-form) is associated to the Chern
number ¢ (M)[M]? Moreover, what can we say about this question when the
ambient space is now a singular variety? what information these invariants
give about singular varieties? These and other questions are addressed by
W. Ebeling and S. Gusein-Zade in a series of articles (see [563-56]).

Before looking at this matter, let us envisage some related facts about the
Chern numbers of manifolds.

We recall from Chap. 1 that given a complex manifold M of dimension m,
its Chern class ¢" (M) € H?"(M) is the primary obstruction to constructing
an (m —r + 1)-frame in M. In other words, let W,,_,41(m) be the Stiefel
manifold of complex orthonormal (m — r + 1)-frames in C™. This manifold
is diffeomorphic to U(m)/U(r — 1) and therefore it is (2r — 2)-connected and
its first nonzero homology and homotopy groups are H?"~Y(W,,_,4+1(m)) =
7T2T,1(Wm7r+1(m)) =7 (see [153})

Now let Wy,—pi1(m)(TM) denote the fibre bundle over M whose fibre
at each point z is the Stiefel manifold W,,_,+1(m) of complex orthonormal
(m —r + 1)-frames in T, M = C™. Let us try to construct a section of this
bundle via the usual stepwise process. We triangulate M in some (any) way
and construct a section of Wy,_,1(m)(T'M) step by step, starting from the
0-skeleton, then the 1-skeleton and so on, as far as we can. The fact that
the fiber is (2r — 2)-connected tells us that we can construct such a section
up to the (2r — 1)-skeleton of the triangulation. The first possibly nonzero
obstruction arises when we try to extend the section over the 2r-skeleton. We
thus get an element in mo,—1 (W, —r41(m)) = Z associated to each 2r-cell (or
simplex). This defines a cochain of dimension 2r, which is actually a cocycle
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and, by definition, represents the cohomology class ¢"(M). Notice that the
Poincaré dual of ¢"(M) is a homology class of dimension 2m — 2r.

Now look at the class ¢"*~"(M). The analogous discussion says that this is
the primary obstruction to constructing an r + 1-frame on M. This class lives
in H?™=2"(M) and its Poincaré dual is a homology class of dimension 27.

Suppose we can represent the Poincaré dual of ¢" (M) by an oriented sub-
manifold C,,,—, of M, which therefore has dimension 2m—2r. Similarly, let C,.
be an oriented submanifold of M of dimension 27 representing the Poincaré
dual of ¢™~"(M). If these two manifolds intersect, then we can always move
them slightly to make them have transverse intersections. By dimensional rea-
sons, this means that they meet at points, which come equipped with a +1,
depending on whether or not the tangent spaces of C;. and C,,,—, at the meet-
ing point yield the positive or negative orientation of T, M. Counting all these
points with their corresponding signs we get an integer that we may denote
Cyn—r - Cy. This integer is precisely the Chern number ¢" (M) ¢™ ™" (M)[M].

Geometrically this means that away from C,,_, we have a frame
vy) = (vf,...,v},;), and these vector fields become linearly depen-
dant when we are in C,. Similarly, away from C,,_, we have a frame
vénir) = (v},...,v3,_,11), and the vector fields in this frame become linearly
dependant when we are in C,.. The points that contribute towards the Chern
number ¢" (M) ™" (M)[M] are those in the intersection of C, and Cp,_,.
This inspires the following definition (which mimics that in [55]).

A point x € M is nonsingular for the collection of vector fields

{(U%7 '“77]7%—&-1)7 (U%7 "'7v72n—r+1)}

if at least one of the two sets of vectors {vi,...,v}t 1} and {vi,...,v2_. . 1)}

is linearly independent at x. Otherwise we say that x is a singular point of
' (r) , (n=r)

the collection {vy ’,vy '}.

In other words, the singular points of the collection of vector fields

{(,U%’ ceey Ui%»l)a (’U%, ceey U?nfrJrl)}

are the points that count for the Chern number ¢"¢™ "[M]. And the way
each singular point contributes towards this Chern number in the example
above is £1 because of the transversality assumptions we made. In general
this is an integer that can be regarded as a local index associated to the
corresponding collection of vector fields at each singular point.

Now suppose we are given integers ry,...,rs such that r1 + ... +r;, = m.
One has a Chern number ¢ (M) - --¢"= (M) [M], and the previous discussion
extends to this setting, to say that this number is the intersection number of
the cycles representing the Poincaré duals of the corresponding Chern classes.
Each Chern class ¢"7 corresponds, by duality, to the set of points where a
certain family of vector fields becomes linearly dependent, the singularities
of the corresponding frame v™~"+1. A point € M is nonsingular for the
collection of vector fields
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{U(mfnﬂ), . ’v(mfrsﬂ)}

if at least one of the sets of vectors v("~"i*+1 ig linearly independent at x.
Otherwise we say that x is a singular point of the collection of vector fields.
Notice that each singular point xg of the collection comes naturally equipped
with a local indez,

Ind({v(m_rl+1), e ,v(m_rs+1)}, xo) €Z,

given by the intersection product of the cycles determined by the points
where each of the sets of vectors v~ "it1) fails to be linearly independent.
More precisely, recall from Chap. 1 that the obstruction cocycle for a frame
v(m=7+1) lives in dimension 2r;; such a frame can be assumed to be nonsin-
gular over the 2r; — 1 skeleton of an appropriate cell decomposition of M,
and it has at most isolated singularities in the 2r;-skeleton, located at the
barycenter ¢ of each cell o of dimension 2r;. At each such singular point,
the frame has its local index Ind(v(™~75*1 &), as defined in 1.3.2. Then the
local index of the collection at each singular point zg is the product of the
local indices of the corresponding frames:

Ind({v(m_rl+1), . 7v('rn—rs—i-l)}7 960)

= Ind(v™ "D z4) - Ind(0™T Y 2g),
recalling that a singularity of the collection means a singularity of each frame.

Now suppose M is a compact, almost complex manifold with nonempty
boundary OM, and we are given a collection of vector fields

V = {plmmitl) o gmorety

on a neighborhood U of OM in M and with no singularities of the collection
U. Then classical obstruction theory, as explained in Chap. 1, says that we
can extend this collection of vector fields to all of M with finitely many singu-
larities, and their total sum, counted with their local index, is independent of
the extension. We thus have a Chern number (¢™ ---c")y(M)[M,0M] € Z
which depends only on M and the choice of the collection V near the bound-
ary. We may call this the Chern number of M relative to the collection V, in
analogy with the relative Chern classes introduced in Chap. 1.

Notice that similar considerations apply if we replace T M by some other
complex bundle over M of same dimension, in particular the cotangent bundle
T*M. Furthermore, we can make similar considerations for other complex
vector bundles of dimension m over complex varieties of dimension m, as for
instance the Nash bundle over the Nash blow up of a singular variety, and
we shall do so in a moment.

These ideas are all behind the work of Ebeling and Gusein-Zade about
indices of collections of 1-forms on singular varieties, that we now envisage.
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There are two main situations we consider, following [53-56]. One of this
leads to a generalization of the GSV-index, the other to a generalization of
the Euler defect.

9.8.1 The GSV Index for Collections of 1-Forms

Consider an ICIS germ (V,0) defined by a holomorphic map f : (C"**, 0) —
(C*,0), and let V* be a collection of 1-forms on V with an isolated singularity
at 0. That is, V* consists of a set {w™ "D ... =7+ of frames of
1-forms on V* := V' \ {0}, each such frame consisting of a number r; of lin-
early independent 1-forms on V, linearly independent in some neighborhood
of 0 in V. For simplicity we assume, with no loss of generality, that the rep-
resentative of V is small enough, so that each frame w(*~"1*1) is nonsingular
on all of V* :=V '\ {0}.

Let € > 0 be small enough so that K = V NS, is the link of V, and
let 0 < 6 << ¢ be small enough so that for each regular value ¢ of f with
t| < 0 one has that the fiber F; = f~1(¢) meets the sphere S, transversally.
As in Chap. 3, we have that F}; is an almost complex manifold with bound-
ary, and the transversal Isotopy Lemma (or the first Thom—Mather Isotopy
theorem) tell us that the boundary OF; is isotopic (in the ambient space) to
K. Therefore, we can move the collection V* to a collection of 1 — forms on
a neighborhood of 0F; in F}, with no singular point. By the previous discus-
sion, this collection determines a well-defined Chern number of the cotangent
bundle T*F; relative to the collection of 1-forms V*.

This is the GSV index of the collection of 1-forms defined by Ebeling and
Gusein-Zade. If the collection V* consists of a single 1-form, this is the GSV
index previously envisaged in this chapter. The same construction applied to
a vector field is the GSV index of Chap. 3.

In concordance with Theorem 9.5.1, if all the 1-forms in the collection
are holomorphic, then the authors express this index as the dimension of a
certain vector space (see [55, Theorem 2.2]). This generalizes the Lé-Greuel
formula for the Milnor number of an ICIS germ.

9.8.2 Local Chern Obstructions

Assume now that (V,0) is the germ of a reduced complex analytic space in
C™ of pure dimension n, and equip V with a Whitney stratification so that
{0} is a stratum. If w is a 1-form on C™ with an isolated singularity at 0, then
one has its local Euler obstruction defined in 9.3.1 above. We recall briefly
its definition. Let V' 2 V be the Nash blow up of V, and T* 5 V the dual of
its Nash bundle. Then the 1-form w lifts canonically to a section @ of T™* over
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v~ 1((V NB.) \ {0}), where B. is a small ball centered at 0. Its local Euler
obstruction, denoted Euy, v(0), is by definition the obstruction to extending

& as a section of T* over v~1(V NB.). More precisely, if we denote such an
obstruction by Obs(w, v~ (VNB.)) € H*(v~1(VNB.), v~ (VNIB.)), then
by definition Euy, v (0) is the integer one gets by evaluating Obs(w, v~ *(V N
B.)) in the fundamental cycle of the pair (v=1(V NB.),v~1(V N IB.)).

This corresponds to considering the top Chern class of the Nash bun-
dle over the Nash blow up, relative to the 1-form defined on the boundary
v~ 1V N oB.).

Essentially the same construction goes through for collections of 1-forms
on V instead of a single 1-form, but in this case one must pay attention
not only to the singularities of the collection, but also to another type of
“bad points,” called special points. One gets the local Chern obstructions of
Ebeling and Gusein-Zade. This defines local invariants of the germ (V,0) that
generalize the local Euler obstruction of 1-forms.

Furthermore, one has that for an ICIS germ (V, P), the difference between
the GSV index and the local Chern obstruction of a collection of 1-forms
does not depend on the collection, so it is an invariant of the singularity
(Theorem 3.4 in [55]). It would be interesting to explore these new invariants
of singularities.

We refer to [52-56] for more on this interesting topic.



Chapter 10
The Schwartz Classes

Abstract As mentioned before, the first generalization of Chern classes to
singular varieties is due to M.-H. Schwartz, using obstruction theory and
radial frames. These classes are the primary obstructions to constructing a
special type of stratified frames on V that she called radial frames. To avoid
possible misunderstandings, here we prefer to call them frames constructed
by radial extension, as in the case of vector fields. We refer to [28, 33] for
details of the construction and we content ourselves with summarizing here
their main properties. It was shown in [33] that these classes correspond, by
Alexander isomorphism, to the MacPherson classes, that we discuss briefly
in the last section of this chapter.

In this chapter we provide a viewpoint for studying Schwartz—MacPherson
classes which is particularly close to the theory of indices of vector fields that
we develop in this book, both from the topological and the differential geomet-
ric sides. In the first three sections, we discuss the Schwartz index of frames
and a method for defining the Schwartz classes of singular varieties using
arbitrary stratified frames, not necessarily constructed by radial extension.
As a corollary we obtain that the Schwartz classes are the primary obstruc-
tion to constructing a stratified frame (any frame, not necessarily radial) on
the skeleton of the appropriate dimension and for an appropriate cellular
decomposition: if such a frame exists, then the corresponding Schwartz class
vanishes (the converse is false in general).

In Sect. 4, we use the methods of [31], joint work with D. Lehmann, for con-
structing localized Schwartz classes in both the topological and differential
geometric contexts, via Chern—Weil theory and using stratified frames. The
last section discusses briefly MacPherson and Mather classes (see [28,117]).

10.1 The Local Schwartz Index of a Frame

We know already from Chap.2 how to define the Schwartz index of a vector
field constructed by radial extension, and that notion was generalized to give
an index for vector fields in general, using the difference between the given
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vector field and a radial one (2.4.2). In this section we extend these concepts
to frames, using the difference cocycle (see [153]), in order to define the local
Schwartz index for arbitrary stratified frames.

The idea for constructing frames by radial extension is similar to that for
constructing vector fields by radial extension, that we described in Chap. 2
(see [142]). We consider as before, a compact, complex analytic n-dimensional
variety V embedded in a complex m-manifold M, endowed with a Whitney
stratification {V,} adapted to V. We use a cellular decomposition (D), dual
to a triangulation of M compatible with the stratification. The cells o of (D)
are transverse to the strata V,. In general, elements o NV, of (D) are not
cells, but that is the case for the smallest dimensional stratum V,, meeting o.

The concept of stratified vector fields, introduced in Chap. 2, extends in
the obvious way to frames:

Definition 10.1.1. Let A be a subspace of M. A stratified r-frame on A is
an r-field v(") = {v1, ..., v } consisting of stratified vector fields vy, ..., v, lin-
early independent everywhere. By a singularity of an r-frame we mean a point
z € A where the r vectors v1(2),...,v,(2) fail to be linearly independent.

Let o be a (D)-cell of dimension 2(m — r + 1), dual of a simplex in the
(complex) d-dimensional stratum V,. Then o, = 0 NV, is a cell of (real)
dimension 2d — 2r + 2. Suppose we have a stratified r-frame v(") defined
on the boundary of o,. We thus have an associated map v(") : do, —
Wiy 4, which determines an element in moq—op41(Wyq) =~ Z. This defines an
index Ind(v(r), 0w) € Z, as in Chap. 1, that by abuse of notation we call the
Poincaré-Hopf index of the frame v(") on ¢,. The frame can of course be
extended by a homothecy to all of o, minus its barycenter a,, Notice that
if we write the frame v(") as (v("=Y ,), where ("1 is the (r — 1) frame
determined by the first 7 — 1 vector fields in v("), then v("~V extends without
singularities to the interior of o, by dimensional reasons. It spans a bundle
Sp{v("=D}. Then the index Ind(v("), o) equals the degree of the map from
0Jo, into the unit sphere of the fiber over a, of orthogonal complement of the
bundle Sp{v("~D}, defined by the last vector field v, (normalized).

The M.-H. Schwartz’s radial extension technique can be used to extend
each of the components of v(") in a neighborhood of o, in M (see [28]). In
this way we obtain a stratified r-frame on a punctured neighborhood of a,
in the 2(m — r + 1)-cell o of (D). The boundary of ¢ is a (2m — 2r + 1)-
sphere. This defines a map do — W, ,, which represents an element in
Tom—2r+1(Wrm) =~ Z and therefore defines an index in Z. Since by construc-
tion the frame is radial in all directions normal to the stratum V,, it follows
that this index coincides with the previously defined index Ind(v(™, o). One
has:

Theorem 10.1.1. Let V,, be a (complex) d-dimensional stratum in V and
suppose oo = 0NV, is a (2d — 2r+ 2)-cell. Let v be an r-frame defined on
the boundary of oo Let us write v = (v~ v,.) where v"=1) is the (r —1)
frame determined by the first r — 1 components (vector fields) in v("). Then:
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(1) the (r—1)-frame v("=Y) can be extended to a frame (with no singularities)
on the whole cell o and

(2) the index Indpy (v, o) of v(") in o can be defined in either of the three
equivalent ways:

(r)
a) as the element in woq_or411 (Wi q) = Z represented by Ooy AN rds
+ , Y ,
(b) as the element in Taq_2,41(S?3=2+1) ~ Z represented by 0o, LN
S24=2+1- the map into the fiber of the orthogonal complement of the bundle

Sp{v("=V} spanned by v""Y and

)
(c) as the element in Tom—2r41(Wym) =~ Z represented by Jo AN Wi ms
where 0" is a (stratified) radial extension of v") to the boundary of the cell
o € (D) whose intersection with Vy is 0q.

Definition 10.1.2. Let v(") be an r-frame as above, defined on the boundary
of a cell NV, of dimension 2d—2r+2, where d is the dimension of the stratum
Vi.. The integer obtained in 10.1.1 is the Schwartz index of the r-frame v(")
on the cell . We denote it Indge, (v("), o).

Ezample 10.1.1. Consider the 2-cell €? in C* defined by {(0,0,2)||z| < 1}.
The 3-frame on e? defined by v®) = (8%, 8%7 %) obviously has index 0, since
it does not vanish anywhere. Consider now the 3-frame on e? defined by:

9 9 0

[C) .
v (833’ 8@/’2 0z

)s k> 1

Using the second definition above we see that the index of this frame equals
the Poincaré—Hopf index at 0 € C of the holomorphic vector field zka%, S0 it
has index k. Notice that we may consider only a 2-frame on e?, for example
v® = (£ kL) this has a singularity at {(0,0,0)}, but in this case one
can get rid of this singularity by deforming the frame by an appropriate
homotopy, since the 2-frame on the boundary extends to the interior if and
only if the corresponding map into W3 is nulhomotopic, but this Stiefel
manifold is diffeomorphic to S3, so it is simply connected. In the previous
case the 3-frames on 9e? = S! correspond to the elements in the fundamental
group of the unitary group U(3) ~ W3 3, m (U(3)) ~ Z.

Let o be a cell of (D) of dimension 2m — 2r + 2 that meets the (complex)
d-dimensional stratum V,, along the cell . One denotes by a, the barycenter
of the cell ¢. Let the stratified frame v(") be defined (with no singularity) on
the boundary of 0. One defines:

Definition 10.1.3. We say that (") is normally radial at a, if for each
stratum Vj having a, in its closure and for each sufficiently small tube 7¢(V4,)
around V,, in M, one has that each component vy, ..., v, of v(") is transverse
(pointing outwards) to the intersection Vg N 7z (V).
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As in the case of vector fields, up to homotopy realized by stratified vector
fields, every normally radial frame at a, is obtained by radial extension of
its restriction to V.

For normally radial frames one has that its Poincaré—Hopf index in the
stratum equals the Poincaré—Hopf index in M, and so one has a well defined
Schwartz index as before. Notice this says nothing about the behavior of the
frame in the stratum V,, containing a,-.

Ezample 10.1.2. Consider the 4-cell e = {(0,y,2)|[y?| + |2]* < 1} in C* =
{(z,y,2)} and the Whitney stratification of the unit ball B in C? consisting
of the strata {e,B\ {e}}. The 2-frame

0 0

13}
o J k
(xax +8y’

Iy, k>1

@ _
v 0z’

)

x i +z
oz
is stratified, normally radial and it has Schwartz index k.

Now we wish to distinguish the normally radial stratified frames with the
“simplest” possible behavior in the stratum V,, of a,. Write such a frame v(")
in the form (v("=Y, v,) as before; we assume the frame v("~1) is extended to
the cell o with no singularity, so the only singularity of v(") in ¢ is that of
the vector field v, at the barycenter a,. Let @ C T M|s be the orthogonal
complement (for some Riemannian metric) of the bundle Sp{v("=V}; the
Schwartz index of v(") at a, is the Poincaré-Hopf index of the section v, of Q.

Definition 10.1.4. Let v(") be a stratified r-frame defined on a neighbor-
hood in M of a point x in a stratum V,, of V of dimension d. We say that
v(") is radial at z if it is normally radial in M and it is radial in the stratum
of x, i.e., it has Schwartz index 1.

Ezample 10.1.3. With the same data than Example 10.1.2, the 2-frame v(?) =

( aay, z 59 ) is radial on the stratum e of B, but it is not normally radial. The

frame
( 0 n 0 0 n 0 )
T—+—,c—+2z—
ox Oy’ = Ox 0z
is radial in the stratum e and it is also normally radial, so it is radial in the
ambient space.

We now define the local Schwartz index for arbitrary (stratified) frames;
this is similar to 2.4.2. Let v(") be an r-frame defined on the boundary of
a (D)-cell o of dimension 2m — 2r + 2, whose barycenter is a point a, €
Vo C V. We extend v(") to a stratified frame on all of ¢ \ {as}. Recall that,

by construction, the cell o meets transversally all the Whitney strata Vs
(r)

waq be a stratified radial frame around

a,. We define the difference between v(") and vg()i at a, as follows. Consider

sufficiently small spheres S., S.- in M, ¢ > ¢ > 0, centered at a,, and

containing V,, in their closure. Let v
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consider the frame v(") on S, No NV and ”E;)i on Sy No NV. We use again
the Schwartz’s technique of radial extension to get a stratified 7-frame w(")
on the intersection of ¢ with the cylinder

[e]

X = [(V |f”B%e) \ (Vﬂ ]Be’)]

in V bounded by K. = S. NV and K., = S, NV, having finitely many
singularities in the interior of X. At each of these singular points its index in
the stratum, Inde(w(T)7 X No), equals its index in the ambient space C™.

The difference of v(") and ngi is defined as:
d(v™), ngl) = Z Indpy(w™, X N o),

where the sum on the right runs over the singular points of w( in X and each
singularity is being counted with the local index of w(") in the corresponding
stratum. As in the work of M.-H. Schwartz, we can check that this integer
does not depend on the choice of w(").

Definition 10.1.5. The Schwartz (or radial) indez of the stratified r-field
v at a, €V is:

Indsen (v, a5 V) = 1+ d(v™, vgé) =1+ Z Ind(w™, X No),

where the sum on the right is taken over the singularities of w(" in all strata
in XNo.

10.2 Proportionality Theorem

The Proportionality Theorem, due to [33], is the key point in the proof of the
equality of Schwartz and MacPherson classes via the Alexander isomorphism.

Let v : V — V be the Nash modification of V. Let ¢ be a cell of dimension
2(m —r+1) and v(") a stratified r-field on o NV with an isolated singularity
at the barycenter a, of 0. Since v(") is nonsingular on o NV, it can be lifted
to an r-frame o™ of T over v~(do N'V), as in the case of vector fields. One
obtains, over v~1(do N V), a section of the bundle T, associated to T and
whose fiber in a point  is the set of r-frames in Ty. Let o(2(")) denote the
class in H>"="tD(y=Y (o N V), (do N V)) of the obstruction cocycle to
extending 7(") further to a section of Tr|l,71(5).

Definition 10.2.1. The local Buler obstruction Euy (v("), a,) of the strat-
ified r-field v(") at the isolated singularity a, is the integer obtained by
evaluating o(v(")) on the orientation cycle [v=' (e N V), v~ (9o N V).
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Theorem 10.2.1. [33] Let v(") be a stratified r-frame on o \ {a,}, where o
is a cell of (D) of dimension 2m — 2r + 2 and a, is its barycenter. Let V,
be the stratum that contains ay, dimcV, = d. Assume further that () s
normally radial at a,. One has:

Euv(v(r), a,) = Euy(as) - IndsCh(v(T), o).

A possible proof is to use the stability of the Euler obstruction Euy (v("), a)
under appropriate perturbations and to prove the Theorem in the same way
as Theorem 3.6.1. We give a proof adapted from the one of [33] but which is
simpler (see [35]).

Proof. If r = 1, this is Theorem 8.1.2.

If r > 1, we know that, up to homotopy, the normally radial frame can be

considered as obtained by radial extension of its restriction to V,. Then, we
reduce the problem to the case r = 1 in the following way.
1. Taking, if necessary, a smaller cell o (that is necessary if the boundary of
o NV, does not lie entirely in the interior of the stratum V,,), one proceeds
as follows: Let us denote by o, = 0 NV, and consider D a small closed disc
of complex dimension r — 1 with center p transverse to o, in V. By the local
triviality property of Whitney stratifications, there is a neighborhood (2 of p
in M homeomorphic to D x ¢ and stratified by {ID x (¢ NVp)}g where V3 are
the strata which meet o.

Let us write v as (vgfl), Va,r), Where oY is the (r—1)-frame consist-
ing of the first (r — 1) vector fields. By hypothesis, ng) has no singularity
on do N V,; and by dimensional reasons, obstruction theory says that it ex-
tends to a vector field on all of o NV, (because it represents a class in a
homotopy group which is trivial). Thus we may choose a radial extension
v = (v"=Y 4,) on o where the (r — 1)-field v(" =Y is nonsingular and v, is
a radial extension of the vector field v, .

Let E denote the trivial subbundle of TM|, of rank r — 1 spanned by
(=1 (over the complex numbers) and @ the orthogonal complement of E
in TM]|, for some metric;

TM|, =E&Q. (10.2.2)

The bundle F extends to a neighborhood of p in M and we get, denoting
also by F and @ the extensions of E and @, a decomposition

TM|o=E®Q. (10.2.3)

The bundles E and () can be interpreted as 777D and 757 'c, respectively,
where 71 : {2 — D and 75 : 2 — o denote the projections.

Now we may think of v, as a stratified section of T'o. Let vp denote a
radial vector field on D at p. Then the sum
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Vg = Ty UD + T Uy (10.2.4)

is a vector field on (2, singular at p. We claim that vy is stratified ; that
follows from the choice of the stratification in {2 = D x o, the fact that v,
is a stratified vector field on ¢ and the fact that 7juvp or m3v, is tangent to
each fiber of my or my, respectively. Moreover, from the construction we see
that v is a radial extension of the vector field (m1|v, )*vp + (72|v, )*va r o0
Va. B

Let 0p be the lifting of vg as a section of T over v=1(SNV), where S = 912.

If we denote by o(?g, T') the class of the obstruction cocycle to extending v
to a nonvanishing section over v=1(£2 N V), by definition we have

Eu(vo, V;p) = o(to, T)[v (20 V), v~ (SN V)].
In the following steps 2 and 3, we prove that
Eu(v",V;p) = Bu(vo, V; p). (10.2.5)
This will finish the proof of Theorem 10.2.1, since Theorem 8.1.2 implies
Eu(vo, V;p) = Eu(V, p) - Indscn(vo, V;p)
and by definition, we have

Indsen (vo, V;p) = Indgen (vr, V;p) = Indsen (v, V3 p).

2. Expression of Eu(v(™,V;p).
Using the decomposition (10.2.2), we obtain a decomposition on v~(o):

V*TM|, =v'E ®v*Q.

Since the r-field (v("=Y, v,) is stratified and nonsingular on do NV, it lifts
to an r-frame 3 = (30"~1 7,) of the Nash bundle T over v~ (do N V).
Moreover, since v("~1) is nonsingular on o NV, v* E (restricted to v~ (cNV))
is a subbundle of T\fl(gﬂv) and we have a decomposition:

T|y-1(onvy = V' E® P, (10.2.6)

where P is a subbundle of v*Qly-1(snv). We may think of v, as a section of

P which is nonvanishing on =1 (9o N V). If we denote by o(7,, P) the class in
H2 =) (= (o N V), v~ (o NV)) of the obstruction cocycle to extending
this to a nonvanishing section over v=*(c N V), we have

Eu(v,V:p) = o, P)[v (e N V), v (o N V). (10.2.7)
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3. Expression of Eu(vg, V;p).

Using the (stratified) decomposition (10.2.4), let vy = (%,@T) be the
lifting of the respective vector fields to sections of T over v=1(SN V), where
7% = v*miup is a section of v*E and 7?51; is a section of P.

Now, in the decomposition (10.2.3), since E is in SV, i.e., the vectors in
E are stratified, the pull-back v*E (restricted to v~1(2NV)) is a subbundle

of T|V71(Qm/) and we have a decomposition
T\ufl(m\/) =Vv'Ea P,

where P is a subbundle of v*Ql,-1(0nv), extending P in (10.2.6).

Let us denote by o(v*mivp,v*E) the class of the obstruction cocycle to
extending v*mjuvp, a section of v*E nonvanishing on v=1((D x o) N V) =
v=1OD x (o N'V)), to a nonvanishing section on »~*(2 N V). In the same
way, we denote by o(m3 vy, ]3) the class of the obstruction cocycle to extending
@T, a section of P nonvanishing on v~} (D x do)NV) = v~ 1D x (doNV)),
to a nonvanishing section on v~1(£2N V). Then we have

o(V9,T) = o(v* 7ivp, V' E) — 0(7617” P),

where — denotes the cup product. We have o(v*nfvp, v*E) = v*njo(vp, TD).
Since 2NV =D x (6 NV) and o(vp, TD) is a generator of H?"~2(D, D), we
get

o(V*nivp, V' E) ~ [t H(2nV), v X SNV =[v Hon V), v (9o N V)],

where —~ denotes the cap product. Since the restriction of 0(71'/2%7“, 13) tov~lo
is equal to o(v;, P), we obtain

Eu(vo, V:p) = o(t, P)[v " (e NV), v~ (o N V)]. (10.2.8)

From (10.2.8) and (10.2.7), we obtain (10.2.5) and the theorem.

Remark 10.2.1. Notice that both proofs above are easily adapted to prove
the equivalent theorem for coframes on V, i.e., for frames of 1-forms on V.
This gives relations between the dual Schwartz classes of V' (which can be
represented by Chern classes of the cotangent bundle T*(U), U being now
a regular neighborhood of V' in M, relative to a coframe on U \ V obtained
by radial extension) and the corresponding Chern classes of the dual Nash
bundle T*. This is related to the recent work of Ebeling and Gusein-Zade
about indices of “collections” of 1-forms [55].
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10.3 The Schwartz Classes

As we mentioned before, Schwartz classes are the obstructions to constructing
stratified frames on V' obtained by radial extension. We recall (see [28, 33]
for details) that to constructing these frames we take appropriate stratifi-
cations, triangulations and dual cellular decompositions as before, and we
construct r-frame wv,,q with isolated singularities in the barycenters of the
cells in (D)®m=2r+2) by induction on the dimension of the strata. If, as
before, we write frames as v(") = (v("=1 ,.), then one has that one can con-
struct on the 2¢-skeleton (D)9 of (D) in M a frame ”E;)i = (vgd_l),vrad)
whose main properties are:

(1) ”E;)i has only isolated singularities on (D)%) ; these are the singularities
of the last vector field v;,q, while the (r — 1) frame (vggl)

(D)9, The vector field v,,q is nonsingular on (D)(4—1),

) is nonsingular on

(2) it is everywhere pointing outwards from cellular tubes around V and
cellular tubes around the strata V,,. That is, it is everywhere normally radial.
Hence the Schwartz index Indgc, can be evaluated as in either of the 3 ways
described in Theorem 10.1.1 above.

These are the frames obtained by radial extension. A motivation for consid-
ering such frames is that they are in a sense “canonical,” up to homotopy, and
these are the only frames one can construct “explicitly” on singular varieties
in general. R

Let us now denote by 7y a cellular tube around V' in M and consider

E;}i on (D)9, By construction this frame is nonsingular

on Ty \ V. It determines a 2¢-cochain ¢ € C’2q(7A'v, 8’?\/) whose value on a

a radial r-frame v

2q-cell 0 is < v1-0 >= Indsch(vgzi, o) if o intersects V and 0 elsewhere.

It is proved in [33,141] that this cochain is actually a cocycle, representing
a cohomology class ¢?(V) € H24(Ty,,8Ty) ~ H?A(M, M\ V). This class does
not depend on the choices of the Whitney stratification of M, the triangu-
lations, nor the r-frame v("), so long as it is constructed by radial extension
(see [141], [142] and [28]).

Definition 10.3.1. The class ¢?(V) € H?¢(M, M \ V) is the g-th Schwartz
class of V.

The same construction can be performed for a stratified r — frame, r >
1, which is nonsingular on (D)Z™~2"+1) and has isolated singularities on
(D)?m=27+2 Then the Schwartz indices of v("), defined as in 10.1.5, determine
a cocycle in the same way. One obtains a relative class

ATy, 0Tv;0") € H¥(Ty, Ty \ V) = H* (M, M\ V) (10.3.0)

and the following Theorem:
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Theorem 10.3.1. Given V. C M as before, equipped with a Whitney strat-
ification adapted to V. and a compatible triangulation (K), we let (D) be
the dual cellular decomposition and denote (D)7 the union of all cells of
dimension j. If v\") is a stratified v — frame, r > 1, which is nonsingu-
lar on (D)®™=2+Y) and has isolated singularities on (D)*™~2"+2 then the
Schwartz indices of v\"), defined as in 10.1.5, determine a cocycle as in 10.3.1,
(Vo) e H* (M, M \'V), q = 2m — 2r + 2, and this cocycle represents
the corresponding Schwartz class of V.

The proof is immediate from the definitions and properties of Schwartz
index. Just as for vector fields 2.4.1, one has:

Corollary 10.3.1. With the above hypothesis and notation, if there exists
some stratified v — frame which is nonsingular on (D)P™=2+2) then the
corresponding Schwartz class of V' vanishes.

Since H?(M, M \ V) ~ Hap_24(V) by Alexander duality, these classes
can be thought of as living in the homology of V. We denote by ¢;(V),
i =m —q =n —p, the image of (V) in Hy;(V) and call it the homology
Schwartz class.

10.4 Alexander and Other Homomorphisms

The basic reference for this section is [25] (see also [28] and [31]). Here we
adapt to the singular case the discussion started in Sect. 1.3 concerning the
Alexander homomorphism and other related topics.

Let V be a pure n-dimensional subvariety in an m-dimensional complex
manifold M and let (K), (K’) and (D) be as before, (K) is a triangula-
tion of M adapted to V, (K’) its first barycentric subdivision and (D) the
corresponding dual cell decomposition.

First, if V' is compact, we define a homomorphism

POy — W) by P =) (eds)NV)  (104.1)

o

for a (2n—1)-cochain ¢ and a (2n+2k—1)-cell d(s) dual of the simplex s, where
the sum is taken over all i-simplices o of V. This induces a homomorphism

Py : H*™ Y(V) — Hy(V),

which is called the Poincaré homomorphism. If V' is nonsingular, this is the
Poincaré isomorphism.

Next, let S be a compact (K)-subcomplex of V' (V' may not be compact).
We define a homomorphism
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A CHT WV VA 8) — C(8)

taking, in the sum of (10.4.1), only i-simplices of S. Then this induces a
homomorphism '
Av,s : H*" UV, V\ S) — Hi(9),

which is called the Alexander homomorphism. If V' is nonsingular, this is the
Alexander isomorphism. If V' is compact, we have a commutative diagram
similar to the one in Sect. 1.2.

Next we introduce Gysin and Thom homomorphisms. We define a homo-
morphism

G:Cl' (V) — CIpyTi (M) by (G(e).d(s)) = (e, d(s) N V)
(10.4.2)

for a (2n—1)-cochain ¢ and a (2m—1)-cell d(s). This induces a homomorphism
Gy s H (V) — H*™ (M), (10.4.3)

which is called the Gysin homomorphism. From the definition, we see that,
if M is compact, the following diagram is commutative:

Gv,m

H2=i(V) VML premei)
lPV zlPM (10.4.4)

The Gysin homomorphism Gy, s is sometimes denoted by ..
Note that from the expression (10.4.2), we see that the homomorphism
G lifts to a homomorphism

T:CHey (V) — CEH (M, M\ V). (10.4.5)

This induces a homomorphism
Ty : H7H V) — H* ™ (M, M\ V), (10.4.6)

which is called the Thom homomorphism. From the definition, we see that,
if V' is compact, the following diagram is commutative:

Tv,m

H2n—i(v) o, H2m—i(M7M \ V)
J/PV ZlAM,v (1047)
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We may write Gy yr = j*oTy p with 5* : H> (M, M\V) — H*™~ (M)
the canonical homomorphism.

Let S be a subset of V' as before. In the homomorphism (10.4.2), if o is a
(D)-cell not intersecting with S, then o NV is a (K’)-chain not intersecting
with S. Thus it induces a homomorphism

T:CH (V,V\S) — G~ (M, M\ ). (10.4.8)

This in turn induces a homomorphism
Tsvyar: H"7{(V,V\S) — H*™ (M, M\ S), (10.4.9)

which is also called the Thom homomorphism. From the definition, we see
that the following diagram is commutative:

‘[_1271—1‘(‘/7 v \ S) M H2m_i(M7 M \ S)
lAv,s zlAM,S (10.4.10)
H;(S) — H,(S).

In the sequel, we consider either the case S is a compact connected sub-
complex in the regular part Vies = V' \ Sing(V') or the case S is a compact
connected component of Sing(V). In the former case, Ay g is the Alexander
isomorphism discussed in Sect. 1.3. In the latter case, let U be an open neigh-
borhood of S in M, denote U = U NV, and assume that U \ S is in Vieg.
We let 7 € U be a tube, union of (D)-cells which are dual of (K)-simplices
contained in S, as in 1.1.2. We can assume 0T is transverse to Vieg and set
T=TNV.Wewrite 97 =V N 8?, which is a hypersurface in V. With
these, we apply the above homomorphisms to the pairs (ﬁ U \S) ~ (’]A‘ , 8’?)
and (U,U\ S) ~ (7,07).

10.5 Localization of the Schwartz Classes

In this section we follow [31]. We denote by S a compact connected (K)-
subcomplex of V such that S N D®P) is either a subset of the regular part
Vo = Vieg Or a component of Sing(V). We are writing p = n —r + 1 and
q = m—r+1, where n = dim¢ V and m = dim¢ M, thus we have g—p = m—n.
Let us denote by U a neighborhood of S in V such that U \ S still intersects
(D)) in V4,
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10.5.1 The Topological Viewpoint

It follows from the above discussion that there exist stratified r-fields on
(D)9 N U whose singularities are all located on S. Let v\" and v{"” be two
such r-fields and let us consider a tube T in U around S. There is a well
defined secondary characteristic class d(v1 ),v;)) € H?P~1(9T) called the
difference and defined as in Sect.1.3.2. Let 6 : H**~1(9T) — H?(T,0T)
be the connecting homomorphism and let Ay : H??(7,07) — H,_1(S) be
the Alexander homomorphism. We set

ds (vgr),v2 )=A §d(v1 ,vér)).

Definition 10.5.1. For an r-frame v(") on (D)% N (U \ S), we define the
Schwartz class Sch(v(™), S) of v(") at S to be the class in Ha,_»(S) given by:

PH(v("), S) if SN (D)%) CVy,

Sch(v(", 8) =
ch(v™™, 5) {cr_l(S)—i—ds( ) WY if § ¢ Sing(V),

where ”E;)i is a frame constructed by radial extension, PH is the Poincaré—

Hopf class defined in Definition 1.3.4 for S C Vg, and ¢,—1(5) is the
homological Schwartz class.

In particular for the frame vﬁazi, Sch(v 521,5) = ¢,-1(5) € Har—2(S). We
also remark that if r = 1, the class Sch(v 521, S) is the Schwartz index of the
vector field defined in Chap. 2.

From the definition we get that for two r-frames v\” and v{” on (D)) 0
U\ S),

Sch(vér), S) = Sch(v1 ,S) +dg (vgr),vér)). (10.5.1)

Let us consider now a neighborhood U of Sing(V') in V. We know already
that there exist stratified r-fields on (D)% NU whose singularities are all in
Sing(V'). Elementary obstruction theory [153] then tells us that every such
r-field can be extended to all of (D)9 NV, with a singular set which is
a subcomplex of Vy. More generally, let X be a compact (K)-subcomplex
in Vg disjoint from a neighborhood U; of Sing(V') in V. We denote by (Sy)
the connected components of Sing(V) U X and set V* = V \ U;. Let i)
and ¢ be the inclusions Sy — V and V* — V, respectively. The second
one induces a homomorphism ¢, in homology with compact supports. The
following theorem is similar to formula 1.1.3, the proof is easy using 10.5.1
above.

Theorem 10.5.2. Let V be a compact complex analytic n-variety embedded
i a complex m-manifold M and let X be a subcomplex in Vy as above. For
every stratified r-frame v(") on (D)2D N (Vo — X), ¢ =m —r + 1, we have
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> (i2)+Sch(v), 83) = 1 (V).
A

Thus, decomposing the previous summation according to the fact that Sy is
in Sing(V') or in X, we get :

> (@3)«Sch(v™),83) + tecr 1 (VF30™) = ¢, 1(V),
S)\CSing(V)

where the sum is taken over the connected components of Sing(V'). In partic-

: (r) .
ular, for a radial r-frame v, 4, we have:

-1 (V) = Z (ix)xCr—1(Sx) + txcr_1 (V" vgé)
S\ CSing(V)

Remark 10.5.1. In other words this theorem is telling us that to define the
Schwartz class ¢?(V) € H?I(M,M \ V;Z) we may consider any stratified
r-frame v("), ¢ = m —r + 1, on (D)9 N U, then ¢?(V) is the obstruction
to extending it to a stratified r-frame on V' N (D)%), The contributions for
¢4(V) are splitted in two parts. On one hand we have the contribution of
the regular part v,c,_1(V*;v()); this is the usual Chern class of V minus
an open regular neighborhood of Sing(V) relative to the choice of frame v(")
on its boundary (in the appropriate skeleton). On the other hand we have
the individual contributions of each connected component of the singular set
(ix)«Sch(v(™) | Sy). Each of these depends on the choice of frame, but their
total sum is ¢?(V) independent of the frame, a result in the spirit of the
Poincaré—Hopf Theorem for vector fields.

Remark 10.5.2. Again, just as in 2.4.4, one may consider a stratified r-frame
v(™) on the intersection of (D)9 with a neighborhood U C M of a con-
nected component S C Sing(V) whose singularities are all in S. We have
defined above a localization Sch(v("), S) of the Schwartz class ¢,_; at S. But
in the previous section we defined a local index for v(") at each isolated sin-
gularity. Taking into account only the singularities of v(") in S we get another
localization of ¢,_1 at S, say §CT1(U(T), S). The proof of 2.4.4 can be easily
adapted to this case, thus showing that both localizations of the Schwartz
class coincide.

10.5.2 The Differential Geometric Viewpoint

We consider a (D)-cellular tube 7 around S in U as before. Let us denote
by (D’) the cellular decomposition of M dual to a barycentric subdivision
(K') of (K). The cells of (D’) counsist of simplices of the second barycentric
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subdivision (K”) of (K). We denote by R the (D’)-cellular tube around S.
Thus R is in the interior of 7 and the (D)-cells are transverse to OR. We

endow Rjs with the ordinary orientation as the boundary. We set R = ROV,

Suppose we have an r-frame v(") on (U \ S)N DP9, ¢ =m —r + 1, we
may describe the Schwartz class Sch(v("™), S) of v(™) at S as follows.

First we consider the case where S is in the regular part Vj of V' (thus U
is also in Vp) and give a differential geometric interpretation of the Poincaré—
Hopf class PH(v("), S). The relative class c?(7,97T;v(")) defined as in 10.3.0
is now defined by taking an “v(")-trivial connection” for TU away from S.
To be more precise, let V be a connection for TU on U and let V( be an
v(")-trivial connection for TU on a neighborhood of (U \ S) N D?% in U.
Here Vo being v(")-trivial means that Vo(v) = 0 for every member v of v(")
so that ¢?(Vy) = 0 (see, for example, [156, Ch.II, 9], ). Then the image &
of ¢?(T,0T;v™) by the Thom-Gysin homomorphism 7 : H?P(U,U \ S) —
H24(U,U \ S) is represented by the cocycle

7H/ CP(V)+/ PV, Vo), (10.5.3)
YNR YNOR

for a relative cycle v € CQ(qD) (T,0T) [108,109], where CIED) (A) denotes
the chains of dimension & in the (D)-complex A. The Poincaré-Hopf class
PH(v(", S) is then given by Ay c?(7,0T;v(")) = Ap € (see (10.4)).

Now suppose S may be a component of Sing(V') and let ”521 be a radial
r-frame on (U \ S) N D9 Recall that the Schwartz class of vf;)i at S is
given by Sch(v E;&,S) = ¢,_1(S) = Ap c(S), where ¢?(S) € H*(T,0T) ~
H24(U,U \ S) is the ¢-th Schwartz class of S. We may assume that v( ()i is
given on a nelghborhood W of (U \ $) N D9, We denote by V¥ a connection

for TM on U and by Vj an v(() )_trivial connection for TM on W. From the
definitions, we have the following.

Proposition 10.5.1. The relative class ¢?(S) is represented by the cocycle

~

- Acq(§)+/ (Y, Vo),
YNR YNOR

for a relative cycle v € C'Q(qD) (T,0T).

A differential geometric description for the Schwartz class of a general
frame is obtained by combining the above and the following formula for the
difference cocycle, introduced earlier (see Sect. 1.3.2). Let S be either a com-
pact connected (K)-subcomplex in V; or a connected component of Sing(V)
as before. Let UY) and v( ") be two r-frames on (U\ S)N D2, We may

assume that v\”) and v{” are given on a neighborhood W of (U \ §) N D(2®
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in U. For each i = 1,2, let V; be an vgr)—trivial connection for TV on W.
We refer [31, Lemma 3.4] for the proof of the following

Lemma 10.5.1. The difference 5d(v£r),vgr)) is in H*(U,U\S) whose image
by the Thom—Gysin homomorphism 7 : H*®*(U,U \ S) — H?*(U,U \ S) is
represented by the cocycle

v / c(Vy,Va),
YNOR

for a relative cycle v € C'Q(qD) (T,0T).

10.6 MacPherson and Mather Classes

Let us discuss briefly the MacPherson classes (see [117], [28]). We use the local
Euler obstruction, defined in Chap. 8. This obstruction satisfies the following
property: there exists (unique) integers {n,} for which the equation

> naBuy (z) =1 (10.6.1)

is satisfied for all points = in V, where the sum runs over all strata V,
containing x in their closure. This statement is obvious for points in the
regular stratum, for the points in Sing(V') (10.6.1) can be easily proved by
induction.

Con51der now (see Chap.8) the Nash blow up V - V of V, the Nash
bundle T — V, and the Chern classes of T, ¢/ (T') € H2 (V). The Poincaré
homomorphism (1n general not an 1s0morph1sm).

By 2 (V) W

Hon—2j(V),
carries these into homology classes which can be pushed forward into the
homology of V' via the homomorphism v, induced by the projection.

Definition 10.6.1. The Mather classes of V are:

w2 (V) = v(d(T)N[V]) € Hapuojy(V) , 5=0,...,n.

This definition can be applied to every compact complex analytic space, in
particular to the closure V, of each stratum V,, C V, which is again complex
analytic, and compact. One can define the Mather classes of V, in the same
way as above. Since these classes live in homology, the inclusion V v
carries them into the homology of V.
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Definition 10.6.2. The MacPherson class of degree r — 1 is defined by:

er1(V) = O naVa) = Y na e (Va),
where the n, are the integers characterized by the equation 10.6.1.

The relation between Mather classes on one side and MacPherson classes
on the other side follows form MacPherson’s definition itself: his construc-
tion uses Mather classes, taking into account the values of the local Euler
obstruction along the strata. The precise relation between Mather classes
and Schwartz classes was determined in [33] (see 10.6.2 below), and this is
a key point for the identification of Schwartz and MacPherson classes. The
MacPherson classes live in H, (V). It is proved in [33] that the Alexander ho-
momorphism HY (M, M \ V) — Ha,,—;(V) carries the Schwartz classes into
MacPherson’s. A key step in that proof is the Proportionality Theorem of
[33], that we discussed in Sect. 10.2.

Notice that the Schwartz indices of frames determine the elementary cocy-
cle in 10.3 that defines the corresponding Schwartz class. Thus the theorem
above establishes a deep connection between Schwartz classes and Mather
classes. This relation is made precise in the following theorem of [33, Th.
4.1] that we state without proof (for a complete proof, see [28]). Recall that
the Euler obstruction is constant on Whitney strata ([33, 10.2]), so we write
Euy, to denote the Euler obstruction at points in the stratum V,.

Theorem 10.6.2. Let v(") be a frame as in 10.3, the Schwartz—MacPherson
class c,—1(V') € Ha,—1) (V) is represented by the cycle

Z IndSCh(U(T)7ai) © S,

$;CV,dim s; =2(r—1)

where a; denotes the barycenter of s;. The Mather class c¥? (V) of degree
(r — 1) is represented in Hy—1)(V) by the cycle

Z Euy (a;) ~IndSCh(v(T),ai) sy
5;CV,dim s;=2(r—1)

Once we have this expression for a cycle representing the Mather classes
as weighted Schwartz classes, the identification of Schwartz and MacPherson
classes follows (see [28,33]).

Since the definition of Schwartz classes and MacPherson classes is com-
pletely different, the fact that they coincide brings a deep richness into the
subject. Schwartz classes are geometrically defined and allow us to under-
stand what these classes measure in terms of obstruction theory, but they
are hard to work with. On the contrary MacPherson classes are in a way
more difficult to grasp, but they have useful factorial properties. This makes
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them be powerful invariants and easy to work with. These important invari-
ants of singular varieties have been widely studied by many authors. We refer
to [28] for a complete account on the subject.

In the sequel we refer to these as Schwartz—MacPherson classes, or just SM-
classes for short, and we denote them c™. The class ™ lives in Ho;(V;7Z),
i=0,---,n.



Chapter 11
The Virtual Classes

Abstract The constructions described in the previous chapter, mostly based
on [31,33,139], provide geometric insights of the Schwartz—MacPherson
classes via obstruction theory and localization. These approaches are useful
for understanding what the classes measure from the viewpoint of indices of
vector fields and frames. The Fulton—Johnson classes [59,60] provide another
way of generalizing the Chern class of complex manifolds to the case of singu-
lar varieties. In the context we consider, they coincide with the virtual classes
(see Sect.11.1).

In this chapter we define and study the virtual classes from a viewpoint
similar to the one we used in the previous chapter for the Schwartz—
MacPherson classes. This is based on our articles [31, 34], joint work with
D. Lehmann.

If the variety V is globally defined by a function on M, the virtual classes
can be localized topologically and one can interpret them as “weighted”
Schwartz classes. That is explained in Sect.11.3 where we prove the Pro-
portionality theorem of [34] for this index. This theorem is analogous to, and
inspired by, the similar theorem of [33] for the Schwartz index, proved in the
previous chapter.

In Sect. 11.4, the localization of virtual classes is performed using the differ-
ential geometric method of [31], i.e., Chern—Weil theory, and using stratified
frames. In that context, we construct localized “Fulton—-Johnson classes” at
the singular set of the given frames. While Sects.11.1-11.3 are of a local
nature, Sect. 11.4 is global.

11.1 Virtual Classes

We recall from Chap.5 that if V is a compact local complete intersection of
dimension n in a manifold M of dimension m = n + k, defined as the zero
set of a holomorphic section s of a holomorphic vector bundle N of rank &
over M, then V has the virtual tangent bundle 7 = [TM — N]|y regarded
as an element in complex K-theory KU (V).

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_11, 185
(© Springer-Verlag Berlin Heidelberg 2009
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The total Chern class of the virtual tangent bundle is defined in the usual
way:
c(rv) = (TMy) — ¢*(N|y)™' in H*(V).

The p'* Chern class of 7y is the component of ¢*(7y) in dimension 2p, for
p=1,...,n. That is, ¢P(ry) is the coefficient of ¢ in the expansion of

m k
1+ e (TM|y)) 1+ 7 (Ny)

i=1 j=1

Definition 11.1.1. The virtual cohomology (Chern) classes of the local
complete intersection V, denoted ¢, (V'), are the Chern classes of the vir-
tual tangent bundle 7. One has also the corresponding total virtual class
(V)Y =1+¢e (V) + -+ (V). The homology virtual class of V of
degree p is the image of the virtual class ¢}, ¥ (V) under the Poincaré homo-
morphism H?"~*(V) — H,(V).

Theorem 11.1.1. The total homology virtual class of V coincides with the
Fulton—Johnson “canonical” class of V' defined in [59, 60], we denote it by
(V) € Hayu (V).

In the sequel we often refer to the components of cf?(V) as F.J-classes
and denote them ¢/ (V) € Ha;(V;Z). The book of Fulton [59], as well as
several articles of Aluffi, and Parusinski—Pragacz explore these classes from
the algebraic geometry viewpoint. Here we are mostly concerned with the
topological and differential-geometric aspects of the theory, particularly in
their relations with indices of vector field and frames, and that is the subject
we explore in that chapter (see also [28] for the algebraic-topology viewpoint).

There are some special cases in which the geometry and topology of these
classes is particularly apparent. To explain this, consider first the case where
the variety V has isolated singularities. The 0-degree FJ-class is the image
under the Alexander homomorphism of the top Chern class ¢ (7y ) of the vir-
tual tangent bundle; we know already from Chap.5 that this class, evaluated
on the orientation cycle [V], equals the total virtual index of every vector field
on V with isolated singularities. Since for isolated singularities the virtual in-
dex coincides with the GSV index, this means that this FJ-class equals the
Euler—Poincaré characteristic of a smoothing of V', i.e., the (almost complex)
manifold V# obtained by cutting off neighborhoods of the singular points
and replacing them by local Milnor fibers. Given a vector field v on V# with
isolated singularities (whose zero set represents a 0-dimensional homology
class which is the Poincaré-dual of its top Chern class ¢"(V#)), one has that
as V# degenerates to V, the vector field v degenerates to a vector field on V/
and its zeros determine the 0-degree FJ-class.

It turns out that under certain conditions, which are stringent but still
rather general, this is what happens for all FJ-classes: if the variety V can
be embedded in an analytic family of complex manifolds V; that degenerate
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to V, then the FJ-classes of V' “correspond” to the homology Chern classes
of the V;. This was first observed in [129].

Let us explain this more carefully. Assume V is defined by a regular holo-
morphic section s of a vector bundle E over a complex manifold M as before.
The singular set Sing(V') is the set of points where s is not transverse to the
zero-section. Assume further that there exists a family {s;}, t € C, such that
for ¢ = 0 the section s¢ is s, and for ¢ # 0 the section s; is transverse to the
zero-section, so its zero set is a complex submanifold V; of M. Each V; has
its usual Chern classes ¢/ (V;) € H*(V;), and Poincaré duality on V; carries
them into homology classes ¢;(V;) € Ha;(V;), i = n — j. These are usually
called the homology Chern classes of the manifold in question. By compact-
ness, given a tube 7 around V in M, there is an ¢ > 0 sufficiently small so
that if 0 < || < e then the manifold V; is fully contained in 7. The inclusion
V; % T induces a morphism in homology H,(V;) 5 H,(T). The tube T has
V as a deformation retract, so one has also a morphism H,(7T) =% H,(V).
One has:

Theorem 11.1.2. [129] The morphism
T« 0ty : Ho(Vy) — H.(V),

carries the homology Chern classes of V; into the FJ-classes of V.

The proof of this result is in fact an immediate consequence of the invari-
ance of Chern classes under specialization.

11.2 Lifting a Frame to the Milnor Fiber

In this section we define an index for stratified frames generalizing the GSV
index defined in Chap. 3 for vector fields on hypersurface germs with noniso-
lated singularities.

Let us denote by U an open neighborhood of the origin in C"*1, n > 0
and let us consider a holomorphic function

f : (U,O) — (Ca0)7
defining a hypersurface germ V := f~1(0). We know from [128] that there
is a Whitney stratification {V,}aca of V that satisfies the strict Thom

w -condition for all strata (see 3.5.3).
Then one has a locally trivial fiber bundle (see Chap. 3):

Iz ((JB%E N7 (D) \f-1<o>) @\ {0} G,
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for every € > 0 sufficiently small and 6 = é(¢) > 0 sufficiently small with
respect to €, where B, is a small ball around 0 € C**! and Ds is a small ball
around 0 € C.

We know already from Chap. 3 that given a stratified vector field v on V'
with an isolated singularity at a point x € V', we can lift v to a local Milnor
fiber F(x) of V at x and the Poincaré-Hopf index of this lifting to F(x) is well
defined and gives an invariant of v at € V that we called the GSV index.
We proved that if v is obtained by radial extension then its GSV index at
x is proportional to the Schwartz index of v at z, the proportionality factor
being the Euler characteristic of F(z) (Theorem 3.6.1). We are going to make
the analogous constructions for frames.

Let us recall the tube map m : F — V, from a local Milnor fiber into V,
introduced in 3.5.3, that we use to lift vectors from V to F. We do it only
for hypersurfaces. Consider a small ball B, around 0 € U. Let p be a radial
vector field in a sufficiently small (with respect to ¢) disk Ds around 0 € C,
whose solutions are arcs converging to 0. We can assume further that for each
t € Ds \ {0} the (Milnor) fiber F; = f~1(¢) intersects the boundary sphere
S. = OB, transversely. Set 7 = f~1(Ds \ {0}). As we know,

flr: T — D5\ {0}

is a locally trivial fiber bundle, and by [167] we can lift p to a rugose (hence
integrable) vector field p in 7, whose solutions are arcs that start in 97 =
F71((Ss)\ {0}), Ss = 9Dy, they finish in V and they are transverse to all the
“tubes” f~(S,) with n €]0,4].

This vector field p defines a C*° retraction £ of 7 into V', with V as fixed
point set. The restriction of ¢ to any fixed Milnor fiber F = f~1(¢y) N B.,
to € S, provides a continuous map 7 : F — V which is surjective and it is
C® over the regular part of V. As before, we call such map &, or also 7, a
tube map for V.

We use 7 to lift the stratified frame v(") on V to an r-frame (") on F.
Given a point © € F, we let 7, be the solution of p that starts at z. The
end-point of v, is the point w(x) € V. We parameterize this arc v, by the
interval [0, 1], with v;(0) = = and 7,(1) = w(x). We assume that this interval
[0, 1] is the arc in Dy going from ¢, to 0, so that for each ¢ € [0, 1], the point
v:(t) is in a unique Milnor fiber F; = f~1(¢) N B.. The family of tangent
spaces to F; at the points v, () define a 1-parameter family of n-dimensional
subspaces of C"*!, that converges to an n-plane Ar(z) C Tr(e)(U) when ¢
goes to 1; one has an induced isomorphism T, F(z) ~ Ay ().

Since the stratification satisfies Thom’s as-condition, Ar(,) contains the
space T (;)Va, tangent to the stratum that contains 7(x). Hence, the given
frame v(") can be lifted to a frame #(") in T,F(z). Thus, if the frame v(")
is defined without singularity on a set A C V, we obtain an r-frame o(")
over the inverse image 7~!(A) C F. The fact that the stratification further
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satisfies the strict Thom’s wy-condition guarantees that this r-frame o) is
continuous.
We summarize this discussion in the following proposition:

Proposition 11.2.1. Let v(") be a continuous r-frame defined without sin-
gularity on a subset A C V. Assume the map f that defines the complete
intersection V' satisfies the strict Thom w-condition at all points in V. Let
F be a local Milnor fiber for V at 0 and let w : F — V be a tube map. Then
we can lift v") to a continuous r-frame 5 on 7= (A) C F using the map .

As before, we denote by {V,} the strata of a stratification of V N B,
restriction of a Whitney stratification of U to V, and we denote by {W3} a
Whitney stratification of F such that:

(1) 7 : F — X N B, is a stratified map,
(2) for every [, the restriction of 7 to Wy is a map of constant rank from Wp
to a stratum V,, of X, where 7 is the tube map.

Such stratifications exist by [73]. We notice that each 7=1(V,,) is union of
strata {Wg}.

In the case of isolated singularities, the construction by Lé [105] of
“polyedres d’effondrement” allows us to prove that there are triangulations
of U and F compatible with the previous stratifications, and such that 7 is
a simplicial map. For non necessarily isolated singularities, let us consider a
triangulation (K) of X compatible with the stratification {V }; as the restric-
tion of m to each stratum {Wjs} of F has constant rank, the intersection of
the inverse image of a simplex of (K') with the strata Ws can be decomposed
into cells satisfying the following proposition:

Proposition 11.2.2. There is a simplicial triangulation (K) of U com-
patible with the stratification {V,} and a cellular decomposition (I?) of F
compatible with the stratification {Ws}, such that for each cell 55 of (K),
there is a simplex so of (K) such that w(53) = s and the restriction of m to
each open cell Sg has constant rank.

11.3 The Fulton—Johnson Classes

In Chap. 3 we stated and proved the Proportionality Theorem for the GSV
index of a vector field. Here we extend that result to r-frames, r > 1. The
method above for lifting a vector field from V' to a local Milnor fiber works
for frames. Using the notations introduced in 10.1, we have:

Theorem 11.3.1. (Proportionality Theorem for frames). Let v("™) be an
r-frame constructed by radial extension, with isolated singularities on the
2q-cells o;, with index I(v\"), a;) at the barycenter {a;} of ;. Then the
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obstruction to the extension of ") as a section of W.(TF) (see 1.3.1) on

Ei = 7T_1(O'i N V) 18
Obs (500, W, (TF), B) = x(Fu) - 1o, ay).

The proof is similar to the one of Theorem 10.2.1 using the liftings defined
in 3.6.1.
A corollary is the following expression of virtual classes:

Theorem 11.3.2. Let us assume that V. C M is a hypersurface, defined by
V = f710), where f : M — D is a holomorphic function into an open disk
D around 0 in C. For each point a € V, let F, denote a local Milnor fiber,
and let x(F,) be its Euler—Poincaré characteristic. Then the Fulton—Johnson
class c£? (V') of V of degree (r — 1) is represented in Ha(_1)(V) by the cycle

> X(Fo,) 107, a;) - o (11.3.3)

o;CV,dimo;=2(r—1)

For this, let us denote by V; the fibers f~1(t), t # 0. This is a 1-parameter
family of m-dimensional complex submanifolds of M that degenerate to V
when ¢t = 0.

Since for ¢ # 0 each V; is a smooth complex manifold, its Chern classes
c(V;) € H*(V;) are well defined, and since it is compact, by Poincaré duality
one can think of these as homology classes in Ha,,—2;(V;), denoted by ¢, —;(V4).
The class in degree 0, corresponding to ¢™(V;), is the Euler—Poincaré charac-
teristic of V.

We notice that, by the compactness of V, given a regular neighborhood
N of V in M, we can find ¢ sufficiently small so that V; € A. Thus, one has
a homomorphism,

iv: Ho (Vi) — Hy(N),

induced by the inclusion. One also has:
et Ho(N) — Ho(V),
induced by a retraction r from A into V. The composition:
Y =ry0iy: Ho (V) — Ho (V)

is the Verdier specialization map. Notice that by construction, for each z € V,
1) is induced by the degenerating map 7 of Sect. 2 above, which is now globally
defined on all of V;. In other words, the Verdier specialization map is in this
case the homomorphism in homology induced by the map 7 : V; — V defined
(locally) in Sect. 2 above.

For each V4, t # 0, one has that [TV;] = [TM — N]|y, in K-theory. Thus
the Chern classes of V; are those of the virtual bundle [T M — N]|y,. By [168],
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the homology specialization map 1 carries the Chern classes of T M|y, and
Ny, into the Chern classes of TM |y and N|y, respectively. Thus, as noticed
in [131], one has:

V) = e (V). (11.3.4)

Let o) be, as before, a lifting to V; via the degenerating map , of a
frame v(") on the 2p-skeleton of V with isolated singularities. The Chern class
cP(V4) is represented by the obstruction cocycle ¥ satisfying

where §; = 71 (o; N V).
By Theorem 11.3.1 one has: (3, 84) = x(Fa,. ) I(v"), a,, ). We conclude,
using the following observation and Proposition 11.2.2 (see [28]):

Lemma 11.3.1. Let 5 be a cocycle in Z*(V;) representing the Chern class
cP(V;) and let us denote ko = (7, ﬁo) Then the cycle Y kaoqo for oo CV and
dimo, = 2r — 2 is homologous to m.(y N [Vi]) in Zyr—1)(V)and represents
the Fulton—Johnson class ct?, (V).

11.4 Localization of the Virtual Classes

In order to define the Milnor classes in a later section, and to calculate them
in some cases, we develop the localization theory of virtual classes in the
framework of Chern-Weil theory adapted to stratifications and triangula-
tions. Here we use the notation introduced in the previous sections.

We now suppose that V is a compact local complete intersection of
dimension n in a complex manifold M of dimension m, defined as the zero
set of a holomorphic section s of a holomorphic vector bundle N of rank
k = m —n over M. The restriction N|y, coincides with the normal bundle
Ny, of Vo = V' \ Sing(V) in M and we have an exact sequence of vector
bundles,

0 — TVy — TM|y, — Ny, — 0. (11.4.1)

The virtual class of an r-frame is defined by localizing ¢?(7y ) by the frame,
where 7y denotes the virtual tangent bundle (Sect.5.1). To be more precise,
let us consider a subset S and suitable neighborhoods as in the previous
sections. Let v(") be an r-frame on (U\S)ND?%). Let V and V' be connections
for TM and N, respectively, on U and set V* = (V,V'). Also, let Vj and
V{ be connections for TM and N, respectively, on a neighborhood W of
(U\ S)N D9 in U such that the pair V§ = (Vq, Vj) is compatible and Vg
is v(")-trivial. If we consider the 2¢-cochain given by
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7H/ cp(v°)+/ P(V*, V), v e CWNT,0T), (11.4.2)
YNR YNOR

it is a cocycle independent of the choices of connections, where Vy is v
trivial, and defines an element 1 in H?¢(U,U \ S).

Definition 11.4.1. We define the wvirtual class Vir(v("),S) of v(") at S to
be the image of by the Alexander isomorphism Ay, : H2‘1(U7 U \S) —
Hy—5(95).

Recall that, if S is in Vp, the Poincaré-Hopf class PH(v("), S) € Ho, _5(S)
is dual to the class represented by the cocycle (10.5.3). Thus in this case,
from Proposition 5.2.1 and a similar statement for the difference forms, we
have

Vir(v(", §) = PH(v™, 9).
The following formula for two r-frames vy) and vy) as above, analogous
o (10.5.1), is a consequence of Lemma 10.5.1 and Proposition 5.2.1.

Vir(d”, 8) = Vir({”, ) + dg v\, v{™). (11.4.3)

Also the following theorem, analogous to Theorem 10.5.2, follows from
the previous discussion.

Theorem 11.4.4. Let X be a subset in Vi as in Theorem 10.5.2. With the
above hypotheses and notation, if v") is an r-frame on (Vo \X)n DEP) | ye
have, in Har_o(V),

Z i*ViI'(U(T), S) + L*Crfl(V*7 U(T)) = Cfil(v)’
SCSing(V)

where the sum is taken over the connected components of the singular set
Sing(V) and c,_1(V*;v(")) is the Chern class of V* relative to v"), so that

txlr—1( (T) Z 1. PH v(r
scxy



Chapter 12
Milnor Number and Milnor Classes

Abstract Both Schwartz—MacPherson and Fulton—Johnson classes generalize
Chern classes to the case of singular varieties. It is known that for local com-
plete intersections with isolated singularities, the 0-degree SM and FJ classes
differ by the local Milnor numbers [149] and all other classes coincide [155].
As we explain in the sequel, if V' has nonisolated singularities, the difference
M(V) — (V) of the SM and FJ classes is, for each i, a homology class
with support in the homology Hy;(Sing(V')) of the singular set of V. That is
the reason for which their difference was called in [30,31] the Milnor class of
degree i. These classes have been also considered, from different viewpoints,
by other authors, most notably by P. Aluffi, T. Ohmoto, A. Parusinski, P.
Pragacz, J. Schiirmann, S. Yokura.

In this chapter we introduce the Milnor classes of a local complete inter-
section V of dimension n > 1 in a complex manifold M, defined by a regular
section s of a holomorphic bundle N over M. The aim of this chapter is
to show that, as mentioned above, the Milnor classes are localized at the
connected components of the singular set of V: If S is such a component
then one has Milnor classes p;(V,S) of V at S in degrees i = 0,--- ,dim S.
The 0-degree class coincides with the generalized Milnor number of V' at S,
introduced by Parusinski in [127] (if V is a hypersurface in M). The sum
of all the Milnor classes over the connected components of Sing(V') gives
the global Milnor classes studied in [8,126, 131, 169]. See [28] for another
presentation.

The method we use for constructing the localized Milnor classes comes
from [31] and uses Chern—Weil theory. The idea is to use stratified frames
to localize at the singular set the Schwartz—MacPherson and the Fulton—
Johnson classes, in such a way that the difference of these localizations is
canonical.

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_12, 193
(© Springer-Verlag Berlin Heidelberg 2009
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12.1 Milnor Classes

For most authors, Milnor classes are globally defined as elements in H,(V,Z),
on the other hand in [31], these classes are localized at the singular set of
V from the beginning. We explain this in a moment, first we introduce the
global classes; there is one such class in each degree:

Definition 12.1.1. For eachr = 0,1, -- ,n—1, the r-th Milnor class (V')
of V is:
(V) = (—)P (SN = V) i Ha (V).

™

The difference class

is called the (total) Milnor class of V.

In fact, FJ-classes and SM-classes coincide with the usual Chern classes in
the regular part of V. Thus Milnor classes ought to be concentrated in the
singular set Sing(V"). The results of [31,129] prove that this is indeed the case.
Since the results of [149, 155] prove that in the case of isolated singularities
this contribution corresponds to the local Milnor number at each singular
point, and this is a local invariant of the singularity (not a global one), we
considered in [31] Milnor classes localized at the connected components of
the singular set of V. For each connected component S of Sing(V'), the r-th
Milnor class pr(V,S) of V at S is a homology class in Ha,(S,Z) . There is one
such class for each 7 = 0,1, -- | s, where s is the dimension of the component
S. The inclusion S — V maps the homology of S into that of V', and adding
up the contributions in each dimension of all the connected components of
Sing(V') we get the corresponding global Milnor classes.

For hypersurfaces, the 0-degree localized Milnor class po(V,S) € Ho(S)
~ Z coincides with the generalized Milnor number of Parusiriski [127], that we
will discuss in Sect. 12.4. Thus po(V, .S) can be also considered as a generalized
Milnor number for complete intersections.

Each connected component S has a contribution u,(V,S) to the global
Milnor class p,(V) up to the dimension of S. Therefore, if Sing(V') has di-
mension 0, then all Milnor classes vanish in dimensions r > 0, i.e., the SM
and FJ classes coincide for all » > 0. If some component has dimension 1,
then we have corresponding Milnor classes in dimensions 0, 1, and so on.

Since for isolated singularities the “Milnor classes” are just the Milnor
numbers, which can be regarded as the number of vanishing cycles in the
local Milnor fibers, it was natural to ask in [31] whether Milnor classes are
related to the wvanishing homology. Answers were given in [31] in particular
cases, one of them is the Lefschetz type Theorem 12.3.1.
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12.2 Localization of Milnor Classes

Let V be a local complete intersection of dimension n defined by a section
of a vector bundle N over the ambient complex manifold M of dimension
m = n+ k, as in the previous section. We introduce the Milnor classes of V
at a connected component S of Sing(V'). For r > 1, let v(") be an r-frame on
(U\ S) N D@9 where U is a neighborhood of S in V such that U \ S C Vj
and g=m —r+ 1.

Definition 12.2.1. The (r — 1)-st Milnor class pr—1(V,S) of V at S is de-
fined by

pr_1(V, §) = (—1)"+! (Sch(v(r),S)fVir(v(T),S)) in Ha(S),

which is independent of the choice of v(") by (10.5.1) and (11.4.3).

We call p1,(V,S) = >, ~our(V,S) € H(S) the total Milnor class of V'
at S. Note that y,.(V,S) =0 for r > dim¢ S. Since there exist always frames
as in Theorems 10.5.2 and 11.4.4, we have:

Theorem 12.2.1. For a subvariety V' of a complex manifold M as above,

(V) = W)+ () Y (V,S) i H(V),
S

where the sum is taken over the connected components S of Sing(V).

In particular, if the singularities of V' are isolated points, then the Milnor
classes are zero, except in degree 0 where they coincide with the usual Milnor
numbers of [79,116,121]. Hence, in this case the SM classes and the FJ classes
of V coincide in all dimensions, except in degree 0, where their difference is
given by the sum of the usual Milnor numbers, recovering the formula in
[149,155].

Remark 12.2.1. 1. The classes PH(v("), S), Sch(v("), S) and Vir(v(™), S) may
be defined for an r-frame v(T)Aon the intersection of a neighborhood of 07
(in V) and D9 where 7 =7 NV with 7 a cellular tube around S.

2. If r = 1, ice., vV = (v), PH(v, S), Sch(v, S) and Vir(v, S) are called and
denoted, respectively, the Poincaré—Hopf index Indpy(v,S), the Schwartz
index Indgen(v,S) and the virtual index Indyi(v,S) of the vector field v
[71,111,148,149]. The corresponding Milnor class po(V, S) is a number which
will be discussed in Sect. 12.4.
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12.3 Differential Geometric Point of View

In this section, we give a Lefschetz type formula for the Milnor classes at
a nonsingular connected component S of the singular set of V under the
assumption that V satisfies the Whitney condition along S. For the detailed
proof, we refer to [31].

Let U be a tubular neighborhood of S in M with C'* projection p : U—S.
Weset U =UNV and Uy = U \ S and denote by p and pg, respectively,
the restrictions of p to U and Up. From the Whitney condition, we see that
the fibers of p are transverse to V and that S is a deformation retract of
U with retraction p. We identify pj(N|s) with Ny,, and p*(N|s) with N|z.
The bundle T'p of vectors in TU tangent to the fibers of p admits a complex
structure, since it is C'*° isomorphic with the normal bundle of the complex
submanifold S in V. Let 7 be a (D)-cellular tube around S in U and R a
(D")-cellular tube in 7T as in Sect. 10.5.2. Weset T =7 NV and R=RNV
as before.

Let s denote the complex dimension of S and let v("=1) be an (r —1)-frame
on the 2(s—r+1)-skeleton SN D39 of S. In what follows, we set £ = s—7r+41.
By the Schwartz construction, there exists a radial r-field vor) = (v(()rfl), Vo)
on 7 N D29 such that v(()r_l) extends v("~Y. The radial vector field vy is
tangent to Up and possibly has singularities in the barycenters of 2(-cells in
SN D9, We may assume that vy is tangent to the fibers of p near OR.

Let v be a vector field on Uy N D29 which is nonsingular and tangent to
the fibers of p in a neighborhood U}, of OR so that v(") = (v(()r_l),v) is an
r-frame on U N D9, For example, the above vy has these properties.

For a point x in SN DRD | et ﬁm denote the fiber of p at x and set
U, = U, NV, which is the fiber of p at x. We also set R, = RN U,. The
restriction of v to U, determines the Schwartz index Indgen(v,S) and the
virtual index Indvy; (v, S) on U,. By the Whitney condition, these indices do
not depend on .

Recall that we have the difference dg(v(()r), v in Ho, _5(S). We also have
the difference d(vg, v), which is an integer, of vy and v as vector fields on U,.

Lemma 12.3.1. We have
ds(v(()r),v(r)) = d(vo,v) - ¢r—1(S5).
Proof. We consider the exact sequence of vector bundles on Uy:
0— Tpy— TUy — pyT'S — 0,
where T pg denotes the bundle of vectors in T'Uj tangent to the fibers of py. We

may assume that v((f) and v(") are r-frames on a neighborhood W of UjND(29).
Let V4 and V¥ be, respectively, vo-trivial and v-trivial connections for T pg
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on W. Also let V° be a v(()r_l)—trivial connection for 7S on a neighborhood
of SN DD, We take connections Vi and Vs for TU, so that (V1, V1, pgvs)
and (V5, Vs, p;;vs ) are both compatible with the above sequence. Thus V;
()

is vy ’-trivial and V3 is v("-trivial on W. By Lemma 10.5.1, the homology

class ds(v(()r), v(") is determined by

P(V1,Va) = Y ¢ (VE,V5) - pic (V). (12.3.1)

i+j=p
We recall the commutative diagram

H2(U,U\ S) —— H2(9)

P

zlAM Zl (12.3.2)
HQT_Q(S) — H2r—2(S)>

where the first row is the inverse of the Thom isomorphism, given by inte-
gration along the fibers of p, and the second column is Poincaré duality. The
dual of the first row in (12.3.2) gives an isomorphism

Hoo(U,U\ S) <<= Hy(S),

which shows that every relative 2¢-cycle v (is homologous to a cycle which)
fibers over a 2¢-cycle ¢ of S. By the projection formula, we get from (12.3.1)
(note that the rank of the bundle Tpg is n — s):

/ cp(vl,vz)z/ c”*S(vq,vgy/cf(Vs),
YNOR OR ¢

where x is a point in (. Noting that the first factor in the right hand side is
d(vg,v), we proved the lemma, in view of (12.3.2).

Since Indsch(v(()r), S) = ¢,—1(S) and Indgen (vo, ) = 1, from Lemma 12.3.1,
we have the following:

Theorem 12.3.3. Let S be a nonsingular component of Sing(V') such that
V' satisfies the Whitney condition along S, then,

Sch(v(™,8) = Indgen (v, x) - ¢r_1(S).

Now we wish to obtain a formula for the virtual class analogous to the one
in Theorem 12.3.3. First, we consider the exact sequence of vector bundles
on Upy:

0 — Tpo — Tply, — Ny, — 0. (12.3.4)
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We compute the Chern classes ¢/ (7,) of the virtual bundle 7, = (Tp—N)|v
on U and will see that there is a canonical lifting c4(7,) in H? (U,U \ S),
for j > n — s = rank Ty, of ¢/(1,) € H*(U). For this, we consider the
covering U of U consisting of U itself and a tubular neighborhood [70 of Uy
and represent ¢/(7,,,), 7oy, = Tp— N, as a Cech-de Rham cocycle on U (cf.
[102,156], here we use the notation in [156, Ch.IT]).

Let V{ be a connection for Tpy. Let V¥ be a connection for N|g and
take a connection V4 for Th|y, so that (V4 Vg,pa‘VN) is compatible with
(12.3.4). Let V7 be a connection for T on U. We set VP* = (V7 5*VV)
and VA°* = (Vg, ps V). Then ¢/ (75) is represented by a cocycle in A% (U) =
A% (Uy) @ A2(U) @ A%~1(Uy), where A*( ) denotes the space of differential
forms on the relevant open set, given by

(V) = (& (VE), & (VP*),d (V" V7).

Note that, since [70 retracts to Up, it suffices to give forms on Uy. Since the
family (V§, V5, pi V) is compatible with (12.3.4), we have

JI(Vh) = (V).

which vanishes for j > n—s by the rank reason. Thus, for j > n—s, the cocycle
(V) is in A%7(U,Upy) = {0} & A% (U) @ A%~1(Uy). Since the cohomology
of A*(U,Uy) is canonically isomorphic with H*(U, U\ S) [156, Ch.VI, 4], this
cocycle defines a class, denoted c%(7,), in H?/(U,U \ S), which is mapped to
¢/ (7,) by the canonical homomorphism H? (U, U \ S) — H? (U). The class
Cg(Tp) does not depend on the choices of various connections. It should be also
noted that it does not depend on the frames we discussed earlier. Denoting
by A%(S) the space of 2i-forms on S, we have the integration along the fibers
of p [156, Ch.IL, 5] p, : A2(n=s+) (14 Uy) — A%(S), which commutes with
the differentials and induces a map on the cohomology level :

pe s HX=SH(U U\ §) — H(S).

On the cocycle level, p, assigns to ¢"~7(V?), i > 0, the 2i-form o’ on S
given by

ol = p (TR 4 (Dp)Lct I (VR VA, (12.3.5)

where p, and (9p). denote the integration along the fibers of p|g and p|ox.

We note that, in the following formulas, the classes p.c **(7,) for i =
1,...,k — 1 are involved and they do not appear if k = 1 ( ie, V is a
hypersurface). We denote by | |* the component of degree 2i of the relevant

cohomology class.



12.3 Differential Geometric Point of View 199

Theorem 12.3.6. With the hypotheses of Theorem 12.3.3, we have
Vir(v™, §) = [(Ind\/ir(v, z) - (¢*(N) = *(N)) + Indgen (v, z) - ¢¥(N)

k—1 J 4

+chj7i(]\/v) ) p*cgs+i(7_p)) . C*(N)il . C*(S) A [S}

j=1i=1

From Theorems 12.3.3 and 12.3.6, we get the following Lefschetz type
formula for the Milnor class.

Corollary 12.3.1. Let S be a nonsingular connected component of Sing(V')
such that V' satisfies the Whitney condition along S. Then

1 (V.S) = <<1>Su<v N H,z) - (& (N) - H(V)

HEDY

k—1 g
j=1 i=

Cj—i(N) .p*cgsJﬂ(Tp)) 'C*(N)_l 'C*(S) ~ [SL
1

where H denotes an (m — s)-dimensional plane transverse to S in M. In
particular, if k=1,

1V, S) = (—1)*u(V A H, ) - ¢ (N) 2 e(S) ~ [S].
Also, for arbitrary k,
ns(V,S) = (=1)°u(V N H, z) - [S].

Remark 12.53.1. 1. In [131], the Milnor class of a hypersurface V is defined
by p(V) = (=1)"(cs(V) — ¢*(1v) —~ [V]) and a formula for this is given
as a sum of the contributions from the strata of a stratification of V. This
result was obtained earlier for the Milnor number po(V) in [130] and, for
the Milnor class, it was conjectured in [169]. If the stratum is a nonsingular
component of Sing(V'), its contribution coincides with the one given in the
second formula above.

2. In fact, the formulas in Corollary 12.3.1 hold under an assumption weaker
than the Whitney condition. Namely, we only need that there is a Whitney
stratification of M compatible with V and S such that the 2(£—r)-skeleton SN
D21 of § is in the top dimensional stratum of S. Accordingly, under this
assumption, we have a formula for p..(V, S) taking the terms of corresponding
dimension in the above formulas (see [31]).
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12.4 Generalized Milnor Number

As in the previous sections, let V' C M be defined by a holomorphic section
of a vector bundle of rank k and let S be a connected component of Sing(V).

Definition 12.4.1. The generalized Milnor number u(V,S) of V at S is de-
fined as
1(V,S) = (=1)" (Indsen (v, S) — Indvir (v, S)),

where v is a vector field on a neighborhood U of S in V', nonsingular on U\ S.

This definition does not depend on the choice of the vector field v and
is equal to uo(V,S) in Definition 12.2.1. If (V,a) is an isolated complete
intersection singularity germ, for a radial vector field vy, Indgen(vo,a) = 1
and Indvyi,(vg, a) = x(F), where F denotes the Milnor fiber. Thus the above
Milnor number coincides with the usual one in [79,116,121].

We recall that the classical Milnor number of an isolated singular point
[121] has been generalized to the case of nonisolated hypersurface singularities
by A. Parusinski [127] in the following way. Recall that a hypersurface V' in
M is always defined by a holomorphic section s of a line bundle N over
M. There is a canonical vector bundle homomorphism 7 : TM|y — Nly
which extends the one in (11.4.1). Note that Sing(V') coincides with the set
of points in V' where 7 fails to be surjective. Now let V' be a connection for
N of type (1,0). This means that in the decomposition V/ = V(1.0 4 v(0.1)
of V/ into the (1,0) and (0,1) components, we have V(> = 9. Since s is
holomorphic, we have V's = V19, which is a C™ section ¢ of T*M & N.
Write 7 : TM — N the corresponding bundle homomorphism. Let S be a
compact component of Sing(V') and U a neighborhood of S in M disjoint from
the other components. It is shown in [127] that S coincides with a connected
component of the zero set of t. Then Parusiriski defines the Milnor number
s (V) to be the intersection number in U of the section t of T*M ® N with
the zero section. We refer to [31] for the proof of the following

Theorem 12.4.1. For a hypersurface V, we have

ps(V) = u(V,S).



Chapter 13
Characteristic Classes of Coherent
Sheaves on Singular Varieties

Abstract As we have seen along this book, for a singular variety V, there
are several definitions of Chern classes, the Mather class, the Schwartz—
MacPherson class, the Fulton—Johnson class and so forth. They are in the
homology of V' and, if V' is nonsingular, they all reduce to the Poincaré dual
of the Chern class ¢*(T'V') of the tangent bundle TV of V. On the other hand,
for a coherent sheaf F on V, the (cohomology) Chern character ch*(F) or
the Chern class ¢*(F) makes sense if either V' is nonsingular or F is locally
free. In this chapter, we propose a definition of the homology Chern char-
acter ch,(F) or the Chern class c.(F) for a coherent sheaf F on a possibly
singular variety V. In this direction, the homology Chern character or the
Chern class is defined in [140] (see also [100]) using the Nash type modifi-
cation of V relative to the linear space associated to the coherent sheaf F.
Also, the homology Todd class 7(F) is introduced in [15] to describe their
Riemann-Roch theorem. Our class is closely related to the latter.

The variety V' we consider in this chapter is a local complete intersection
defined by a section of a holomorphic vector bundle over the ambient complex
manifold M. If F is a locally free sheaf on V', then the class ch.(F) coincides
with the image of ch*(F) by the Poincaré homomorphism H,.(V) — H*(V).
This fact follows from the Riemann-Roch theorem for the embedding of V'
into M, which we prove at the level of Cech-de Rham cocycles. We also
compute the Chern character and the Chern class of the tangent sheaf of V,
in the case V has only isolated singularities.

13.1 Local Qhern Classes and Characters
in the Cech-de Rham Cohomology

Let M be a C* manifold and E a C*° complex vector bundle E over M. For
a connection V of E, let K denote its curvature and set A = (v/—1/27)K.
We represent K locally by a curvature matrix. Recall that the total Chern
form is defined by (cf. Sect. 1.4)

(V) = det(I + A).

J.-P. Brasselet et al., Vector Fields on Singular Varieties,
Lecture Notes in Mathematics 1987, DOI 10.1007/978-3-642-05205-7_13, 201
(© Springer-Verlag Berlin Heidelberg 2009
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We further define the Chern character form and the Todd form by

ch*(V) = tr(e?),

Note that I — e~ is divisible by A and the result is invertible so that

td=1(V) = det (I 2A>

also makes sense. If we set s°(V) = tr(A)’, the homogeneous piece of degree
2i in tr(A), then it is a closed 2i-form on M. Denoting by ¢ the rank of F,
we have

s'(V)
il

c(V)=1+ Z (V) and  ch®(V)=/(+ Z

i=1 i>1
The forms ¢! = ¢/(V) and s* = s(V) are related by Newton’s formula:
st—ctstT s (<)t =0,  i>1. (13.1.1)

The class of ch*(V) in H*(M,C) is the (cohomology) Chern character
ch*(F) of E. Each homogeneous piece of td(V) is also closed and the class
of td(V) in H*(M,C) is the Todd class td(E) of E. Note that the constant
term in td(V) is 1 and that td(V) can be expressed as a series (in fact a
polynomial) in ¢/(V). We have the following fundamental formula [80, III,
Corollary 5.4]:

4
D (=1)ieh*(A'V) = td (V) - V), (13.1.2)
1=0

where V* denotes the connection for E* dual to V and A*V* the connection
for A’E* induced by V*. Here we set A°E* = M x C (the trivial line bun-
dle) and A°V* = d. See, e.g., [84, Theorem 10.1.1] for the above formula in
cohomology.

Let ¢ = >°7 (~1)'E; be a virtual bundle and V* = (V@ ... V() a
family of connections, each V(¥ being a connection for E;. We set

il q
(V®) = Hc*(V(i))E(i) and  ch*(V*) = Z(*l)ich*(v(")),
=0 =0
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where g(i) = (—1)%. If we denote by ¢! = ¢(V*) and s'/i! = s¢(V*)/i! the
homogeneous pieces of degree 2i in ¢*(V*®) and ch*(V*®), respectively, they
are again related by (13.1.1). More generally, if o = ¢(c!,c?,...) is a series
in ¢* (we call such a series a symmetric series), we may define a form ¢(V*)
(cf. Sect.5.2). Tt is a closed form and its class ¢(€) in the cohomology ring
H*(M;C) is the characteristic class of £ with respect to ¢. Suppose further
that we have two families of connections V; = (Vf,q), .. .,V,(,O)), v =201,
for £. Then, we have the “difference form” ¢(Vg, V1) satisfying (5.2.1).

Now we state a lemma which will be used to describe explicitly the differ-
ence between the cocycle for the product of two symmetries series and the
product of cocycles for these series. For the proof we refer to [158, Lemma 1.5]
Note that pip(V®) = p(V*)-4(V*), for symmetric series ¢ and 1 and a family
of connections V°.

Lemma 13.1.1. In the above situation, for two symmetric series ¢ and ¥,
we have

e(V5, Vi) = (Vo) - 9(V5, V1) + ¢ (V5, VT) - (V) = d 7o,

where

To1 = T (p(n* V5, V*) - dyp(n* V1, V*)).

Let M be as above and let U be an open covering of M consisting of two
open sets Uy and Uj.
If £ = > ,(—=1)"E; is a virtual bundle, we take a family of connections

Ve = (V,(,q), R V,(jo)) for £ on each U, v = 0, 1. Recall that, for the collection
Vs = (V$,V)) and a symmetric series ¢, we have the cochain ¢(V3]) as
defined by (5.2.4) in A*(U). It is a cocycle and defines a class [p(V?)] in
Hj(U). Tt corresponds to the class ¢(§) under the isomorphism Hj, (U) =~
H*(M;C).

From Lemma 13.1.1, we have the following:

Proposition 13.1.1. For two symmetric series ¢ and v, we have, in A*(U),

Pp(V3) = (V) ~ (V3) + D,

where T = (0,0, 701) with 701 a form on Upy as given in Lemma 13.1.1.

Now we discuss the localization theory of characteristic classes as consid-
ered above.

To describe these, let M be as above and let S be a closed set in M.
Letting Uy = M \ S and U; a neighborhood of S in M, we consider the
covering U = {Uy,U;} of M. Note that the cup product of a cochain in
A*(U) and a cochain in A*(U, Up) is in A*(U, Up) and this induces a natural
H*(M;C)-module structure on H*(M, M \ S;C).
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Remark 15.1.1. In the situation of Proposition 13.1.1, if ¢(V$) is in
A*(U,Up), d.e, if (V) = 0, then so is pp(VY), since (V) =
©(V3) - ¥(V]). The proposition shows that the class (&) coincides with
w(&) ~ (&) in H*(M, M \ S;C), since 7 is also in A*(U, Up).

Now we consider the localization of the Chern classes of a virtual bundle

by exactness.
Let

0— B, 22 o M By 0 (13.1.3)
be a complex of C*° complex vector bundles over M which is exact on Uj.
Then we will see below that, for each ¢ > 0, there is a canonical localization
ch(€) in H* (M, M \ S;C) of the Chern class ¢'(§) in H?(M;C) of the vir-
tual bundle ¢ = Y7 ,(—1)"E;. For this, we recall the following “vanishing
theorem” ([14, Lemma (4.22)]) for a family of connections “compatible” with
the sequence (13.1.3) (cf. (5.2.3)):

Lemma 13.1.2. If V§ is a family of connections on Uy compatible with
(13.1.3), then, for each i > 0,

(V) = 0.

In fact, the above holds for the difference form of a finite number of families
of connections compatible with (13.1.3) on Uy. For a symmetric series ¢
without constant term, we also have a similar vanishing ¢(V§) = 0.

Let V§ be a family of connections compatible with (13.1.3) on Uy and V$
an arbitrary family of connections for £ = Y7 (—1)'E; on U;. Then the
class ¢*(€) is represented by the cocycle

c'(V2) = (¢'(V5), ¢'(V1), ¢'(V5, V)

in A%(U). By Lemma 13.1.2, we have ¢!(V§) = 0 and thus the cocycle is
in A% (U,Up) and it defines a class ¢ (&) in H*(M, M \ S;C). It is sent to
¢ (€) by the canonical homomorphism j*. It is not difficult to see that the
class c¢%(&) does not depend on the choice of the family of connections V§
compatible with (13.1.3) or on the choice of the family of connections V3.

If ¢ is a symmetric series without constant term, we may also define the
localized class pg(€) of p(£). In particular, noting that the alternating sum
of the ranks of E; is zero, if M \ S # (), we have the localized Chern character
ch%(€) in the relative cohomology H*(M, M \ S;C), which is sent to ch*(€)
by the homomorphism j*. It is the class of the cocycle

Ch*(V:) = (07 Ch*(VI)> Ch*(V57VI))
in A*(U,Uo)

Let E be another vector bundle over M and V a connection for E on M.
Then its Chern character ch*(E) is the class of the cocycle
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ch™(V) = (ch*(V), ch™(V), 0)
in A*(U). The complex

0 —E®FE, — - —EFE®E) —0

is exact on Up and the family VQV§ = (V®Véq), cee V®Véo)) of connections
is compatible with the above sequence on Uy. We set EQE = Y 7 ((—1)'EQE;

and let V@ V1 denote the family (V® ng), L,V Vgo)). Then ch*(E®¢&)
is the class of the cocycle

ch* (Ve Vi) = (0, ch™(Ve Vi), ch™ (Ve Vi, Ve VY)).
‘We have

ch*(V @ V3) = e (V) - ch*(V}),
ch*(V® V3,V ® V) = ch*(V) - ch*(VS, V?).

Hence, recalling the definition of the cup product, we have
ch*(V® V3) = ch*(V) « ch*(V}) (13.1.4)
in A*(U,Up). In particular, we have
chg(F ® &) = ch™(F) « chg(§).

Remark 13.1.2. The local Chern characters defined as above have all the
necessary properties and should coincide with the ones in [86]. Hence they
are in the cohomology H*(M, M \ S;Q) with Q coefficients. Also, the local
Chern classes above are in the image of H*(M, M\ S;Z) — H*(M, M\ S;C).
See also [15] for local Chern characters.

Now let M be a complex manifold and denote by Oy and A}y, respectively,
the sheaves of germs of holomorphic functions and of real analytic functions
on M. If U is a relatively compact open set in M and if F is a coherent
Op-module, there is a complex of real analytic vector bundles on U as (1.8)
such that at the sheaf level

0 — Ap(Ey) — - — Au(Ey) — Av ®o, F — 0 (13.1.5)

is exact [11]. We call such a sequence a resolution of F by vector bun-
dles. We define the Chern character ch*(F) of F by ch*(F) = ch*(¢),
¢ = Y1 ,(=1)'E;. Then it does not depend on the choice of the resolu-
tion. If we denote by S the support of F, then it is an analytic set in U and
on U\ S, the sequence (13.1.3) is exact. Thus we have the localized Chern
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character chg(F) in H*(U,U \ S;C). If E is a vector bundle over U, the
characteristic classes of £ ® F are those of F ® . Hence, from (13.1.4), we
have

chy(E ® F) = ch™(E) < chg(F). (13.1.6)

Note that the above equality also holds if we replace F by a virtual bundle
over U.

13.2 Thom Class

Let M be a complex manifold of dimension m = n + k and V a compact
analytic subvariety of pure dimension n in M. We denote by ¢ the embedding
V — M.IfV =J,_, Vi is the irreducible decomposition of V', we set [V] =
S0, Vil in Hou (V).

Recall that (10.4.6) we have the Thom homomorphism

T:HP(V) — HPP2R(M, M\ V).
For the class [1] in H°(V), we denote T'([1]) in H?*(M, M \ V) by ¥y, and
call it the Thom class of V in M.

Let U be a regular neighborhood of V in M with continuous retraction
p: U — V. We have, by excision, H*(M, M\ V) ~ H*(U,U \ V). Note that
for o in H*(U) and 7 in H*(U,U \ V), we have

A(oc ~ 1) =1i"c ~ A(T),
where A denotes the Alexander isomorphism (see Sects. 1.2 and 10.4)
A:H(U,U\V)— H.(V).
Hence the Thom homomorphism T is given, for a class a in HP(V), by
T(a) = p"(a) « Py. (13.2.1)
We also have the Gysin homomorphism (10.4.3)

i s HP(V) — HPT2F (M),

which satisfy ¢, = j*oT'. Note that, if M is compact, we have the commutative
diagram (cf. Sect. 10.4)
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HP(V) —L s HP2R(M M\ V) _ HP+2R (ML)

[ [ |

Happ(V) —— Han—p(V) R Han—p(M).

In this and the subsequent sections, we consider the following two cases:
(i) V is nonsingular,
(ii) V is a local complete intersection defined by a section (see Sect.5.1).

First, suppose V is nonsingular and let p : Ny — V' be the normal bundle
of V in M. In this case, P and T are isomorphisms. We may take as U above
a tubular neighborhood so that p is C°°. Then p : U — V is isomorphic
with p : W — V for a neighborhood W of the zero section in Ny, which we
identify with V. The bundle p* Ny is also isomorphic with p*Ny. Thus we
have an isomorphism

H*(M,M\ V)~ H*(Ny, Ny \ V).

The Thom class Wy of V' corresponds to the Thom class ¥y, of the bundle
Ny under this isomorphism and the Thom homomorphism corresponds to
the Thom isomorphism Ty, : H?(V) = HP2*(Ny,, Ny \ V). Note that, if
we denote by sa the diagonal section of the bundle p* Ny over Ny, its zero
set is V' and we have ([156, Ch.III, Theorem 4.4])

Uy, = ck(p*Nv, SA)-

Second, recall that a subvariety V' of codimension k£ in M is a local com-
plete intersection (abbreviated as LCI) in M if the ideal sheaf Zy in O of
functions vanishing on V is locally generated by k functions. In this case,
the normal sheaf Ny = Homo, (Zv /I3, 0y ) is a locally free Oy-module,
Oy = O /Zy. We denote by Ny the associated vector bundle.

If V is an LCI defined by a section s of a vector bundle N of rank k over
M (cf. Sect.5.1), Ny = N|y and we have (cf. [157], [161])

Ty = cF (N, s). (13.2.2)

13.3 Riemann-Roch Theorem for Embeddings

Let V be a compact subvariety in a complex manifold M, which is either of
type (i) or (ii) in the previous section. Let U be a regular neighborhood of V/
in M with a continuous retraction p : U — V. In the case (ii), suppose V is
defined by a section s of a vector bundle N over M. In the case (i), (M, V)
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is C*° diffeomorphic with (Ny,V) and, in the latter, V is defined by the
diagonal section sa of the bundle p* Ny over Ny . In what follows we write
Ny by M anew and set N = p* Ny and s = sa. Thus in either case we may
express the Thom class ¥y as (13.2.2). In the case (i), we may take as U a
tubular neighborhood and we may assume that p is the restriction of p to U.

Let Uy = M \ V and U; a neighborhood of V' as before. Also, let Vj be
an s-trivial connection for N on Uy and V; an arbitrary connection for N
on U;. We consider the vector bundle NV x R over Uy, x R and let V be the
connection for it given by V = (1 — )V +V;. Let A*V?* denote the family
of connections (A*VZ*,..., A°V%) on U,, for v = 0,1. Also denote by A*V*
the family (A*V*,..., A°V*). Let 7 : Uy, x [0,1] — Uy be the projection.
Recall that, in A*(U),

ch™(A*V3) = (ch™(A*V{), ch™(A°V7), ch™(A*V{, A°V7))
whose class in H*(M;C) is ch*(An-), Ax+ = Sor_(—1)PA'N*.
Theorem 13.3.1. The cocycle ch*(A*V%) is in A*(U,Up) and is given by
ch*(A°V:) = td ' (V.) « *(V.) + Dr,

where T = (0,0, T()l), T01 — F*(tdil(T(*Vo, @) . dck(ﬂ'*vl, @))
Proof. By (13.1.2), we have
ch*(A°V§) = td™ (Vo) - (Vo) =0,
ch*(A°V3) = td~H(Vy) - *(Vh),
ch*(A*V5, A®V?3) = m,.ch* (A*V*¥)
= T (tdH(V) - F(V)) = (td7F - F)(Vo, V1).
Hence we see that
ch*(A*VE) = (td™" - *)(Vy)
and the theorem follows from Proposition 13.1.1 (see also Remark 13.1.1).

Remark 15.5.1. Consider the Koszul complex associated to s [59, B.3]:
0 — A*N* — ... — AN — AN — 0, (13.3.2)

which is exact on Uy = M \ V. Tt is not difficult to see that the family A*V§
is compatible with the sequence (13.3.2) on Uy. The fact that ch*(A*V§) =0
also follows from this (cf. Lemma 13.1.2).

Let F be a coherent Oy -module. The direct image #,F is a coherent Oy,-
module, which is simply F extended by zero on M \ V, and thus we have the
localized Chern character chy, (inF) in H*(M, M \ V;C).
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In the case (i), we take a resolution of F of the form (13.1.5) on V. Then
we have ch*(F) = ch*(¢), € = 3L (~1)°E;. Let V(¥ be a connection for E;,
i=0,...,q, and denote by V7 the family of connections (p*V(, ... p*V(@),
for the virtual bundle p*¢ over U.

In the case (ii), we assume that F is locally free and thus F = Oy (F') for
some vector bundle F' over V. Since the classification of continuous vector
bundles and that of C*° vector bundles coincide over paracompact manifold s,
we may assume that p*F is a C* vector bundle and let V¥ be a connection
for p*F on U.

In either case, let ch*(VZ) denote the cocycle

ch* (VL) = (ch*(V7),ch*(V7),0)
in A*(U)|v, whose class in H*(U;C) is p*ch*(F).
Corollary 13.3.1. In the above situation, we have
ch* (V) © ch*(A°V?) = ch*(VT) w td 1 (V,) © *(V,) + D(ch*(VT) © 1)
in A*(U,Up)|u.

Corollary 13.3.2. Let V' be a compact subvariety in M and F a coherent
Oy -module. We have the following formulas in either one of the cases:
(i) V is nonsingular,

(ii) V is an LCI defined by a section and F is locally free.

chi (iyF) = T(ch*(F) « td ' (Ny))  in H*(M,M\V;C),
ch* (i1 F) = i.(ch*(F) « td " (Nv))  in H*(M;C).

Proof. The Koszul complex (13.3.2) gives a locally free resolution of i;Oy:
0 — Oy (AFN*) — o — O (A°N*) — i;Oy — 0.

If we compute the local class chj, (i1Oy) using this resolution, we see that it
is represented by ch*(A*V¥). We have, by (13.1.6),

ch*(p*¢ ® 1Oy ) = ch™(p*€) — chy, (:1Oy),  in the case (i)

chi, (i F) =
V(@) {Ch*(p*F® 0WOy) = ch™(p*F) « chy, (i1Oy ), in the case (ii).

Recall that either ch*(p*€) or ch*(p* F) is represented by ch* (V7). Recalling
also that N|y ~ p*Ny and c¥(N,s) = ¥y (the Thom class), by Corollary
13.3.1, we get

chi, (ihF) = p*(ch*(F) « td " (Ny)) — Py
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By (13.2.1), we get the first formula. The second follows from the first.

Remark 13.3.2. 1. The equalities in Corollary 13.3.2 hold in cohomology with
Q coefficients (cf. Remarks 13.1.2).

2. In the case V is nonsingular, the formulas are proved in [12].

3. In [86], a similar formula is proved for the Thom class of a vector bundle.
Namely, let p : £ — X be a complex vector bundle of rank ¢ over a topological
space X. Then, in our notation,

ch(\g-) = p*td *(E) « g,

where Mg+ = Y77 (—1)’A*p* E* and ¥ denotes the Thom class of E. If X is
a C'* manifold, this formula is proved at the level of Cech-de Rham cocycles
as above; in the situation of Theorem 13.3.1, simply let M = E, V = X
(identified with the zero section of E), N = p*E and s = sa and note that
Vg =c'(p*E,s4).

4. In the algebraic category, the formulas are proved for a locally free Oy -
module on an LCI by analyzing the graph construction in [15, 3. Proposition].
Note that their general Riemann-Roch theorem does not directly imply the
formulas.

5. These formulas are also proved at the level of differential forms and currents
in [80].

13.4 Homology Chern Characters and Classes

Let V be a subvariety of pure codimension k£ in a complex manifold M.
Suppose that V is an LCI. Thus the ideal sheaf Zy of functions vanish-
ing on V is locally generated by k functions and the normal sheaf Ny =
Homo,, (Zy /I, Oy) is locally free. We denote by Ny the associated vector
bundle and let 7y = TM|y — Ny be the virtual tangent bundle of V' (cf.
Sect. 5.1). Note that it does not depend on the embedding i : V < M.

Definition 13.4.1. For a coherent Oy-module F, we define the homology
Chern character ch,(F) by

ch, (F) = tdNy ~ A(chl (i,F)).

Remark 13.4.1. 1. If V is an LCI defined by a section of a vector bundle N
over M, we may write

ch, (F) = A(tdN < ch}, (il F)).
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2. The above definition is related to the (homology) Todd class 7(F) of F in
[15] by

ch,(F) = (td" 1) ~ 7(F).

In [15], 7(F) is defined using an embedding of V, but it is shown that 7(F)
is independent of the embedding for a projective variety V. Thus ch,(F) is
also independent of the embedding in this case.

The following directly follows from the definition.

Proposition 13.4.1. (1) For an exact sequence of coherent Oy -modules
00— Fy — - — Fy—0,

we have
q

> (—1)'ch.(Fi) = 0.

=0

(2) For a vector bundle E over V' and a coherent Oy -module F,
ch(E ® F) = ch™(E) ~ ch.(F).
The following is a direct consequence of Corollary 13.3.2.

Proposition 13.4.2. Suppose either V' is nonsingular or V is defined by a
section and F is locally free. Then we have

chy(F) = ch™(F) ~ [V].
In particular, for the structure sheaf Oy,
ch, (Oy) = [V].
If ch. (F) is in the image of the Poincaré homomorphism H*(V) — H,.(V),

we may define the homology Chern class ¢, (F) via Newton’s formula. Namely,

suppose
ch(F) =" ~ [V],

for some o* in H*(V) and write 0* = 3, ‘:—, with 0% in H?!(V'). Then we
define v* =1+ 3,5, v* with 4% in H?'(V) by

ol —ylotT 4420 — o (=) =0, i1
If we define the homology Chern class ¢, (F) of F by

cu(F) =" ~[V],
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then it is not difficult to check that the definition does not depend on the
choice of o*.

Ezample 13.4.1. Suppose either V is nonsingular or V' is defined by a section
and F is locally free. Then, from Proposition 13.4.2,

In particular,

13.5 Characteristic Classes of the Tangent Sheaf

Let V be an LCI defined by a section of a vector bundle N over a complex
manifold M. Denoting by 2;; and {2y the sheaves of holomorphic 1-forms
on M and V, respectively, we have the exact sequence

0 *>Iv/1‘2/ — n Rou Oy — 2y — 0.

Let Opr = O (TM) be the tangent sheaf of M. We define the tangent
sheaf Oy of V by Oy = Home, (2v,Oy), which is independent of the
embedding V — M. From the above sequence, we have the exact sequence

0— Oy — Oy ®o,, Ov — Ny — 5l‘tév(ﬂv, Oy) — 0.
Setting € = Exty, (2v, Oy ), we get, from Propositions 13.4.1 and 13.4.2,
ch,(Oy) = ch™(ry) ~ [V] + ch.(E).

If p is an isolated singular point of V', by the Riemann-Roch theorem for
the embedding p — M, we have ch.(§) = 7(V,p)[p], where 7(V,p) =
dim Exty, (2v,Ov), is the Tjurina number of V' at p. Thus we have the
following:

Theorem 13.5.1. Let V be an LCI of dimension n (> 1) defined by a section
with isolated singularities p1,...,ps. For the tangent sheaf Oy of V', we have

h, (©y) = ch™(m +Z (V. pi) [pil,

S

c(Ov) = ¢ (rv) ~ [V] + (=1)" ! (n 'ZTVPz pi
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Recall that the class ¢*(1y) ~ [V] coincides with the Fulton—Johnson class
cEI(V) of V, in this case.

Let (V,p) be an isolated complete intersection singularity. If it admits a
good C*-action in the sense of [116, 9.B], then 7(V,p) = u(V,p), the Milnor
number of V' at p ([74, 3. Satz], [116, (9.10) Proposition]). On the other hand,
for a variety as in Theorem 13.5.1, the Schwartz—MacPherson class ¢, (V') of
V is given by a formula in [155] (cf. Theorem 12.2.1). Hence we have

Corollary 13.5.1. Let V be as in Theorem 13.5.1 withn =1 or 2. If V
admits a good C*-action near each singular point p;, then

cx(Oy) = e (V).
Remark 13.5.1. Tt would be an interesting problem to compare the class

ch,(F) with the homology Chern character of F as defined in [140] (see
also [100]).
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(D) dual cellular decomposition, 4

(K) a triangulation of a variety, 4

E — M vector bundle over M, 8

G(k,m) Grassmanian of complex
k-planes in C™, 129

H? Cech-de Rham cohomology, 15

M manifold, 1

TM tangent bundle of M, 6

V' (real or complex) analytic variety, 31

Vieg the regular part of V, 35

Vi,m Stiefel manifold of orthogonal
k-frames in R™, 73

Wi, m Stiefel manifold of unitary
k-frames in C™, 7

B, closed ball with radius €, 33

Ds closed disk with radius §, 56

F; Milnor fiber, 47

{2y cotangent sheaf of V', 212

Oy tangent sheaf of V| 212

x () Euler—Poincaré characteristic, 2

X1 () semi-characteristic, 79

Indgsv, modulo (2) GSV index, 75

Indgsv GSV index, 47

Indpy Poincaré-—Hopf index, 2

Indscn Schwartz index, 32

Indv;i, virtual index, 91

Indpom homological index, 117

Ind,,q radial index, 32

CP™ projective space, 14

Oy structure sheaf, 207

Ty cellular tube around V, 4

wr(V,S) Milnor class localized at S, 193

@ Milnor number, 26

(V) Milnor class of V, 194

V a connection, 11

grad(f) complex conjugate of gradient
vector field of f, 46

o a simplex or cell, 4

S™ n-dimensional sphere, 2

® a symmetric polynomial, 15

V' the Nash transform of V, 130

¢ (V) Schwartz class of V in
H*(M,M\V), 175

{Va}taca a stratification, 33

as the barycenter of o, 4

c*(M) it"-Chern class of M, 7

c*(V) ith-Chern form of V, 13

c(V, V') Bott’s difference form, 13

ct. (V) virtual class in cohomology, 186

C?J (V) Fulton—Johnson class, 186

c?/la(V) Mather class, 182

c]S»M(V) Schwartz—MacPherson class of
Vin H.(V), 183

d(v,v") difference of the indices of v,v’,
5,73

m(f, S) multiplicity of f at S, 26

v(") r-field or r-frame, 7

vrad radial vector field, 32

ch*(F) Chern character of the coherent
sheaf F, 201

Euy (v, z) local Euler obstruction of a
vector field v, 132

Euy (z) local Euler obstruction, 130

Euy v (z) local Euler obstruction of a
function f, 139

PH(v(™, S) Poincaré-Hopf class of v(")
localized at S, 10

Resy (7, E; S) residue of ¢(E) at S with
respect to vy, 21

Sch(v(™, S) Schwartz class of r-field
v(™) localized at S, 181

ch, (F) homology Chern character of a
coherent sheaf F, 210

Sing(V') the singular part of V, 34

adjunction formula, 93
Alexander duality, 10, 17, 176
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Baum-Bott residues, xvi, 97, 98, 110
Bott vanishing theorem, 98, 102

Camacho—Sad index, xvi, 97, 107, 109
cellular tube, 4
Chern class, 6
of a bundle, 8
of a manifold, 7
of virtual tangent bundle, 186
relative —, 8
Chern—Weil theory, 11, 86
connection, 11
contact structure, 62
curvature, 12

difference cocycle, 9
dual cell, 4
dual decomposition, 4

Euler class, 10
Euler obstruction, 53, 130
and hyperplane sections, 133
and the Euler defect, 137, 139
of a function, 136, 137
via Morse theory, 140
Euler—Poincaré characteristic, 2

FJ class, 186, 194
frame, 7
Fulton—Johnson class, xix, 185, 186, 189

Gauss-Bonnet formula, 94
geometric complete intersection, 74
Grothendieck residues, 104
GSV index, 47, 53, 128, 135, 186
and the curvatura integra, 80
and the Milnor number (real case),
81
for 1-forms, 153, 154, 156
on curves with several branches, 49
on germs with nonisolated singulari-
ties, 58
on real analytic germs, 73, 74

Homological index, 115, 117
algebraic formula, 120
and GSV index, 121
for 1-forms, 158
law of conservation, 118

Index

ICIS an isolated complete intersection
singularity, 46

MacPherson class, xviii, 182, 183

Mather class, 182, 183

Milnor class, 193, 194

Milnor fiber, 63, 81, 135, 159, 187

Milnor number, xv, 48, 71, 81, 155, 159,
161, 193, 194

morsification, 3

Nash bundle, xviii, 130, 138, 150, 151,
182

Nash transformation, 130

normally radial, 169

normally radial 1-forms, 147

obstruction theory, 6

Poincaré—Hopf class, 9
Poincaré-Hopf index, 1, 4
for 1-forms, 146
of frames, 7, 168
Poincaré—Hopf Theorem, 2
for GSV index, 48
for manifolds with boundary, 2
for Schwartz index, 39
Proportionality theorem
for Euler obstruction, 131
for 1-forms, 149, 151, 157
for frames, 171
for GSV index, 58, 60

radial 1-forms, 144, 145
radial extension, 34, 168, 175
radial extension of 1-forms, 147, 148
radial frame, 170
radial index
of 1-forms, 151-153
of vector fields, 32
radial vector field, 33, 37, 47, 57, 59, 60,
82, 119, 130, 135, 138

Schwartz class, xviii, 167, 175, 178, 183
Schwartz index, 31, 32, 35, 38

for real analytic germs, 82

of 1-forms, 148, 149

of frames, 167, 170, 171

on real analytic germs, 71
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Schwartz—MacPherson class, xix, 194
semi-characteristic, 79

singularity of a vector field, 1

SM class, 184

stability under perturbation, 3
stratifiable morphism, 54
stratification, 33

stratified frame, 168

stratified vector field, 35

tautological bundle, 130
Thom condition, 54, 187
strict, 55
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total index, 2
triangulation, 4
tube map, 56, 188

variation, 97, 105

vector field, 1

virtual
class, 186
index, 68, 85, 91, 92, 95, 186
index and GSV index, 92
tangent bundle, xix, 86
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